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Preface

A potential reader of this book with a cynical bent might well ask an obvious ques-
tion: “If those folks at Goldman Sachs who wrote this book really knew any-

thing worthwhile about investing, why would they put it together in a book where
all of their competitors could find it?”

It’s a good question, because it leads naturally to the kind of thought process
this book is really all about. The question might be rephrased in a way that makes
our motivation for writing the book a little more clear: “Why, in equilibrium,
would a successful investment manager write a book about investment manage-
ment?” By “in equilibrium” we mean in an investment world that is largely efficient
and in which investors are fairly compensated for risks and opportunities under-
stood and well taken. Suppose there is wealth to be created from careful and dili-
gent pursuit of certain rules of investing. Suppose further that one were to write
those rules down and publish them for everyone to follow. In equilibrium, wouldn’t
those sources of success disappear? Somehow it doesn’t seem to make sense for
good investment managers to write books about their craft. Indeed, many sources
of investment success, in particular those with limited capacity, would eventually
disappear with increased competition. What we have tried to do in this book is to
focus on other types of phenomena, those with a capacity consistent with the equi-
librium demand for them. In equilibrium these types of phenomena would remain.

Consider an example of a phenomenon with limited capacity. Suppose it were
the case that looking at publicly available information one could easily identify cer-
tain stocks (for example, those with small capitalization) that would regularly out-
perform other stocks to a degree not consistent with their risk characteristics. We
would expect that if such a strategy were published and widely recognized, then the
prices of such stocks would be bid up to the point where the costs of implementing
such a strategy just about offset any remaining excess returns. In other words, we
would expect such a phenomenon to disappear.

Now consider a phenomenon in the equilibrium camp. Suppose a rule of port-
folio construction, for example a rule suggesting increased global diversification,
were published that allows an investor to achieve a higher level of return for the
same level of portfolio risk. The actions of investors following this suggestion will
increase their expected wealth, but their implementation does not in any way reduce
the strategy’s effectiveness. Even though other investors might implement the
change (in equilibrium all investors will), it will nonetheless remain a rule that
makes sense for each investor individually. In this book we write about the latter
class of phenomena, not the former. In equilibrium this is what a reader should ex-
pect us to do.

Despite this equilibrium approach, our view is that the world is clearly not
perfectly efficient, whatever that might mean. There might be a little bit of extra
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reward for those armed with the most thorough, efficient, and disciplined invest-
ment processes, even though competition will certainly quickly eliminate most
such opportunities. In equilibrium, markets will be relatively efficient, and to the
extent that there are limited opportunities left to create excess returns, why
would any profit-seeking investor put such proprietary insights into print? The
answer is, of course, that in truth they would not. Let’s be honest: To the best of
our ability we have tried not to include any proprietary information; there are no
secret insights buried in this book about how to beat the market, and no descrip-
tions of the exact factors that enter our quantitative return generating models.
Clearly some of the anomalies we rely on to actively manage assets are not equi-
librium phenomena, and the process of inviting too many competitors to fish in
our pond would diminish our ability to create excess returns in the future.

We do believe, though, that the material we have written here is worthwhile.
What we have tried to do is to describe what happens when markets are in equilib-
rium, and how investors, trying to maximize their investment return, should be-
have. We also address the question of how investors might, as we do, try to identify
and look to take advantage of deviations from equilibrium.

Enough about equilibrium theory. The authors of this book are all market
professionals and what we have written is designed to be a practical guide. Al-
though we spend a few chapters in the beginning developing a simple, one-period
version of a global equilibrium model, the main body of the text is concerned
with what it takes to be a serious investor in the world today. The basics of being
a smart investor involve understanding risk management, asset allocation, the
principles of portfolio construction, and capital asset pricing. The latter refers to
being able to identify the return premiums that are justified by the risk character-
istics of different securities, and therefore understanding the basis for being able
to identify opportunities.

We have chapters focused on the traditional equity and fixed income asset
classes as well as on alternative assets such as hedge funds and private equities. We
believe that active management can be productive, and we discuss how to build a
portfolio of active managers. We understand, though, that not everyone can out-
perform the average and that in equilibrium it has to be extremely difficult for a
portfolio manager to be consistently successful at the active management game. We
have a core focus on the problems faced by institutional funds, but also several
chapters on the special issues faced by taxable investors. We hope the book fills a
gap by tying together the academic theories developed over the past 50 years with
the practicalities of investment management in the twenty-first century.

Finally, we provide here a few words on who we are, and a few words of
thanks to those to whom we are indebted. We are the Quantitative Resources
Group, a part of Goldman Sachs Asset Management (GSAM). Our group has a
number of functions. We manage money using quantitative models, we build finan-
cial and risk models, we act as fiduciaries and advisors to institutional funds, and
we produce research and market outlooks.

Our debts are many, though clearly our deepest is to Fischer Black, our intellec-
tual leader, a cherished colleague, and the first head of quantitative research in
GSAM. Fischer was a great believer in the practical value of the insights provided
by equilibrium modeling and he inspired our pursuit of this approach. We also wish
to thank our clients whose challenges and questions have sponsored all of the activ-

xii PREFACE



ities we sometimes call “work.” Next in line are our colleagues, those in the firm, in
our industry, and in academia, who have shared their ideas, suggestions, and feed-
back freely and are clearly reflected on many of these pages. Many thanks to Gold-
man Sachs, which supported this project throughout and whose culture of
teamwork and putting clients’ interests first is embraced by us all. Thanks to Bill
Falloon, our editor at Wiley, who suggested we write this book, then waited pa-
tiently for several years as the ideas gelled, and finally managed to cajole us into
putting thoughts on paper.

And finally, a huge thank-you to our families who most of the time live with
the short end of the “balance” that Goldman Sachs affectionately promotes be-
tween work and family—and who have contributed even further patience in
putting up with our efforts to produce this book. Our domestic accounts are, as
usual, hopelessly overdrawn.

ROBERT LITTERMAN

New York, New York
June 2003
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CHAPTER 1
Introduction: 

Why an Equilibrium Approach?
Bob Litterman

There are many approaches to investing. Ours at Goldman Sachs is an equilib-
rium approach. In any dynamic system, equilibrium is an idealized point where

forces are perfectly balanced. In economics, equilibrium refers to a state of the
world where supply equals demand. But it should be obvious even to the most ca-
sual observer that equilibrium never really exists in actual financial markets. In-
vestors, speculators, and traders are constantly buying and selling. Prices are
constantly adjusting. What then do we find attractive about an equilibrium ap-
proach to investing?

There are several attractions. First, in economic systems there are natural
forces that come into play to eliminate obvious deviations from equilibrium. When
prices are too low, demand will, at least over time, increase. When prices are too
high, suppliers will enter the market, attracted by the profitable opportunity. There
are lots of interesting, and sometimes uninteresting, reasons why such adjustments
take time. Frictions, uncertain information, noise in the system, lack of liquidity,
concerns about credit or legal status, or questions about enforceability of contracts
all can impede adjustment, and sometimes deviations can be quite large. But finan-
cial markets, in particular, tend to have fewer frictions than other markets, and fi-
nancial markets attract smart investors with resources to exploit profitable
opportunities. Thus, deviations from equilibrium tend to adjust relatively rapidly
in financial markets.

We need not assume that markets are always in equilibrium to find an equi-
librium approach useful. Rather, we view the world as a complex, highly random
system in which there is a constant barrage of new data and shocks to existing
valuations that as often as not knock the system away from equilibrium. How-
ever, although we anticipate that these shocks constantly create deviations from
equilibrium in financial markets, and we recognize that frictions prevent those
deviations from disappearing immediately, we also assume that these deviations
represent opportunities. Wise investors attempting to take advantage of these op-
portunities take actions that create the forces which continuously push the sys-
tem back toward equilibrium. Thus, we view the financial markets as having a
center of gravity that is defined by the equilibrium between supply and demand.
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Understanding the nature of that equilibrium helps us to understand financial
markets as they constantly are shocked around and then pushed back toward
that equilibrium.

The second reason we take an equilibrium approach is that we believe this
provides the appropriate frame of reference from which we can identify and take
advantage of deviations. While no financial theory can ever capture even a small
fraction of the detail and complexities of real financial markets, equilibrium the-
ory does provide guidance about general principles of investing. Financial theory
has the most to say about markets that are behaving in a somewhat rational
manner. If we start by assuming that markets are simply irrational, then we have
little more to say. Perhaps we could find some patterns in the irrationality, but
why should they persist? However, if we are willing, for example, to make an as-
sumption that there are no arbitrage opportunities in markets, which is to as-
sume that there are no ways for investors to make risk-free profits, then we can
look for guidance to a huge amount of literature that has been written about
what should or should not happen. If we go further and add the assumption that
markets will, over time, move toward a rational equilibrium, then we can take
advantage of another elaborate and beautiful financial theory that has been de-
veloped over the past 50 years. This theory not only makes predictions about
how markets will behave, but also tells investors how to structure their portfo-
lios, how to minimize risk while earning a market equilibrium expected return.
For more active investors, the theory suggests how to take maximum advantage
of deviations from equilibrium.

Needless to say, not all of the predictions of the theory are valid, and in truth
there is not one theory, but rather many variations on a theme, each with slightly
different predictions. And while one could focus on the limitations of the theory,
which are many, or one could focus on the many details of the different variations
that arise from slight differences in assumptions, we prefer to focus on one of the
simplest global versions of the theory and its insights into the practical business of
building investment portfolios.

Finally, let us consider the consequences of being wrong. We know that any fi-
nancial theory fails to take into account nearly all of the complexity of actual finan-
cial markets and therefore fails to explain much of what drives security prices. So in
a sense we know that the equilibrium approach is wrong. It is an oversimplifica-
tion. The only possibly interesting questions are where is it wrong, and what are
the implications?

Nonetheless, suppose we go ahead and assume that this overly simple theory
drives the returns on investments. One great benefit of the equilibrium approach to
investing is that it is inherently conservative. As we will see, in the absence of any
constraints or views about markets, it suggests that the investor should simply hold
a portfolio proportional to the market capitalization weights. There may be some
forgone opportunity, and there may be losses if the market goes down, but returns
are guaranteed to be, in some fundamental sense, average.

Holding the market portfolio minimizes transactions costs. As an investor
there are many ways to do poorly, through either mistakes or bad luck. And there
are many ways to pay unnecessary fees. The equilibrium approach avoids these
pitfalls. Moreover, no matter how well one has done, unfortunately there are al-
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most always many examples of others who have done better. The equilibrium ap-
proach is likely to minimize regret. If an investor starts with an approach that as-
sumes the markets are close to equilibrium, then he or she has realistic
expectations of earning a fair return, and won’t be led to make costly mistakes or
create unacceptable losses.

Suppose an investor ignores the lessons of equilibrium theory. There are lots of
ways the markets can be out of equilibrium. If an investor makes a particular as-
sumption about how that is the case and gets that approach wrong, he or she could
easily be out on a limb, and the consequences could be disastrous relative to expec-
tations. The equilibrium approach may not be as exciting, but over long periods of
time the overall market portfolio is likely to produce positive results.

Investors today have a lot more opportunity to invest intelligently than did
previous generations. Tremendous progress has been made in both the theory and
the practice of investment management. Our understanding of the science of mar-
ket equilibrium and of portfolio theory has developed greatly over the past 50
years. We now have a much better understanding of the forces that drive markets
toward equilibrium conditions, and of the unexpected factors that shock markets
and create opportunities. In addition, the range of investment products, the num-
ber of service providers, and the ease of obtaining information and making invest-
ments have all increased dramatically, particularly in the past decade. At the same
time, the costs of making investments have decreased dramatically in recent years.
Today it is far easier than ever before for the investor to create a portfolio that will
deliver consistent, high-quality returns. This book provides a guide to how that
can be done.

We have divided the text into six parts. The first presents a simple, practical in-
troduction to the theory of investments that has been developed in academic insti-
tutions over the past 50 years. Although academic in origin, this theory is a very
practical guide to real-world investors and we take a very applied approach to this
material. We try to provide examples to help motivate the theory and to illustrate
where it has implications for investor portfolios. Our hope is to make this theory as
clear, as intuitive, and as useful as possible. We try to keep the mathematics to a
minimum, but it is there to some extent for readers who wish to pursue it. We also
provide references to the important original source readings.

The second part is focused on the problems faced by the largest institutional
portfolios. These funds are managed primarily on behalf of pensions, central
banks, insurance companies, and foundations and endowments. The third part
concerns various aspects of risk, such as defining a risk budget, estimating covari-
ance matrices, managing fund risk, insuring proper valuations, and understanding
performance attribution. The fourth part looks at traditional asset classes, equities
and bonds. We look at the problem of manager selection, as well as managing
global portfolios. The fifth part considers nontraditional investments such as cur-
rency and other overlay strategies, hedge funds, and private equity. Finally, the last
part focuses on the particular problems of private investors such as tax considera-
tions, estate planning, and so on. Paradoxically, the investment problems of private
investors are typically much more complicated than those of most institutional
portfolios simply because of the unfortunate necessity of private individuals to pay
taxes. For example, even in the simplest equilibrium situation, buying and holding
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a market capitalization portfolio is no longer optimal for a taxable investor. The
simple buy-and-hold strategy, while it is generally very tax efficient, can nonetheless
still usually be improved upon by selling individual securities when they have en-
countered short-term losses relative to their purchase prices. Such losses can then
generally be used to reduce taxes.

Throughout this book the equilibrium theory is sometimes evident, and some-
times behind the scenes, but it infuses all of our discussions of what are appropriate
investment decisions.
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CHAPTER 2
The Insights of 

Modern Portfolio Theory
Bob Litterman

In order to be successful, an investor must understand and be comfortable with
taking risks. Creating wealth is the object of making investments, and risk is the

energy that in the long run drives investment returns.
Investor tolerance for taking risk is limited, though. Risk quantifies the likeli-

hood and size of potential losses, and losses are painful. When a loss occurs it im-
plies consumption must be postponed or denied, and even though returns are
largely determined by random events over which the investor has no control,
when a loss occurs it is natural to feel that a mistake was made and to feel regret
about taking the risk. If a loss has too great an impact on an investor’s net worth,
then the loss itself may force a reduction in the investor’s risk appetite, which
could create a significant limitation on the investor’s ability to generate future in-
vestment returns. Thus, each investor can only tolerate losses up to a certain size.
And even though risk is the energy that drives returns, since risk taking creates the
opportunity for bad outcomes, it is something for which each investor has only a
limited appetite.

But risk itself is not something to be avoided. As we shall discuss, wealth cre-
ation depends on taking risk, on allocating that risk across many assets (in order to
minimize the potential pain), on being patient, and on being willing to accept short-
term losses while focusing on long-term, real returns (after taking into account the
effects of inflation and taxes). Thus, investment success depends on being prepared
for and being willing to take risk.

Because investors have a limited capacity for taking risk it should be viewed as
a scarce resource that needs to be used wisely. Risk should be budgeted, just like any
other resource in limited supply. Successful investing requires positioning the risk
one takes in order to create as much return as possible. And while investors have in-
tuitively understood the connection between risk and return for many centuries,
only in the past 50 years have academics quantified these concepts mathematically
and worked out the sometimes surprising implications of trying to maximize ex-
pected return for a given level of risk. This body of work, known today as modern
portfolio theory, provides some very useful insights for investors, which we will
highlight in this chapter.
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The interesting insights provided by modern portfolio theory arise from the in-
terplay between the mathematics of return and risk. It is important at this juncture
to review the different rules for adding risks or adding returns in a portfolio con-
text. These issues are not particularly complex, but they are at the heart of modern
portfolio theory. The mathematics on the return side of the investment equation is
straightforward. Monetary returns on different investments at a point in time are
additive. If one investment creates a $30,000 return and another creates a $40,000
return, then the total return is $70,000. The additive nature of investment returns
at a point in time is illustrated in Figure 2.1.

Percentage returns compound over time. A 20 percent return one year followed
by a 20 percent return the next year creates a 44 percent1 return on the original in-
vestment over the two-year horizon.

The risk side of the investment equation, however, is not so straightforward.
Even at a point in time, portfolio risk is not additive. If one investment creates a
volatility2 of $30,000 per year and another investment creates a volatility of
$40,000 per year, then the total annual portfolio volatility could be anywhere be-
tween $10,000 and $70,000. How the risks of different investments combine de-
pends on whether the returns they generate tend to move together, to move
independently, or to offset. If the returns of the two investments in the preceding
example are roughly independent, then the combined volatility is approximately3

$50,000; if they move together, the combined risk is higher; if they offset, lower.
This degree to which returns move together is measured by a statistical quantity
called correlation, which ranges in value from +1 for returns that move perfectly to-
gether to zero for independent returns, to –1 for returns that always move in oppo-

8 THEORY

FIGURE 2.1 Expected Return Sums Linearly

A B

C 

C = A + B 

A = Old Portfolio Expected Return

B = New Investment Expected Return

C = New Portfolio Expected Return 

1The two-period return is z, where the first period return is x, the second period return is y,
and (1 + z) = (1 + x)(1 + y).
2Volatility is only one of many statistics that can be used to measure risk. Here “a volatility”
refers to one standard deviation, which is a typical outcome in the distribution of returns.
3In this calculation we rely on the fact that the variance (the square of volatility) of indepen-
dent assets is additive.



site directions. The fact that risks are not additive, but combine in a way that de-
pends on how returns move together, leads to the primary insight of portfolio the-
ory—that diversification, the spreading of investments across less correlated assets,
tends to reduce overall portfolio risk.

This risk reduction benefit of diversification can be a free lunch for investors.
Given the limited appetite each investor has for risk, the diversification benefit itself
creates the opportunity to generate higher expected returns. An additional diversifi-
cation benefit accrues over time. Due to the relatively high degree of independence
of returns during different intervals of time, risk generally compounds at a rate
close to the square root of time, a rate that is much less than the additive rate at
which returns accrue.4 This difference between the rate at which return grows over
time and the rate at which risk grows over time leads to the second insight of port-
folio theory—that patience in investments is rewarded and that total risk should be
spread relatively evenly over time.

Consider a simple example. Taking one percentage point of risk per day creates
only about 16 percent5 of risk per year. If this one percentage point of risk per day
is expected to create two basis points6 of return per day, then over the course of 252
business days in a year this amount of risk would generate an approximately 5 per-
cent return. If, in contrast, the same total amount of risk, 16 percent, were concen-
trated in one day rather than spread over the year, at the same rate of expected
return, two basis points per percentage point, it would generate only 2 · 16 = 32
basis points of expected return, less than one-fifteenth as much. So time diversifica-
tion—that is, distributing risk evenly over a long time horizon—is another poten-
tial free lunch for investors.

All of us are familiar with the trade-offs between quality and cost in making
purchases. Higher-quality goods generally are more expensive; part of being a con-
sumer is figuring out how much we can afford to spend on a given purchase. Simi-
larly, optimal investing depends on balancing the quality of an investment (the
amount of excess return an investment is expected to generate) against its cost (the
contribution of an investment to portfolio risk). In an optimal consumption plan, a
consumer should generate the same utility per dollar spent on every purchase. Oth-
erwise, dollars can be reallocated to increase utility. Similarly, in an optimal portfo-
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ance of independent returns implies that the total volatility, the square root of total variance,
sums according to the same Pythagorean formula that determines the hypotenuse of a right
triangle. Thus, in the case of equal risk in two periods, the total risk is not two units, but the
square root of 2, as per the Pythagorean formula. More generally, if there are the square root
of t units of risk (after t periods), and we add one more unit of independent risk in period t +
1, then using the same Pythagorean formula there will be the square root of t + 1 units of
risk after the t + 1st period. Thus, the total volatility of independent returns that have a con-
stant volatility per unit of time grows with the square root of time. This will be a reasonable
first-order approximation in many cases.
5Note that 16 is just slightly larger than the square root of 252, the number of business days
in a year.
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lio, the investor should generate the same expected return per unit of portfolio risk
created in each investment activity. Otherwise, risk can be reallocated to achieve a
portfolio with higher expected returns. The analogy between budgeting dollars in
consumption and budgeting risk in portfolio construction is powerful, but one has
to constantly keep in mind that in investing, risk is the scarce resource, not dollars.

Unfortunately, many investors are not aware that such insights of modern port-
folio theory have direct application to their decisions. Too often modern portfolio
theory is seen as a topic for academia, rather than for use in real-world decisions.
For example, consider a common situation: When clients of our firm decide to sell
or take public a business that they have built and in which they have a substantial
equity stake, they receive very substantial sums of money. Almost always they will
deposit the newly liquid wealth in a money market account while they try to decide
how to start investing. In some cases, such deposits stay invested in cash for a sub-
stantial period of time. Often individuals do not understand and are not comfort-
able taking investment risks with which they are not familiar. Portfolio theory is
very relevant in this situation and typically suggests that the investor should create
a balanced portfolio with some exposure to public market securities (both domestic
and global asset classes), especially the equity markets.

When asked to provide investment advice to such an individual, our first task is
to determine the individual’s tolerance for risk. This is often a very interesting exer-
cise in the type of situation described above. What is most striking is that in many
such cases the individual we are having discussions with has just made or is contem-
plating an extreme shift in terms of risk and return—all the way from one end of the
risk/return spectrum to the other. The individual has just moved from owning an
illiquid, concentrated position that, when seen objectively, is extremely risky7 to a
money market fund holding that appears to have virtually no risk at all.8 Portfolio
theory suggests that for almost all investors neither situation is a particularly good
position to be in for very long. And what makes such situations especially interesting
is that if there ever happens to be a special individual, either a very aggressive risk
taker or an extremely cautious investor, who ought to be comfortable with one of
these polar situations, then that type of investor should be the least comfortable
with the other position. Yet we often see the same individual investor is comfortable
in either situation, and even in moving directly from one to the other.

The radically different potential for loss makes these two alternative situations
outermost ends of the risk spectrum in the context of modern portfolio theory. And
yet it is nonetheless difficult for many individuals to recognize the benefit of a more
balanced portfolio. Why is that? One reason is that people often have a very hard
time distinguishing between good outcomes and good decisions—and this is particu-
larly true of good outcomes associated with risky investment decisions. The risk is of-
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ten not recognized. Generally speaking, an investor who has just been successful in an
investment wants to take credit for the good decisions that created this result and to
think of the result as being an almost inevitable consequence of the investor’s good
decisions rather than to recognize that the outcomes of investment decisions, no mat-
ter how good, are, at least in the short run, usually very much a function of luck.

Consider an investor in the situation just described. Such an individual is cer-
tainly not typical. He or she has just joined the elite group of people who have expe-
rienced the closest equivalent in the business world to winning the lottery. This
individual is among the lucky few with a concentrated risk position whose companies
have survived, grown profitably, and at an opportune time have been sold to the pub-
lic. In retrospect, the actions taken by these individuals to create their wealth—the
hard work, the business acumen, and in particular the holding of a concentrated po-
sition—might seem unassailable. We might even suppose that other investors should
emulate their actions and enter into one or more such illiquid concentrated positions.

However, there is a bigger picture. Many small business owners have businesses
that fail to create significant wealth. Just as in a lottery, the fact that there are a few
big winners does not mean that a good outcome is always the result of a good invest-
ment choice. Granting that there may be many psychic benefits of being a small busi-
ness owner with a highly concentrated investment in one business, it is nonetheless
typically a very risky investment situation to be in. When a single business represents
a significant fraction of one’s investment portfolio, there is an avoidable concentra-
tion of risk. The simplest and most practical insight from modern portfolio theory is
that investors should avoid concentrated sources of risk.9 Concentrated risk positions
ignore the significant potential risk reduction benefit derived from diversification.
While it is true that to the extent that a particular investment looks very attractive it
should be given more of the overall risk budget, too much exposure can be detrimen-
tal. Portfolio theory provides a context in which one can quantify exactly how much
of an overall risk budget any particular investment should consume.

Now consider the investors who put all of their wealth in money market funds.
There is nothing wrong with money market funds; for most investors such funds
should be an important, very liquid, and low-risk portion of the overall portfolio.
The problem is that some investors, uncomfortable with the potential losses from
risky investments, put too much of their wealth in such funds and hold such posi-
tions too long. Over short periods of time, money market funds almost always pro-
duce steady, positive returns. The problem with such funds is that over longer
periods of time the real returns (that is, the purchasing power of the wealth created
after taking into account the effects of inflation and taxes) can be quite risky and
historically have been quite poor.

Modern portfolio theory has one, and really only one, central theme: In con-
structing their portfolios investors need to look at the expected return of each in-
vestment in relation to the impact that it has on the risk of the overall portfolio. We
will come back to analyze in more detail why this is the case, but because it is, the
practical message of portfolio theory is that sizing an investment is best understood

The Insights of Modern Portfolio Theory 11

9Unfortunately, in the years 2000 and 2001 many employees, entrepreneurs, and investors in
technology, telecommunications, and Internet companies rediscovered firsthand the risks as-
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as an exercise in balancing its expected return against its contribution to portfolio
risk.10 This is the fundamental insight from portfolio theory. This insight was first
suggested by Harry Markowitz (1952) and developed in his subsequent texts (1959
and 1987). Upon first reflection, this insight seems intuitive and not particularly re-
markable. As we will see, however, getting it right in building portfolios is generally
neither easy nor intuitive.

The first complication is perhaps obvious. It is hard to quantify either expected
returns or contributions to portfolio risk.11 Thus, balancing the two across different
investments is especially difficult. Coming up with reasonable assumptions for ex-
pected returns is particularly problematic. Many investors focus on historical re-
turns as a guide, but in this book we will emphasize an equilibrium approach to
quantifying expected returns. We will return to this topic in Chapters 5 and 6.
Here, we focus on measuring the contribution to portfolio risk, which, though still
complex, is nonetheless more easily quantified. For an investor the risk that each
investment adds to a portfolio depends on all of the investments in the portfolio, al-
though in most cases in a way that is not obvious.

The primary determinant of an investment’s contribution to portfolio risk is
not the risk of the investment itself, but rather the degree to which the value of that
investment moves up and down with the values of the other investments in the
portfolio. This degree to which these returns move together is measured by a statis-
tical quantity called “covariance,” which is itself a function of their correlation
along with their volatilities. Covariance is simply the correlation times the volatili-
ties of each return. Thus, returns that are independent have a zero covariance,
while those that are highly correlated have a covariance that lies between the vari-
ances of the two returns. Very few investors have a good intuition about correla-
tion, much less any practical way to measure or monitor the covariances in their
portfolios. And to make things even more opaque, correlations cannot be observed
directly, but rather are themselves inferred from statistics that are difficult to esti-
mate and which are notoriously unstable.12 In fact, until very recently, even profes-
sional investment advisors did not have the tools or understanding to take
covariances into account in their investment recommendations. It is only within the
past few years that the wider availability of data and risk management technology
has allowed the lessons of portfolio theory to be more widely applied.

The key to optimal portfolio construction is to understand the sources of risk
in the portfolio and to deploy risk effectively. Let’s ignore for a moment the difficul-
ties raised in the previous paragraph and suppose we could observe the correlations
and volatilities of investment returns. We can achieve an increased return by recog-
nizing situations in which adjusting the sizes of risk allocations would improve the
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12Whether the unobserved underlying correlations themselves are unstable is a subtle ques-
tion. The statistics used to measure correlations over short periods of time, which have esti-
mation error, clearly are unstable.



expected return of the overall portfolio. A typical situation would be one in which
an asset is relatively independent of other investments in a portfolio and even
though it may be risky by itself, it tends to add little to the overall risk of the port-
folio. We refer to such investments as diversifiers, and we use them to increase re-
turn while living within an overall risk budget. Understanding and being able to
measure and monitor the contribution to portfolio risk of every investment be-
comes a key part of the decision about how much to invest in each asset or invest-
ment activity. Assets that contribute less risk to a portfolio are less expensive in
terms of using up the risk budget, and, everything else being equal, we should in-
vest more in them.

The intuition behind the mathematics that determines portfolio volatility can
be seen in the geometry of a simple diagram. An asset affects the risk of a portfolio
in the same way that the addition of a side to a line segment changes the distance of
the end point to the origin. This nonlinear nature of adding risks, and the depen-
dence on correlation, is illustrated in Figure 2.2.

The length of the original line segment represents the risk of the original port-
folio. We add a side to this segment; the length of the side represents the volatility
of the new asset. The distance from the end of this new side to the origin represents
the risk of the new portfolio. In the geometry of this illustration, it is clear how the
angle between the new side and the original line segment is critical in determining
how the distance to the origin is changed. In the case of portfolio risk, the correla-
tion of the new asset with the original portfolio plays the same role as the angle be-
tween the new side and the original line segment. Correlations range between –1
and +1 and map into angles ranging from 0 to 180 degrees. The case of no correla-
tion corresponds to a 90-degree angle. Positive correlations correspond to angles
between 90 and 180 degrees, and negative correlations correspond to angles be-
tween 0 and 90 degrees.

Let us consider a relatively simple example of how to use measures of contribu-
tion to portfolio risk to size investments and to increase expected returns. A key
question that faces both individual and institutional investors is how much to in-
vest in domestic versus international equities. One school of thought is that as

The Insights of Modern Portfolio Theory 13

FIGURE 2.2 Summation of Risk Depends on Correlation
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global markets have become more correlated recently, the value of diversifying into
international equities decreases. Let us see how modern portfolio theory addresses
this question. In this example we will initially treat domestic and international eq-
uities as if they were the only two asset classes available for investment.

In the absence of other constraints (transactions costs, etc.), optimal allocation
of the risk budget requires equities to be allocated from domestic to international
markets up to the point where the ratio of expected excess return13 to the marginal
contribution to portfolio risk is the same for both assets. We focus on this marginal
condition because it can provide guidance toward improving portfolios. Although a
full-blown portfolio optimization is straightforward in this context, we deliberately
avoid approaching the problem in this way because it tends to obscure the intuition
and it does not conform to most investors’ behavior. Portfolio decisions are almost
always made at the margin. The investor is considering a purchase or a sale and
wants to know how large to scale a particular transaction. The marginal condition
for portfolio optimization provides useful guidance to the investor whenever such
decisions are being made.

This example is designed to provide intuition as to how this marginal condition
provides assistance and why it is the condition that maximizes expected returns for
a given level of risk. Notice that we assume that, at a point in time, the total risk of
the portfolio must be limited. If this were not the case, then we could always in-
crease expected return simply by increasing risk.

Whatever the initial portfolio allocation, consider what happens if we shift a
small amount of assets from domestic equities to international equities and adjust
cash in order to hold the risk of the portfolio constant. In order to solve for the
appropriate trades, we reallocate the amounts invested in domestic and interna-
tional equities in proportion to their marginal contribution to portfolio risk. For
example, if at the margin the contribution to portfolio risk of domestic equities is
twice that of international equities, then in order to hold risk constant for each
dollar of domestic equities sold we have to use a combination of proceeds plus
cash to purchase two dollars’ worth of international equities. In this context, if
the ratio of expected excess returns on domestic equities to international equities
is less than this 2 to 1 ratio of marginal risk contribution, then the expected re-
turn on the portfolio will increase with the additional allocation to international
equities. As long as this is the case, we should continue to allocate to interna-
tional equities in order to increase the expected return on the portfolio without
increasing risk.

Let us adopt some notation and look further into this example. Let ∆ be the
marginal contribution to the risk of the portfolio on the last unit invested in an as-
set. The value of ∆ can be found by calculating the risk of the portfolio for a given
asset allocation and then measuring what happens when we change that allocation.
That is, suppose we have a risk measurement function, Risk(d, f), that we use to
compute the risk of the portfolio with an amount of domestic equities, d, and an
amount of international equities, f.

We use the notation Risk(d, f) to emphasize that different measures of risk
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could be used. Many alternative functional forms have been proposed to measure
investors’ utility as a function of return distributions. As noted earlier, while in-
vestors are generally very sensitive to losses, they often seem much less cognizant of
the risk that can lead to losses. We will explore some of these issues in the next
chapter. To be concrete, we will here use the statistical measure, volatility, to quan-
tify risk. For example, suppose we have some relevant data that allows us to mea-
sure the volatilities and correlation of the returns of domestic and international
equities. Let these quantities be σd , σf , and ρ, respectively. Then one example of a
simple risk function would be the volatility of the portfolio, given by:

(2.1)

Let us use the notation ∆d to refer to the marginal contribution to portfolio
risk of domestic equities. This quantity is defined to be the derivative of the risk
function with respect to the quantity of domestic equity, that is, the difference in
the risk of portfolios that have the same amount of international equities, but a
small difference, δ, in domestic equities, divided by δ. Thus, we can formalize this
as an equation:

(2.2)

and let ∆d be the limit of ∆d (δ) as δ goes to zero.
Similarly, the marginal contribution to risk of international equities is given by

∆f , which is defined as the limit of ∆f (δ) as δ goes to zero, where:

(2.3)

These marginal contributions to risk are the key to optimal portfolio alloca-
tions. As we shall see, a condition for a portfolio to be optimal is that the ratio of
expected excess return to marginal contribution to risk is the same for all assets in
the portfolio.

Let us return to the question of whether we can improve the portfolio by selling
domestic equity and buying international equity. The ratio of marginal contribu-
tions to risk is ∆d / ∆f . Let the expected excess returns on domestic and international
equities be given by ed and ef , respectively. Now suppose ed / ef is less than ∆d / ∆f .
How much international equity must we purchase in order to keep risk constant if
we sell a small amount of domestic equities? The rate of change in risk from the
sale of domestic equity sales is –∆d per unit sold. In order to bring risk back up to
its previous level, we need to purchase (∆d / ∆f) units of international equity. The ef-
fect on expected return to the portfolio is –ed per unit sold of domestic equity and
+(∆d / ∆f)ef from the purchase of an amount of international equity that leaves risk
unchanged. If, in this context, expected return is increased, then we should con-
tinue to increase the allocation to international equity. If expected return is de-
creased, then we should sell international equity and buy domestic equity. The only
case in which the expected return of the portfolio cannot be increased while hold-
ing risk constant is if the following condition is true:

∆f
d f d f
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∆d
d f d f

( )
( , ) ( , )δ δ

δ
= + −Risk  Risk  

Risk  ( , )
/

d f d f d fd f d f= + +( )• • • • • • •
2 2 2 2

1 2
2σ σ σ σ ρ

The Insights of Modern Portfolio Theory 15



(2.4)

Rearranging terms, we have:

(2.5)

Thus, in this simple two-asset example we have derived a simple version of the
general condition that the expected return divided by the marginal contribution to
portfolio risk should be the same for all assets in order for a portfolio to be opti-
mal. If this condition is not met, then we can increase the expected return of the
portfolio without affecting its risk.

More generally, we can consider sales and purchases of any pair of assets in a
multiple asset portfolio. The above analysis must hold, where in this context let the
risk function, Risk(w), give the risk for a vector w, which gives the weights for all
assets. Let Riskm(w, δ) give the risk of the portfolio with weights w and a small in-
crement, δ, to the weight for asset m. Define the marginal contribution to portfolio
risk for asset m as ∆m, the limit as δ goes to zero of:

(2.6)

Then, as earlier, in an optimal portfolio it must be the case that for every pair
of assets, m and n, in a portfolio the condition

(2.7)

is true. If not, the prescription for portfolio improvement is to buy the asset for
which the ratio is higher and sell the asset for which the ratio is lower and to con-
tinue to do so until the ratios are equalized. Note, by the way, that if the expected
return of an asset is zero then the optimal portfolio position must be one in which
the ∆ is also zero. Readers familiar with calculus will recognize that this condi-
tion—that the derivative of the risk function is zero—implies that the risk function
is at a minimum with respect to changes in the asset weight.

Let us consider how this approach might lead us to the optimal allocation to
international equities. To be specific, let us assume the values shown in Table 2.1
for the volatilities and expected excess returns for domestic and international eq-
uity, and for cash. Assume the correlation between domestic and international
equity is .65.

We will use as the risk function the volatility of the portfolio:

(2.8)

In order to make the analysis simple, let us assume that the investor wants to
maximize expected return for a total portfolio volatility of 10 percent. Consider an
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investor starting with an equity allocation that is totally domestic. In order to gen-
erate a volatility of 10 percent the investor must hold a combination of cash plus
domestic equity. In particular, given the assumed 15 percent volatility of domestic
equity, the proportion allocated to equity is two-thirds of the total value and the al-
location to cash is one-third of the total value.

What happens as the investor starts to sell domestic equity and buy interna-
tional equity? The marginal contributions to risk are simply the derivatives of this
risk function with respect to the two arguments and can easily be shown to be
given by the formulas:

(2.9)

(2.10)

In the special case when f = 0, these formulas simplify to:

Suppose the portfolio has a valuation, v, which is a large number, and an in-
vestor sells one unit of domestic equity; that is, let δ = –1. Recalling equation (2.6),

(2.11)

The risk of the portfolio is decreased by approximately:

(2.12)

In order to keep risk unchanged, the investor must purchase
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TABLE 2.1 Values for Volatilities and Expected Excess Returns

Volatility Expected Excess Return Total Return

Domestic equity 15% 5.5% 10.5%
International equity 16 5.0 10.0
Cash 0 0.0 5.0



units of international equity. The sale of one unit of domestic equity reduces portfo-
lio expected excess return by .055.

The purchase of 1.442 units of international equity increases expected excess
return by:

(2.14)

Thus, at the margin, selling domestic equity and purchasing international equity at
a rate that keeps risk constant raises expected excess by

(2.15)

per unit of domestic equity sold.
The signal provided by this marginal analysis is clear and intuitive. The in-

vestor should continue to sell domestic equity as long as the effect on portfolio ex-
pected excess returns is positive and the risk is unchanged. Unfortunately, of
course, this increasing of expected return cannot go on indefinitely. As soon as the
investor sells domestic equity and purchases international equity, the marginal con-
tribution to risk of domestic equity begins to fall and that of international equity
begins to rise. This effect is why the marginal analysis is only an approximation,
valid for small changes in portfolio weights.

Before we investigate what happens as the investor moves from domestic to in-
ternational equities, however, we might consider what is the expected excess return
on international equities for which the investor would be indifferent to such a
transaction. Clearly, from the preceding analysis this point of indifference is given
by the value, ef , such that:

(2.16)

In other words, the hurdle rate, or point of indifference for expected return, such
that expected returns beyond that level justify moving from domestic to foreign eq-
uity, is ef = 3.8%.

To put it differently, if the expected excess return on foreign equity is less than
this value, then we would not have any incentive to purchase international equities.

If we were to look only at the risks and not expected excess returns, we might
suppose that because of the diversification benefit we would always want to hold
some international equity, at least at the margin. In fact, when assets are positively
correlated, as they are in this example, even the first marginal allocation creates mar-
ginal risk and requires an expected excess return hurdle in order to justify a purchase.

Now suppose the investor has sold 10 percent of the domestic equity. In or-
der to keep risk constant the investor can purchase 13.18 percent of interna-
tional equity. Using the new values d = .5667 and f = .1318 in the above
formulas we can confirm that the volatility of the portfolio remains 10 percent
and that ∆d = .148 and ∆f = .122.

The impact on expected excess return of the portfolio per unit sold at this point
is given by:

(2.17)
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The investor should continue to sell domestic equity since the value is positive,
though at this level the value in terms of incremental expected excess return to the
portfolio per unit sold has dropped slightly, from .17 to .1667.

Again we might consider what is the expected excess return on international
equities for which the investor would be indifferent to an additional purchase. The
point of indifference is the value, ef , such that:

(2.18)

That is, ef = 4.5.
The hurdle rate to justify continued purchase of international equities has in-

creased from 3.8 to 4.5 because the marginal contribution of international equities
to portfolio risk has increased relative to that of domestic equities.

Suppose the investor decides to keep only 10 percent of the portfolio value in
domestic equity. In order to keep risk constant, the investor must purchase 56 per-
cent of international equity. Using the new values d = .10 and f = .56 in the earlier
formulas we can confirm that the volatility of the portfolio remains 10 percent and
that ∆d = .110 and ∆f = .159.

The impact on expected excess return of the portfolio per unit sold at this point
is given by

(2.19)

which simplifies as

(2.20)

Now the investor has sold too much domestic equity. The value in terms of in-
cremental expected excess return to the portfolio per unit sold has dropped so far
that it has become negative. The negative impact on the portfolio expected return
signals that at the margin the investor has too much risk coming from international
equity and the expected excess return does not justify it.

The hurdle rate to justify continued purchase of international equities is the
value, ef , such that:

(2.21)

That is, ef = 8.0%.
Clearly this hurdle rate has continued to increase as the marginal contribution

of international equities to portfolio risk has continued to increase relative to that
of domestic equities.

Throughout this example, we have assumed that the investor has a set of ex-
pected excess returns for domestic and international equities. In practice, few in-
vestors have such well-formulated views on all asset classes. Notice, however, that
given an expected excess return on any one asset class, in this case domestic equities,
we can infer the hurdle rate, or point of indifference for purchases or sales of every
other asset. We refer to these hurdle rates as the implied views of the portfolio.
Rather than following the traditional portfolio optimization strategy, which requires
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prior specification of expected excess returns for all assets, we can take an existing
portfolio, make an assumption of excess return on one asset (or more generally on
any one combination of assets such as a global equity index), and back out the im-
plied views on all others. Purchases of an asset are warranted when the hurdle rate
given by the implied view appears to be lower than one’s view of what a reasonable
value is. Conversely, sales are warranted when the implied view appears to be above
a reasonable value. Implied views provide insight for deciding how large to make in-
vestments in an existing portfolio.

There is, however, an additional layer of complexity that we have not yet re-
flected: the role of correlation in determining optimal positions. In the earlier analy-
sis, the role correlation played, through its impact on portfolio risk and marginal
contribution to portfolio risk, was not highlighted.

In order to highlight the role of correlation, we extend the previous example by
considering a new asset, commodities, which we suppose has volatility of 25 per-
cent, and correlations of –.25 with both domestic and international equities. Con-
sider again the original portfolio invested two-thirds in domestic equities and the
rest in cash. If we consider adding commodities to this portfolio, the marginal con-
tribution to portfolio risk of commodities, ∆c, is –.066. Because domestic equity
risk is the only risk in the portfolio, a marginal investment in commodities, which is
negatively correlated with domestic equity, reduces risk.

This negative marginal contribution to portfolio risk for commodities leads to
a new phenomenon. Commodities are a diversifier in the portfolio. The previous
type of analysis, where we sold domestic equity and bought enough international
equity to hold risk constant, doesn’t work. If we sell domestic equities and try to
adjust the commodity weight to keep risk constant, we have to sell commodities as
well. If instead we were to purchase commodities, then we would reduce risk on
both sides of the transaction.

Retain the assumption that the expected excess return on domestic equities is
5.5 percent and consider the hurdle rate for purchases of commodities, which is
given by the expected excess return, ec, such that:

(2.22)

That is,

(2.23)

(2.24)

(2.25)

Here we see an interesting result. When there is no existing position in com-
modities in this portfolio, the implied view for commodities is a negative ex-
pected excess return.
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Now suppose we assume a 5 percent long position in commodities. Most in-
vestors believe that a long position implies a positive expected excess return and
that the larger the position, the larger is the implied view. As we shall see here, that
is not necessarily the case; the implied view may not even have the same sign as the
position. With the commodity position at 5 percent and the domestic equity posi-
tion unchanged, the portfolio volatility drops to 9.76 percent. The marginal contri-
butions to portfolio risk, ∆d and ∆c, become .149 and –.032, respectively. The
marginal contribution of domestic equity has declined while the marginal contribu-
tion for commodities remains negative, but has increased closer to zero. Consider
the new implied view for commodities, the value of ec such that:

(2.26)

–4.65 · ec – .055 = 0 (2.27)

ec = –1.18% (2.28)

Here we see a truly counterintuitive result. Despite our positive holding of a signifi-
cant 5 percent of the portfolio weight in the volatile commodities asset class, the
implied view for commodities is a negative expected excess return.

Perhaps one might at this point jump to the conclusion that this counterintu-
itive sign reversal will always be the case when the correlations between two assets
are negative. However, that is not so. Let us see what happens when we further in-
crease the size of the commodity position from 5 percent to 15 percent of the port-
folio. The volatility of the portfolio remains unchanged at 9.76 percent. The
portfolio volatility is minimized at 9.68 when there is a 10 percent weight in com-
modities. At 15 percent commodities the volatility is increasing as more commodi-
ties are added. The marginal contributions to portfolio risk, ∆d and ∆c, are now
.139 and .032, respectively. The contribution of domestic equity continues to de-
cline while the marginal contribution for commodities has increased from a nega-
tive value to a positive value.

The new hurdle rate for commodities is given by the expected excess return, ec,
such that:

(2.29)

4.35 · ec – .055 = 0 (2.30)

ec = 1.26% (2.31)

Clearly at 15 perceent of portfolio weight, the hurdle rate on commodities has
become positive. As the weight on commodities increased from 5 percent to 15 per-
cent the impact on the portfolio changed from being a diversifier to being a source
of risk. In fact, there is a weight in commodities for which the portfolio volatility is
minimized. This risk-minimizing value for commodities, holding all other assets
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constant, is a special and interesting position. It has the property that this is the
point where the marginal contribution to risk, and therefore the implied excess re-
turn on commodities, is zero. We can solve for the risk-minimizing position by set-
ting ∆c = 0, or equivalently, solving for c such that (c · σc

2 + d · σd · σc · ρdc) = 0
where ρdc is the correlation between commodities and domestic equity. Holding
fixed the two-thirds weight in domestic equity, this risk-minimizing position in
commodities is 10 percent.

Thus, an important intuition that helps make sense of implied views is as fol-
lows: Holding fixed the weights in all other assets, there is a risk-minimizing posi-
tion for each asset. Weights greater than that risk-minimizing position reflect
positive implied views; weights less than that risk-minimizing position reflect bear-
ish views. In terms of implied views, there is nothing special about positions greater
than or less than zero; the neutral point is the risk-minimizing position. In a single-
asset portfolio the risk-minimizing position is, of course, zero. More generally,
however, the risk-minimizing position is a function of the positions, volatilities, and
correlations of all assets in the portfolio. Moreover, in multiple-asset portfolios, the
risk-minimizing position for each asset can be a positive or a negative value.

We can use the correlations among assets and the risk-minimizing position to
identify opportunities to improve allocations in portfolios. In multiple-asset portfo-
lios, the risk-minimizing position will only be at zero for assets that are uncorre-
lated with the rest of the portfolio. Such uncorrelated assets are likely to be very
valuable. Any asset or investment activity that is uncorrelated with the portfolio,
but also has a positive expected excess return, should be added to the portfolio. In
addition to commodities, such uncorrelated activities might include the active risk
relative to benchmark of traditional active asset managers, certain types of hedge
funds, active currency overlays, and global tactical asset allocation mandates.

More generally, in the case of assets or activities that do have correlations with
the existing portfolio and therefore that have nonzero risk-minimizing positions,
any position that lies between zero and the risk-minimizing position is likely to rep-
resent an opportunity for the investor. Such positions are counterintuitive in the
same sense that the 5 percent commodity position was. The implied view is oppo-
site to the sign of the position. Typically investors hold positive positions because
they have positive views, and vice versa. Whenever this is the case and the actual
position is less than the risk-minimizing position, it makes sense to increase the size
of the position. This situation is an opportunity because increasing the size of the
position will both increase expected return and decrease risk.

In terms of asset allocation, the counterintuitive positions described here are
not very common. Most positions in asset classes are long positions (very few in-
vestors hold short positions in asset classes), most asset returns correlate positively
with portfolio returns (commodities are an exception), and most assets are ex-
pected to have positive excess returns. More generally, though, we will see that
when portfolios of securities are constructed with risk measured relative to a
benchmark, such counterintuitive positions arise quite often.

In this chapter we have taken the simple idea of modern portfolio theory—that
investors wish to maximize return for a given level of risk—and developed some
very interesting, and not particularly obvious, insights into the sizing of positions.
We have tried to develop these ideas in a way that is intuitive and which can be
used to help make portfolio decisions at the margin. We avoid the usual approach
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to portfolio construction, which suggests an unrealistic reliance on developing ex-
pected return assumptions for all assets and on the use portfolio optimizers.

SUMMARY

Risk is a scarce resource that needs to be allocated in ways that maximize ex-
pected return.

The single condition that characterizes optimal portfolios is that at the margin
the ratio of the change in expected excess return to the contribution to portfolio
risk must be the same for every asset or investment activity.

Marginal contributions to portfolio risk can be measured relatively easily. To-
gether with an expected excess return assumption for one asset class, they deter-
mine a set of implied views for all other asset classes.

Implied views provide a set of hurdle rates that can guide portfolio decisions.
When the hurdle rates seem to be unreasonably low or high they are useful signals
that positions should be either increased or decreased.

The position in an asset that minimizes portfolio risk is an important location,
and is not typically zero. Weights greater than the risk-minimizing position repre-
sent bullish views; weights that are less than the risk-minimizing position represent
bearish views.

Counterintuitive positions, those between zero and the risk-minimizing posi-
tion, represent opportunities for most investors to add value. Most likely, the in-
vestor faced with such a situation will want to increase the size of the position until
it is at least larger in absolute value than the risk-minimizing position, perhaps
much larger.
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CHAPTER 3
Risk Measurement

Bob Litterman

How should investors think about investment risk, and how can they monitor it
and manage it in ways to increase expected portfolio returns?
Many investors assume, incorrectly, that the purpose of risk management is to

minimize risk. In fact, many investors even go so far as to worry that too much fo-
cus on risk management will constrain their portfolio managers and inhibit their
ability to generate positive returns. Nothing could be further from the truth.

In an investment portfolio risk is necessary to drive return. The purpose of the
risk management function is not to minimize risk, but rather is to monitor the level
and sources of risk in order to make sure that they match expectations. In fact, an
investor with strong risk management controls ought to feel more comfortable tar-
geting and maintaining a higher overall level of risk, thus leading to higher, rather
than lower, returns over time.

Attention to risk management should be a positive contributor to portfolio re-
turn. For this to happen investors need to create an investment plan with which
they are comfortable, and they need to follow that plan. The plan should have two
components: an asset allocation and a risk budget. These two components of the
investment plan are critical in defining its risk profile. They will also determine the
long-run rate of return on the portfolio.

Nonetheless, risk creates the capacity for losses, and along the path to long-run
returns there will be painful bumps, losses of capital that will cause any investor to
question the plan. One critical role that risk management can play in generating
long-run returns is to provide comfort in such situations that a portfolio remains in
adherence to the long-run plan so that the investor does not lose confidence and
overreact to short-term market fluctuations.

A useful way to think about risk in a portfolio is to view it as a scarce resource.
Just as a family must budget its expenditures against its income, an investor must
budget the risk in the portfolio relative to his or her limited ability to accommodate
losses. Of course, some investors will be able to accept larger losses than others, so
there is no single level of risk that is right for all investors. If we compare portfolios
of investors in different countries and at different points in time, we see substantial
differences in the average level of risk taken. Even within a particular country at a
point in time there will be substantial differences across different investors, even
those with the same degree of wealth. Over the course of their lives, many investors
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show a typical pattern of increasing ability to take risk as they increase their level
of savings, followed by decreasing risk as they retire and draw down those savings.
But even after accounting for differences in circumstances, age, country, taxes, and
other measurable characteristics, there is a strong component of the tolerance for
risk taking that simply depends on the preferences of the individual.

Recognizing that risk is a scarce resource and that different investors have dif-
ferent appetites for risk, each investor needs to develop an individually tailored in-
vestment plan with a target level of risk for the portfolio based on the investor’s
preferences and circumstances. For most investment portfolios the dominant risk
will be a relatively stable exposure to the traditional asset markets, especially equi-
ties and bonds. These long-term stable exposures to asset markets are referred to as
the strategic asset allocation.

The construction and management of a portfolio is simplified considerably
when the investment plan is divided into two steps: first the development of a
strategic asset allocation that leads to the creation of a benchmark, and second the
implementation and monitoring of portfolio allocations relative to that benchmark.
The strategic asset allocation is designed to be a stable asset mix that maximizes
long-run expected return given a targeted level of risk. The strategic asset allocation
is a high-level allocation to broad asset classes that determines the overall level of
portfolio risk and will be the dominant determinant of long-run performance. For
example, a very simple asset allocation might be 60 percent equity (i.e., stocks) and
40 percent bonds. A less risky allocation would be 50 percent equity and 50 per-
cent bonds. Higher equity allocations will create more short-term volatility in the
portfolio, but over long horizons can be expected to generate higher returns.

Today most asset allocations also differentiate between domestic and foreign
assets and might include other alternative assets such as real estate, private equity,
or commodities, as well. In large institutional portfolios, the strategic asset alloca-
tion might include as many as 15 or more asset classes, although the complexity of
trying to deal with too many asset classes can quickly outweigh any potential bene-
fit. We will have much more to say about the process of developing a strategic asset
allocation for institutions and individuals, respectively, in Chapters 9 and 31. De-
veloping the strategic asset allocation is a topic for which the equilibrium ap-
proach, which we develop in Chapters 4, 5, and 6, can add considerable insight.

Once the strategic asset allocation is set, the second step is to develop an imple-
mentation plan. This plan will vary depending on the nature of the investor, the size
of the portfolio, and other constraints that might apply. Two particular issues that
all such plans should focus on, though, are first, managing the costs associated with
implementation, and second, budgeting and monitoring how much risk and return
are generated relative to the strategic benchmark.

A very important consideration that investors need to recognize is that the risk
and return characteristics of asset class benchmarks are generally available at very
low cost through passive index portfolios, derivative products, or exchange-traded
funds (ETFs). Investors should not pay a significant management fee for such a
benchmark exposure. These index products provide an efficient, and therefore at-
tractive, way to implement asset allocation decisions. Over time, as these products
have become available at low cost, a very significant amount of wealth has, appro-
priately, moved into passively managed index portfolios.

Nonetheless, most money is still invested with active managers, managers who
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create portfolios that do not replicate, but rather attempt to outperform, indexes.
This is an important distinction. The difference between a passive manager and an
active manager can be compared to the difference between a housepainter and an
artist. Both work with paint, but they do two completely different jobs, and they
get paid very differently. Active managers do not get paid fees for creating passive
exposures to broad asset classes. To pay an active fee for benchmark returns would
be like paying an expensive artist to paint the walls of a room a solid color—it
could be done, but it would be a waste of money.

Active managers earn their fees for taking risk relative to a benchmark, referred
to as active risk. Active managers deviate from benchmarks in an attempt to out-
perform their benchmark. These deviations are the artistry that the active managers
use to create the opportunity to outperform the benchmark, but they also create the
risk that the manager may underperform. It is the expectation of outperformance
generated by active risk, not the exposure to the market risk embedded in the
benchmark, that justifies active management fees. Clearly, active risk should be
taken only when there is an expected positive net return (after fees and after taxes)
associated with it. Just like artists, active managers come in many different styles.
Some are very conservative; they take very little active risk and have very low fees.
Others take lots of active risk and charge high fees. A common terminology for re-
ferring to active management styles, in order of increasing risk, is as follows: en-
hanced, structured, and concentrated.

We emphasize the distinction between total risk and active risk because it is a
key element in the design and overall management of portfolios. Asset allocation
balances the risks and returns embedded in benchmarks; risk budgeting revolves
around making decisions between passive and active management, choosing differ-
ent styles of active management, and allocating and balancing the active risk that is
created when active managers are grouped together. In the portfolios of most in-
vestors, the dominant risk and source of return comes from asset allocation deci-
sions and exposures to broad market indexes. The active risk in a portfolio,
representing the aggregation of all deviations from benchmarks, is generally a small
contributor to overall portfolio risk and return. When managed carefully it can be
an important source of positive returns relative to the benchmark, but otherwise it
can be a costly source of risk and underperformance.

Too often portfolio construction is a bottom-up by-product of decisions made
about individual managers, funds, or other investment products. Each such deci-
sion should not be made independently; rather portfolio construction should start
with a top-down asset allocation—the determination of allocations to different
broad asset classes. Only after the asset allocation is determined should the imple-
mentation decisions be made. The decisions about which products to put into a
portfolio and from whom should be part of this process we call risk budgeting.

The choices that need to be made as part of the risk budgeting implementation
plan include for each asset class:

� What benchmark or benchmarks to use.
� How much of the portfolio to allocate to index products versus active man-

agers.
� What types of styles of active managers to invest in.
� How many managers to hire or funds to invest in.
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� What percentage of the assets to give to each manager.
� Whether, and if so how, to make tactical asset allocation adjustments.
� For nondomestic assets, whether to hedge foreign currency risk.

Chapters 11 through 15 will have much more to say about developing the portfolio
implementation plan.

Once the asset allocation and risk budget are in place, the final and ongoing
step in portfolio construction is the process of updating the implementation of the
plan and monitoring adherence to the plan. This process includes rebalancing dif-
ferent components of the portfolio, reviewing the allocations of external portfolio
managers and funds, and adjusting investments for cash flows into or out of the
portfolio. The process should also include a regular review of the risk budget to
make sure it is on track, an occasional update of the strategic asset allocation
benchmark, and finally the monitoring of whether to terminate existing managers
and whether to hire new ones.

Risk management is an important aspect of the process of monitoring adher-
ence of a portfolio to the investment plan. As noted above, the primary role of risk
management is not to minimize risk, but to make sure the portfolio is on track rela-
tive to the asset allocation benchmark and the risk budget. If a manager or some as-
pect of the investment plan is creating unexpected risk or unusual performance, it is
the role of the risk management function to identify, understand, and, if necessary,
correct the situation. The risk management function could just as well identify a
portfolio that is taking too little risk relative to the budget as find one that is taking
too much risk. A portfolio that has a risk allocation that it is not using is not only
wasting a scarce resource, the opportunity to use risk to generate returns; it is also
likely to be charging fees that are not being earned.

There are many dimensions of risk. We have been focusing on market risk, the
term used to describe the gains and losses that can arise from changes in the valua-
tions of securities. For example, changes in the value of a portfolio due to a decline
in the general level of valuations in the equity market constitute a form of market
risk. Other types of risk that need to be managed include the following:

� Credit risk—the risk of loss due to the default of a counterparty.
� Legal risk—the risk of loss due to a contract dispute, a lawsuit, or illegal activity.
� Operational risk—the risk of loss due to a problem in clearing or settlement of

securities or contracts.
� Liquidity risk—the risk of loss due to the inability to dispose of securities or

contracts in a timely manner

Different approaches are required to monitor these various types of risk. Mar-
ket risk is somewhat special in that quantitative models play a key role in monitor-
ing market risk. Credit risk also requires quantitative models, but qualitative
judgments play a larger role. Qualitative approaches are the key in evaluating the
other types of portfolio risk, though quantitative approaches are becoming more
and more common in areas such as liquidity risk and operational risk.

The role of risk management in investment management is often misunder-
stood, in part because the discipline of risk management in financial institutions
has grown rapidly in recent years, particularly in banks and securities firms with a
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significant focus on derivative securities. In banks and securities firms the role of
risk management is focused on internal management and control, as well as regu-
latory reporting. Although there are many common features with portfolio risk
management—after all, most large financial institutions are portfolios of risk-tak-
ing activities—there are also many important differences.

Perhaps the most important difference between how risk management is prac-
ticed in these two worlds is that in financial institutions risk is measured in an ab-
solute sense, whereas in asset management the risk in portfolios is almost always
measured relative to benchmarks. Another difference is that in financial institutions
risk is aggregated and taken on behalf of the owners of the firm. In the asset man-
agement world, risk is often taken on behalf of external clients or investors in a
fund. An investment firm will typically have many, perhaps hundreds, of different
portfolios to monitor, each with different investors.

In financial institutions traders manage positions that tend to be held for short
periods of time. Derivatives are used extensively to manage risk. Complex securities
and contracts are created and positioned to facilitate the needs of other businesses.
Fees are earned in the process, and traders generally try to hedge the risks of such
positions. Positions are most often taken in reaction to client needs. Because they
are reacting to external demands, traders in financial institutions are generally in
the business of providing liquidity.

In contrast to such traders, portfolio managers tend to rely on simpler, direct
investments. Through their investment decisions they most often initiate and inten-
tionally create exposures. They are typically demanding liquidity and creating,
rather than hedging, risks. Generally asset managers hold such positions for much
longer periods of time.

Finally, in financial institutions decision making tends to be hierarchical, and
the primary means of control is through the setting of limits and monitoring vari-
ous measures of risk relative to those limits. There is shared responsibility. A trader
is expected to request permission before exceeding a limit. In investment manage-
ment firms, decisions are made by portfolio mangers who take primary responsibil-
ity for their performance. There are seldom limits. Portfolios tend to have
guidelines and/or targets for the amount of risk to be taken, but it would be an un-
usual circumstance for a portfolio manager to solicit management approval for a
change in a portfolio for which he or she is responsible.

All of these differences between the practice of risk management at banks and
securities firms and risk management in the investment world have led to a different
set of approaches and tools, and even a different language for risk management in
the two industries.

For example, Value at Risk (VaR) is a standard measure of risk among finan-
cial institutions. The VaR of a set of positions is a measure of the size of loss that
is expected to occur with a specified frequency, such as the largest daily loss that is
expected to occur with a specified frequency such as once per year. The focus of
management tends to be on short-term potential losses—that is, on how much
could be lost in an event that could occur over a short period of time. VaR is an at-
tempt to answer the most common question about risk posed by the management
of a financial institution: “How much money can I lose?” Of course, VaR does not
really answer this question, which is fundamentally unanswerable. VaR is the an-
swer to a slightly different question that can be answered. Rather than focus on
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what is the worst case, it focuses on what will happen in an appropriately defined
rare event. A key concern in the calculation of VaR is what happens in these rare,
short-term events. This concern is especially relevant with respect to portfolios that
incorporate options, since these and other derivatives allow the level of exposure to
increase rapidly with changes in the levels of markets.

Investors, in contrast, do not usually focus on rare, short-term events. In-
vestors tend to have much longer horizons, and they have used different risk mea-
sures, which reflect that longer focus. The two most common measures of risk in
the investment world are annualized volatility and annualized tracking error. An-
nualized volatility is simply the volatility of portfolio returns over a one-year
horizon. Tracking error measures the volatility, measured in percent or basis
points—that is, hundredths of a percent—of active risk relative to a benchmark
over a one-year horizon.

These different measures of risk, VaR in the case of financial institutions and
tracking error or annualized volatility in the case of portfolio managers, are but
one reflection of the different needs and concerns of these two different communi-
ties. There has been, though, a very beneficial cross-fertilization of ideas. Because
the risk management effort grew very rapidly recently in financial institutions,
many practitioners with a securities firm background have tried to take the con-
cepts, the language, and even the software of the financial institutions and apply
them to the investment world. Despite the occasional confusion and resistance that
this transfer has sometimes caused, a positive effect has been the rapid advances in
availability of risk management tools in the investment community.

There is a common unifying principle that runs through all financial risk man-
agement: In financial planning one needs to recognize and to be prepared for deal-
ing with all possible future outcomes. This principle, as applied to portfolios,
implies that the investor needs to have a realistic understanding of potential
changes in market levels and valuations of individual securities, and an understand-
ing of how those changes will impact his or her portfolio valuation. Thus, the fun-
damental focus of risk management is the understanding of this distribution of
potential future outcomes. Given this distribution, and comparing it with the distri-
butions of future outcomes associated with other portfolios, the investor can make
informed decisions about asset allocation and the risk budget.

In practice there are many complexities to risk management. In general, there is
no one characteristic or measure that can summarize the distribution of potential
outcomes adequately. Many characteristics of the distribution may affect decisions.
For most investors the primary focus is on reducing the probability of bad out-
comes. Portfolio decisions are generally driven by the inability to sustain losses
above a certain size. While much of the science of modern portfolio theory focuses
on the mean and volatility of the distribution of outcomes, these two statistics may
not be adequate for the purposes of many investors whose focus is on particular
downside events.

Another issue that arises in assessing risk is that picking the appropriate time
horizon for decision making is not always obvious, nor inconsequential. On the one
hand, decisions can always be revised with new information, suggesting a relatively
shorter horizon may be adequate. On the other hand, focusing on a short horizon can
have very important, and generally negative, consequences for investment decisions.
Avoiding bad outcomes clearly requires either reducing risk or buying securities that
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have downside protection, both of which negatively impact longer-term expected re-
turns. In the short run, this impact on expected return is not an important considera-
tion in preventing losses. Thus, investors who focus on the short run tend to be
relatively more risk averse. If the investor does, in fact, have a short time before the
investment must be cashed in, then this is appropriate.

However, in the long run, the increased expected return from careful risk tak-
ing clearly has a positive effect and must be taken into account in determining the
amount of risk to take and thus in centering the distribution of outcomes. As men-
tioned in the previous chapter, investors benefit from the fact that returns accumu-
late more quickly over time than does risk. Other considerations also become more
important in the long run. For example, as we will discuss in Chapter 29, over
longer periods of time inflation creates considerable uncertainty in the real purchas-
ing power of nominal investments. The benefit of tax deferment of capital gains is
another consideration that grows with longer horizons. Thus, time horizon has a
major impact on how investors should evaluate the risk and return trade-offs of
different portfolio decisions.

Probably the simplest and most important risk management exercise for an in-
vestor is the stress test. The stress test is a very simple exercise. A particular dimen-
sion of risk is identified and one asks what happens if there is a shock, that is, a
major event along this dimension. The change in portfolio value is measured. For
example, a stress test might answer the question, “Suppose the stock market were
to decline by 10 percent; what would be the impact on my portfolio?” The basis for
this measurement is a set of assumptions about how a stock market decline would
affect the value of each security in the portfolio. We start by identifying “the stock
market” with a particular benchmark. In the United States, we might use the S&P
500 stock index. If one of the investments in the portfolio were an S&P 500 index
fund, then the impact on this investment would be simply a 10 percent decline. If
there were an investment in a portfolio managed with a small amount of active risk
relative to an S&P 500 benchmark, then one would expect the impact to be close to
the 10 percent decline. A common statistical measure of equity portfolio risk is the
beta, the expected change in value of a stock or portfolio relative to the change in
value of the market. If a portfolio has a beta of 1, then its decline is expected to
match that of the market, while a portfolio with a beta of .9 would be expected to
decline only 9 percent if the market were to decline 10 percent.

There are no set rules for how to measure the beta of a security. One common
approach is to look at historical data and use it to statistically estimate a coefficient
that measures the degree to which historically the security has, on average, moved
when the market has changed. Such an approach is subject to all the usual statisti-
cal measurement issues such as how much data to use and whether to look at daily,
weekly, monthly, or some other frequency of returns. In this, as in many risk man-
agement contexts, however, it is important not to lose sight of the forest for the
trees. Accuracy is often not the primary issue. Just getting a reasonably accurate
measure of exposure is often close enough to answer the most important questions.

More generally, we want to measure the exposures of a portfolio to a set of
common dimensions of risk. In addition to equity market changes, we might like to
measure sensitivity to interest rate changes, currency changes, energy prices, credit
spreads, foreign market changes, and so on. The particular measures one focuses
on will depend on the portfolio characteristics.
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Most exposures in investment portfolios are linear. Linearity is simply the
property that when the market move is scaled up or down, the gain or loss is scaled
the same amount. When exposures are linear, it suffices to measure the response to
an event of any given size. All other sized events can be extrapolated from the one.
More generally, when exposures are not linear, then we need to measure the re-
sponse to events of different sizes. Nonlinear exposures most commonly arise from
options and other derivatives.

Stress tests are relatively simple to perform and provide a relatively straightfor-
ward set of signals of what types of shocks could create portfolio losses. The limita-
tions of stress tests are important to recognize, however. Because the stress test
provides no guidance about the likelihood of shocks of different sizes, or the likeli-
hood that different markets will move together or offset each other, it is difficult to
measure overall portfolio risk. In order to make sense of stress tests alone, the in-
vestor has to have a good intuition about the volatilities and correlations of all the
different risk factors.

Another simple risk management tool is the scenario analysis. A scenario is like
a stress test, except that generally a number of different risk factors are stressed at
the same time. In fact, a stress test can be thought of as one particularly simple ver-
sion of a scenario analysis. What makes the scenario analysis useful, and conceptu-
ally different from a stress test, is that the scenario is generally constructed to
represent an event that is likely to constitute a particularly significant risk to the
portfolio. For example, a common scenario to analyze is a global recession and the
expected impacts on equity, real estate, credit, bond, and currency markets around
the world. Such a scenario would most likely include the different impact on cycli-
cally sensitive industries relative to more stable sectors, and it might also include
secondary impacts such as increased likelihood of defaults, monetary policy
changes, changes in wages and rents, and so on.

The strength of a scenario analysis is that it is an excellent tool for preparing
oneself for a particular outcome. Two weaknesses of scenario analysis as a risk
management tool, however, are that it is hard to know which scenarios to ana-
lyze and how to react. Portfolio managers often try to put probabilities on 
different scenarios, but it is very difficult to approximate all possible outcomes
with a few scenarios, and even more difficult to reasonably put probabilities on
such scenarios.

The standard statistical measure of risk is volatility, which measures the size
of a typical outcome’s deviation relative to its expected value. When quantifying
the volatility of portfolios, the volatility is generally measured in terms of per-
cent per year. A balanced portfolio with equities and bonds might, for example,
have an annualized volatility of 9 percent. If such a portfolio has an expected re-
turn of 10 percent with a 9 percent volatility, that implies that the portfolio returns
will typically—that is, about two-thirds of the time—fall between 1 percent and
19 percent.

There are many approaches to measuring volatility. Most such measures rely
on extrapolating past behavior into the future. Perhaps the simplest approach,
when the portfolio has not changed recently, is to measure the historical volatility
of the portfolio returns directly. When the portfolio itself has changed, or when the
volatility or correlations of different components of the portfolio have changed,
then a more disaggregated approach must be taken. In this case the usual approach
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is to use stress tests to measure the sensitivity of the portfolio to its different risk
factors, and then to estimate the covariance structure—that is, the volatilities and
correlations—of those different risk factors.

Depending on whether or not the stress exposures are linear, different methods
are available for computing the portfolio volatility. Intuitively, however, the basic
idea is that the covariance structure creates a probability distribution for risk fac-
tors, and the stress tests provide a basis for valuing the portfolio with respect to
each risk factor outcome. Thus, a distribution is implied for portfolio valuations,
and we can measure the volatility of that distribution.

The strength of volatility as a measure of risk is that it summarizes many pos-
sible outcomes in one number. The weaknesses of volatility as a measure of risk
are many, but the most important is that it tries to capture risk, which is generally
a multidimensional concept, in a single number. Only in special cases, such as
when returns are known to have a normal distribution, does volatility alone pro-
vide enough information to measure the likelihood of most events of interest. An-
other weakness of volatility as a measure of risk is that it does not distinguish
upside risk from downside risk—all deviations from the expected value create risk.
This weakness is mitigated for portfolios because the distributions tend to be ap-
proximately symmetric. Finally, the volatility measure provides no insight into the
sources of risk.

Despite these shortcomings, and despite the fact that for all these reasons
volatility has been discredited as a measure of risk in the securities and banking in-
dustry, volatility is still the most common measure of risk in investment portfolios.
This is not, however, necessarily a weakness. It certainly is the case that in the typi-
cal investment context, most of the limitations of volatility are less important. For
example, over longer periods of time the aggregation of independent returns is
likely to create more normally shaped distributions. Investors are less likely to use
options or other derivatives that create significant nonlinear responses to market
moves. Moreover, in most situations it is very difficult to estimate precise measures
of the shape of return distributions. In many contexts a one-dimensional measure is
adequate and the primary interest is in whether and to what extent portfolio
changes impact the basic shape of the distribution of portfolio returns. For this pur-
pose volatility is the preferred measure. Thus, while it is important to understand
the limitations of this statistical measure, it is likely to remain an important tool in
the management of risk in investment portfolios.

Economists have struggled for centuries with the problem of measuring in-
vestor’s utility and how it changes as a function of wealth. There is general agree-
ment on very little other than that this function is concave—that is, that utility
increases with wealth, but that the rate of increase gets smaller as wealth increases.
When utility has this concave shape it is said to exhibit risk aversion. An investor
will prefer a known level of wealth to a distribution of outcomes with the same ex-
pected value.

Modern portfolio theory has developed a very elegant set of insights based on a
simple utility function, which in turn is based on the idea that utility increases with
higher expected returns and decreases with increased volatility. We can write this
utility function as:

U(rp) = E(rp) – .5 · λ · σ2(rp) (3.1)
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where E( ) is the expected value of the distribution of uncertain returns, rp, and
σ2( ) is the variance. The parameter, λ, is the degree of risk aversion of the investor.
This utility function is usually justified as an approximation. Two conditions under
which it will accurately represent an investor’s behavior are locally where a more
general smooth utility function can be approximated by a quadratic function, or
globally for an investor with constant relative risk aversion and for which returns
are normally distributed. Our view is that the key trade-offs in portfolio construc-
tion are likely to be illuminated with this function, that risk aversion is the key pa-
rameter to vary, and that the main insights of modern portfolio theory are likely to
be robust with respect to alternative utility functions that might be found to be
more accurate.

This equation is the basis for the mean-variance approach to portfolio opti-
mization. Over time this classic utility function became the basis for the equilib-
rium theory, which we review in Chapter 4, and the large academic literature now
referred to as modern portfolio theory. This mean-variance framework is usually
represented graphically as in Figure 3.1, which shows the frontier of efficient port-
folios. In this figure the horizontal axis shows portfolio volatility, and the vertical
axis shows portfolio expected return. The portfolio frontier is a line or a curve that
represents the set of all portfolios with the greatest possible expected return for a
give level of volatility. Such portfolios are generally termed “Efficient.” Curves of
constant utility, termed “indifference” curves, show the trade-offs investors are
willing to make in this space between expected return and risk. Increasing utility
comes from moving from one such curve to another through generating either
higher expected return, lower risk, or both.

When portfolios include only risky assets or have other constraints, then the
optimal portfolio frontier is likely to be a concave curve as shown in Figure 3.1. If,
however, investors are able to borrow and lend freely at a risk-free rate, then the
optimal portfolio frontier is a line connecting the risk-free rate with the risky port-
folio that has the highest ratio of expected excess return over the risk-free rate per
unit of portfolio volatility, a ratio called the Sharpe ratio after Nobel laureate
William F. Sharpe. In either case, the portfolio that maximizes utility will be one of
the efficient portfolios and thus will lie on the efficient portfolio frontier. For a re-
cent in-depth textbook treatment of modern portfolio theory the interested reader
might consult Elton et al. (2002).

Clearly one condition for a portfolio to be optimal is that any change in an as-
set weight must fail to increase utility. This implies that, unless there are binding
constraints, small changes in asset weights of an optimal portfolio must increase or
decrease expected return per unit of portfolio volatility at the rate given by the
slope of the utility indifference curve at the point of tangency to the efficient fron-
tier. Thus when utility is defined as in equation (3.1) our theme from Chapter 2,
that for a portfolio to be optimal the ratio of expected excess return to contribution
to portfolio risk be the same for all assets, is justified formally as the marginal con-
dition required for this utility function to be maximized. If for any asset this condi-
tion is not true, clearly we could, by adjusting that asset weight, increase the utility
of the portfolio, contradicting the assumption that the portfolio is optimal.

Whatever the measure of portfolio risk, it is important to try to understand
what the sources of risk in the portfolio are. Simply knowing the volatility of a
portfolio, per se, does not provide any insight into what is creating the risk. Risks
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can be productive if they are expected to generate return, or unproductive when
they are too large or unintended. Thus, knowing the level of risk in a portfolio is
not enough. The investor needs to measure where the risk is coming from.

The best way to understand the sources of risk in a portfolio is simply to mea-
sure the impact on the overall portfolio risk of separate small changes in each com-
ponent in the portfolio. This marginal measurement forms the basis for a
decomposition of portfolio risk. It identifies the hot spots in the portfolio, the com-
ponents to which portfolio risk is most sensitive.

The decomposition of risk is similar to but different from the marginal contribu-
tion to portfolio risk, which was described in Chapter 2. In forming optimal portfo-
lios we try to equalize across all assets the ratio of the contribution to expected
return from each asset with its contribution to portfolio risk. In that case we mea-
sure the change in portfolio risk that is caused by a unit addition of the asset to the
portfolio. We might, for example, consider adding a unit of a new asset that is not
currently in the portfolio. Such an addition will generally impact portfolio risk, ei-
ther increasing or decreasing it. In measuring the decomposition of risk, though, we
focus not on a unit change, but rather on what happens to portfolio risk when there
is a percentage change in the portfolio weight. This difference in measuring marginal
risk in the context of risk decomposition should be intuitive. In the first context we
want to be very cautious about adding an asset to a portfolio. If the asset creates sig-
nificant risk at the margin, we need to get paid an expected return premium for tak-
ing that marginal risk. In contrast, when measuring where risk is in a current
portfolio we want to know how important are existing positions; if we don’t already
own an asset then it cannot be a source of risk in the current portfolio.

For well-behaved measures of risk, the total portfolio risk is equal to the sum
of the marginal percentage changes in all the portfolio components. Thus, the per-
centage contribution to risk of each component of the portfolio is simply the mar-
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FIGURE 3.1 The Frontier of Efficient Portfolios
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ginal percentage change in risk divided by the total risk. This decomposition is
valid for measures of portfolio risk having a property that when all positions are in-
creased by a constant factor, then the portfolio risk increases by that factor. This is
true, for example, for all three of the measures of portfolio risk we have men-
tioned—VaR, volatility, and tracking error.1

The portfolio decomposition is a very useful tool for identifying the significant
hot spots in a portfolio. When these hot spots represent intended exposures, when
the relative sizes make sense, and when the exposures are not too concentrated,
then the investor can feel comfortable. Very often, however, the hot spots will re-
veal unintended risks or concentrations of risk that need to be reduced in size. We
will give examples of the use of the portfolio decomposition in Chapter 13.

This chapter on risk management began by emphasizing that risk management
is not designed to minimize risk. In the investment world risk management should
not be a constraint, but rather a quality control. A sensible approach to risk man-
agement is to view it as an important source of investment return.

SUMMARY

Portfolios should have both an asset allocation benchmark, which determines the
overall level of risk, and long-run expected return and a risk budget, which is a
plan for how the asset allocation is implemented.

The basic role of risk management is to measure the adherence to this plan.
The risk management function should identify any areas that are not on track.

Many of the tools of risk management from the securities and banking indus-
tries have been usefully imported to the investment world, but there are many con-
trasts in approach, which reflect important differences in the objectives and
horizons of investors as opposed to traders.

The decomposition of risk is a particularly useful risk management tool because
it highlights the hot spots, the most important sources of risk, in the portfolio.
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CHAPTER 4
The Capital Asset Pricing Model

Bob Litterman

The Capital Asset Pricing Model (CAPM) developed by Jack Treynor, William F.
Sharpe, John Lintner, and Jan Mossin in the early 1960s was an important mile-

stone in the development of modern portfolio theory. It is a simple mathematical
model, and it is, like all scientific models, an attempt to capture some aspects of the
world around us. But more than being a model, we view the CAPM as a frame-
work for thinking about investments.1

The CAPM asks what happens, in the simplest possible world, when markets
are efficient, all investors have identical information, and investors maximize the
expected return in their portfolios and minimize the volatility. The CAPM is in this
sense an equilibrium model. It takes market capitalizations as given and asks what
must the levels of expected returns be for all investors to be satisfied holding the
outstanding asset weights. The results provide a useful intuition about the long-run
expected returns of different assets. The CAPM doesn’t tell us what is the right level
for the stock market at a point in time, but it does, for example, provide a basis for
thinking about issues such as how much return should an investment in equity pro-
vide, how should the returns of different stocks differ as a function of their differ-
ent risk characteristics, and how much equity belongs in a portfolio.

In this chapter we develop the intuition behind the CAPM in a very simple set-
ting. For now we will not investigate deviations from equilibrium. We are not inter-
ested in this chapter in modeling the real world or in dealing with realistic
portfolios. Rather, we want to develop some intuition, especially about how ex-
pected returns must adjust when the world is populated with investors who are at-
tempting to maximize return and to minimize risk. The next two chapters will
focus on how to calibrate the premium associated with the equilibrium market
portfolio; we will develop a global version of the model and try to calibrate it to
more realistic aspects of the world so that we can apply it in practice. In Chapter 7,
we will investigate how to use the equilibrium model in a more realistic context in
which we have views about how the markets deviate from equilibrium.
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We start with a world that has a single period of time. Assume there is a fixed
supply of two risky assets, which we will call equity and bonds. Let the outstanding
supplies (that is, the market capitalization weights) be given by e and b, respec-
tively. There is also a risk-free asset, which we refer to as cash. Cash is risk free in
the sense that at the end of the period a unit investment in cash will return a known
quantity, 1 + r. Equity and bonds are risky in the sense that unit investments return
random values, 1 + re and 1 + rb, respectively.

We take the risk in this world to be given exogenously. That is, we assume that
re and rb are random variables with known, or estimable, volatilities given by σe,
and σb, and a correlation ρ. In contrast, we do not take the mean returns as given,
but rather wish to solve for them in equilibrium. While we don’t focus on prices,
we do assume that investors will bid the prices for individual stocks and bonds up
or down until their prices reach levels such that expected returns clear markets—
that is, until the demand for each asset equals the outstanding supply. Let these un-
known market-clearing expected returns be µe and µb, respectively.

At the beginning of the period, each investor must choose a set of portfolio
weights that represent the proportion of his or her holdings of cash, bonds, and eq-
uity. For a representative investor, we express these portfolio weights as a percent-
age of beginning of period wealth. Let we and wb represent the portfolio weights in
equity and bonds, respectively, for the representative investor. The weight in cash is
1 – we – wb.

The investor chooses asset weights in order to maximize the value of a utility
function that rewards higher expected returns and penalizes portfolio risk. In
particular, let the expected return on the portfolio be given by µp and the volatil-
ity of the portfolio be given by σp. Assume the utility function has the simple
quadratic form described in Chapter 3 and given by the following equation:

(4.1)

The parameter λ gives the investor’s risk aversion, the rate at which he or she
will trade off a reduction in expected return for a reduction in variance. The qua-
dratic form of the utility function represents the assumption that as risk increases
there is an increasing aversion (in the form of willingness to forgo expected return)
to additional increases in risk.

Portfolio expected return is given by the asset weights times the expected re-
turns on each asset.

µp = r · (1 – we – wb) + we · µe + wb · µb (4.2)

Portfolio variance is also determined by asset weights in the risky assets and the
assumed volatilities and correlation between these assets. Letting σe,b represent the
covariance of equity and bond returns, that is, σe,b = σe · σb · ρ,

(4.3)

Thus, for given weights, we and wb, the investor has a utility given by:

σ σ σ σp e e b b e b e bw w w w2 2 2 2 2 2= + +• • • • • ,

U p p= − • •µ λ σ.5 2
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(4.4)

For the representative investor, if the parameters of the distributions of returns
are known (that is, if r, µe, µb, σe, σb, and ρ are given), then it is a relatively easy
mathematical optimization exercise to choose asset weights that maximize utility.
As was discussed in Chapter 2, the optimal weights must be ones for which the ra-
tio of the marginal contribution to portfolio expected return to contribution to
portfolio risk is the same for equity and bonds.

The contributions to portfolio expected returns for equity and for bonds are
given by (µe – r) and (µb – r), respectively. Given a set of weights we and wb, the
marginal contribution to portfolio risk for an increase in the weight in equity is
given by:

(4.5)

Similarly, the contribution to portfolio risk for a marginal increase in the
weight in bonds is given by:

(4.6)

Thus, one condition for the portfolio weights to be optimal is that:

(4.7)

The risk aversion parameter, λ, determines how much risk is desired given the
available expected returns. Given the form of the utility function, it is clear that for
the portfolio to be optimal it must be the case that marginal changes in any portfo-
lio weights must create a change in expected return that is equal to .5 · λ times the
marginal change in portfolio variance. In particular, for a marginal change in the
weight in equity, we, it must be the case that:

(4.8)

The quantity in parentheses is the marginal change in portfolio variance given a
small change in the weight we. The analogous condition must hold for bonds. Thus,
we have the additional condition:
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and we can solve these two equations for the optimal weights, we and wb. The re-
sult, derived after a bit of algebra, is that:

(4.10)

and

(4.11)

Notice that in these formulas the expected returns show up with the risk-free
rate subtracted off. The risk-free rate is the natural reference point for expected re-
turns, and in general, we will find it more convenient to focus on expected excess
returns above the risk-free rate. From this point forward we will use the notation
E(r) and µ to refer to the expected excess return, and the subtraction of the risk-free
rate will be implicit.

The equations shown above for the two risky asset case are quite compli-
cated. The nature of the solution is more obvious when we use matrix notation.
More generally, we can write down the optimization problem for n risky assets
as follows:

(4.12)

where w is an n-dimensional vector of proportions of portfolio weights in each of
the risky assets.

Let µ be the n-dimensional vector of expected excess returns of assets and Σ be
the n × n matrix of variances and covariances of the risky assets. We have:

(4.13)

and

(4.14)

Thus, the optimal portfolio problem is to choose w such that we maximize

U = µ�w – .5 · λ · w�Σw (4.15)

Taking the derivative with respect to w and setting it equal to zero leads to the
optimal portfolio condition:
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The analysis up to this point follows the original mean-variance optimization
developed by Harry Markowitz in his work. What makes the CAPM interesting,
however, is that it goes beyond this individual investor optimization problem for
given expected excess returns. Rather than take µe and µb as given, as we did in the
two-asset example, CAPM asks for what values of these mean returns will the de-
mand for assets be equal to the outstanding supply. In our simple context of in-
vestors holding equity, bonds, and cash, CAPM asks what values for µe and µb will
lead the sum of demands for equity and bonds of the optimizing investors to be
equal to the market capitalization weights, e and b.

In this simple world, we can easily develop an intuition of what the answer
must be. First, since all investors have identical information, they must each hold
the same expected excess returns. In optimizing portfolio allocations the only dif-
ference across investors will be the risk aversion parameter.

One might expect investors with higher risk aversion to hold more bonds and
less equity, remaining fully invested. In fact, we can see from the above equations
that higher risk aversion will cause an investor to hold proportionally more cash
and both less bonds and less equity. All investors, however, will hold the same ratio
of bonds to equity.

The intuition behind this result follows directly from the requirement that ex-
pected excess return be proportional to contribution to portfolio risk. If a more risk-
averse investor decided to hold more bonds and less equity than other investors, then
the marginal contribution to risk of bonds in that investor’s portfolio would be higher
than that of other investors. But in equilibrium expected excess returns are assumed to
be the same across investors. Thus, following the example in Chapter 2, for the in-
vestor holding more bonds and less equity a higher-returning portfolio with the same
risk could be obtained by selling bonds and adding a combination of equity and cash.

If all investors hold the same ratio of bonds to equity, then the equilibrium ra-
tio of bonds to equity must be b/e, the ratio of the outstanding market capitaliza-
tions. More generally, we see from the matrix version of the equation for optimal
portfolio weights that when there are more than two assets the optimal portfolio
weights of investors with different degrees of risk aversion will still be propor-
tional. Thus, in the general case each investor must hold some fraction of the mar-
ket capitalization weighted portfolio and some fraction in cash.

Also notice that the marginal contribution to portfolio risk for each asset is
proportional to the covariance of the returns of that asset with the portfolio. For
example, the covariance of equity returns with portfolio returns,

(4.17)

For optimal portfolios the expected excess returns for each asset are also pro-
portional to the marginal contributions to risk. Thus, in optimal portfolios, the ex-
pected return of an asset is proportional to the covariance of that asset with the
portfolio. That is, for each asset i and a constant proportionality k, the expected
excess return, µi, is given by the following equation:

µi = k · σi,p (4.18)
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Since in equilibrium the optimal portfolio is proportional to the market capital-
ization weighted portfolio, we have shown that in equilibrium the expected excess
return of each asset must be proportional to the covariance of that asset’s return
with the returns of the market portfolio. That is, we can substitute the market port-
folio for the optimal portfolio in equation (4.18) and obtain:

µi = k · σi,m (4.19)

In particular, in equilibrium assets whose returns are uncorrelated with the
market portfolio have zero expected excess return. This is an important result, and
we will return to its implications in Chapter 12.

Switching to vector notation, let φ be the vector of returns of all assets and m′φ
be the returns of the market portfolio, then the vector of covariances of asset re-
turns with the market portfolio returns is given by Cov(φ, m′φ) = Σ m. And finally,
we can write the formula for the vector of equilibrium expected excess returns for
all assets as:

µ = k · Σ m (4.20)

Now, assume there are n investors with the proportion of wealth of the ith in-
vestor given by Wi. In the general case, the total portfolio holdings are given by:

(4.21)

However, we know that in equilibrium the total portfolio holdings must equal
the market capitalization weights, m. Thus, we can solve for k.

(4.22)

Substituting back into the formula for the equilibrium expected excess returns,
we have for each asset

(4.23)

The term in parentheses is the wealth of investor i divided by the investor’s
risk aversion. The inverse of risk aversion is risk tolerance. Thus, the greater the
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wealth-weighted average risk tolerance of investors is, the smaller are the equilib-
rium expected excess returns, also known as risk premiums. Unfortunately it is
very difficult to measure or infer risk aversions directly. Thus, it is very difficult to
estimate the risk premium of any individual asset or of the market. However, note
that without knowing anything about risk aversions we can nonetheless infer that
the ratio of any two risk premiums is the ratio of their covariances with the mar-
ket portfolio.

(4.24)

In particular, letting µm be the risk premium of the market portfolio we have:

(4.25)

and thus

(4.26)

or using the conventional notation “beta” for this ratio βi = (σi,m /σm
2 ) we have that

µi = βi · µm (4.27)

Thus, for each asset its risk premium is given by the asset’s beta with the mar-
ket portfolio times the market risk premium. The beta, being the ratio of a covari-
ance to a variance, is easily estimated. In a regression projection of an asset’s return
on the market return, beta is simply the coefficient on the market return. This then
is the fundamental insight of the Capital Asset Pricing Model: In equilibrium the
risk premium of an asset is the coefficient of the projection of its return on the mar-
ket return times the market risk premium.

In the next chapter we will review the evidence, weak as it is, on how large the
market risk premium ought to be. We will then, in Chapter 6, extend this simple
domestic CAPM model to an international setting where currency risk adds a con-
siderable amount of complexity.

SUMMARY

We view the CAPM as a framework for thinking about investments. The CAPM
asks what happens, in other words what is the nature of equilibrium, in the sim-
plest possible world, where markets are efficient, all investors have identical infor-
mation, and investors maximize the expected return in their portfolios and
minimize their volatility.

The optimal portfolio problem is to choose w such that we maximize
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(4.28)

Taking the derivative with respect to w and setting it equal to zero leads to the
optimal portfolio condition:

(4.29)

In the general case each investor must hold some fraction of the market capital-
ization weighted portfolio and some fraction in cash.

In optimal portfolios the expected return of an asset is proportional to the co-
variance of that asset with the portfolio. Thus, in equilibrium the expected excess
return of each asset must be proportional to the covariance of that asset’s return
with the returns of the market portfolio.

The greater the wealth-weighted average risk tolerance of investors is, the
smaller are the equilibrium risk premiums.

The ratio of any two risk premiums is the ratio of their covariances with the
market portfolio.

Finally, the fundamental insight of the CAPM is that in equilibrium the risk
premium of an asset is simply its beta times the market risk premium.
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CHAPTER 5
The Equity Risk Premium

Mark M. Carhart and Kurt Winkelmann

A s shown in the previous chapter, if markets are efficient, if all investors have
identical information, and if investors maximize the expected return in their

portfolios and minimize volatility, the expected excess return on the market port-
folio is

(5.1)

That is, the market portfolio’s expected return over the riskless asset is the market
portfolio’s variance divided by the average across all market participants of the ra-
tio of their wealth to their risk aversion. Unfortunately, to most of us this formula
reveals no intuition whatsoever. However, we all agree on the concept of an equilib-
rium expected return to compensate investors for taking market risk. The difficult
question is, how large is the market return premium?

It’s clearly not zero or negative, as investors extract a price in order to bear
volatility in their wealth. On the other hand, it’s probably not 10 percent per year
above the riskless asset, because the market’s volatility is of the same magnitude,
which implies that holding the market causes a relatively small probability of nega-
tive return over one year, and even less than this at the end of five years.

In this chapter, we attempt to arrive at a reasonable range for the market risk
premium over the riskless asset. More specifically, we evaluate estimates of the eq-
uity risk premium (ERP), from which the market risk premium is easily derived us-
ing the CAPM.

We consider two approaches to measure the ERP. Our first is purely empirical:
We study the average returns of equity markets over long periods of time. In addi-
tion to looking at long-run averages, we also look at decompositions of these aver-
ages, in the hope that they will provide insights into the drivers of equity returns.

Our second approach is more theoretical. In this approach, we look at the the-
oretical relationship in equilibrium between investor demand and asset supply. In
particular, we are interested in exploring the role of investor preferences in shaping
the equity premium.
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What do we mean by the equity risk premium? We define the ERP as the ex-
pected return, in equilibrium, on the capitalization-weighted global equity market
in excess of the riskless asset. Since the CAPM is a one-period model, it requires the
arithmetic mean return on the market minus the current yield over one period. To
apply this in the real world, we must define what is meant by one period. Because
we are analyzing an equilibrium concept, we require a fairly long horizon, say five
to 30 years. We can think of this as the investment horizon over which investors
make strategic decisions on how much market risk to take.

The investment horizon is required to measure the riskless return, as (nomi-
nally) riskless securities exist for one day out to 30 years. In this chapter, we take
the U.S. 10-year government bond as the proxy for the riskless asset in the United
States. Consistent with past research and current practice, we report all mean re-
turn estimates using geometric averaging.1

HISTORICAL PERSPECTIVE

Roger Ibbotson and Rex Sinquefield (1976) conducted the first major analysis on
equity returns using data from the Center for Research in Securities Prices at the
University of Chicago. At that time, they estimated that the ERP in the United
States since 1926 was 5.1 percent. They derived this from the total nominal annual-
ized equity return of 8.5 percent, inflation of 2.4 percent, and a real risk-free return
of 1.0 percent (on long-term government bonds).

When Ibbotson and Peng Chen update the data to 2000, the real risk-free re-
turn is somewhat higher at 2.05 percent but the ERP is very similar at 5.24 percent.
Of this premium, 1.25 percent per year is explained by expansion of price-earnings
multiples since 1976, shown in Figure 5.1. If we postulate that this P/E expansion
was a one-time event, not a secular trend or a bubble that will reverse, their ad-
justed ERP estimate is approximately 4 percent.

Using a slightly longer data set starting in 1872, Eugene Fama and Kenneth
French (2002) reach similar conclusions. Over their sample, they estimate the ERP
at 5.57 percent. Fama and French conclude that the secular rise in P/E ratios since
1951 is likely to have been a one-time event and conclude the ERP estimate from
1872 to 1951 is more representative of future expectations. Their ERP estimate for
this earlier window is 4.40 percent.

These results are effectively averages over many possible regimes. From a more
dynamic perspective, Jagannathan, McGrattan, and Scherbina (2000) look at the
long-run equity premium in the United States and conclude that it has fallen. They
apply a version of the Gordon growth model to different historical time periods
and conclude that the long-run experience studied by Ibbotson, Fama and French,
and others includes distinct regimes. On the basis of their analysis, they conclude
that the U.S. equity premium averaged around 700 basis points during the period
1926 through 1970, and closer to 70 basis points after that.
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However, looking only at the U.S. data probably biases our inferences, because
our interest and access to this long data series on the United States is conditional on
the U.S. market growing from a small, emerging market two centuries ago into by
far the largest market in the world today. This survivor bias can only be corrected
by painstakingly creating equivalent data sets for every market that existed over the
entire time period.

Fortunately, Philippe Jorion and Will Goetzmann (2002) have done this for us.
Starting in 1926, they collect equity prices on 39 different equity markets and con-
struct real price return (without dividend) approximations over periods of market
disruption, mostly wars and nationalizations. Figure 5.2 displays their real capital
gain estimates as a function of length of market survival.

Notably, using this measure the United States was the best-performing market
in the world. Whereas the real price return in the United States was 4.32 percent
per annum, the median across all markets was only 0.75 percent. This difference
does not appear to be explained by higher dividend returns in countries outside the
United States, either: The dividend return in the United States was over 4 percent
per year during this period and is about the same as a subset of other countries in
the sample where Jorion and Goetzmann obtained dividend returns. On a brighter
side, a gross domestic product (GDP) weighted estimate across all countries yields a
real price return of approximately 4 percent, only 0.3 percent below that of the
United States.2
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FIGURE 5.1 U.S. Equity Trailing P/E Ratios (January 1926–June 2002)
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2Jorion and Goetzmann report that the United States was 46 percent of worldwide GDP in
1921 versus only about 30 percent today.



Of course, we can do better than merely look at the historical average perfor-
mance of global equity markets. For investment policy purposes, we should also be
interested in the underlying economic drivers of equity markets in general and the
equity premium in particular. In principle, the market value of equity should reflect
expectations of future earnings growth. Over the long run, these expectations
should in turn be linked to economic growth in the long run. Consequently, we
have another path to follow in understanding the historical performance.

For example, Ibbotson and Chen show that the realized, long-run real return
on equity (not the ERP) is equal to long-run dividend yields plus long-run real earn-
ings growth rates plus expected future P/E growth. Suppose that markets are fairly
valued, so that expected P/E expansion (or contraction) is zero. Since aggregate
economic growth includes earnings growth, and if the corporate sector is assumed
a constant proportion of the overall economy, it follows that long-term real earn-
ings growth is equal to long-term real economic growth.3

How are dividends related to real economic growth, then? Some researchers on
this topic incorrectly assume that dividends are an independent input into the ex-
pected real return on equities. For example, Arnott and Bernstein (2002) take the
unusually low current dividend yield as proxy for long-run dividend income and at
the same time link long-term real earnings and economic growth.

However, the implication of their assumption is that dividend payout does not
affect earnings growth, which is nonsensical because an increased retention in earn-
ings should lead to higher future earnings growth. Take two otherwise identical
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FIGURE 5.2 Compound Annual Real Capital Gains on Global Markets through 1996
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companies with different dividend payout ratios. Why should the expected return
on these two companies differ based to their respective dividend yields? The correct
(and intuitive) answer is, they shouldn’t.

In fact, there is an equilibrium condition that determines long-term dividend
yield. In the long run, dividend yields should equal earnings growth rates. Why? If
dividend yields were higher than real earnings growth, the transfers from the cor-
porate sector would exceed its economic growth and corporations could not re-
main a constant proportion of the economy. The opposite is clearly also the case.
Therefore, equilibrium dividend yields equal long-term earnings growth.

All that remains to determine an expected real return on equity, then, is long-
term real economic growth. Since 1947, compound real annual GDP growth aver-
aged 3.4 percent per year.4 Taking a slight haircut from this to reflect survivorship,
it seems reasonable to expect future real economic growth in the 2.5 to 3.0 percent
range. This implies a real equity return of 5 percent to 6 percent. Taking the mid-
point of this range, along with Ibbotson and Chen’s real risk-free return estimate of
2 percent, yields an ERP estimate of 3.5 percent.

The decomposition outlined above offers a useful tool for understanding the
current debate about the level of the ERP. Since most researchers would agree on
the basic structure of the decomposition, the debate can be centered on both the
levels of each component (e.g., the real economic growth rate) and the underlying
economic fundamentals. For example, Arnott and Bernstein argue forcefully that
we are in a bubble, and that P/E ratios will decline substantially from their recent
levels. To answer this question, we can reasonably ask what the equilibrium rela-
tionships are between equity valuations and the real economy. Thus, in addition to
exploring the historical record, we should also include a theoretical understanding
of the equity premium.

EQUILIBRIUM ESTIMATES OF THE EQUITY RISK PREMIUM

Gauging the equity risk premium from the demand side requires a model for in-
vestor preferences. Two early academics studying the ERP, Mehra and Prescott
(1985), report a rather surprising estimate of 0.4 percent for the ERP! This is so
low relative to realized equity returns that they called their finding “the equity pre-
mium puzzle.” Their results spawned a generation of new academic research at-
tempting to rationalize their findings, some of which we describe in this chapter.

Mehra and Prescott’s work is an application of a standard dynamic macro-
economic model generalized to allow for asset pricing (see, for instance, Lucas
1978). At its core, this model makes the commonsense assumption that what in-
vestors really care about is not investing per se, but rather the consumption
stream that such investing will support. That is, an investor’s well-being (or util-
ity) depends on the path of current and future consumption. Investors are willing
to defer current consumption and invest only if they believe that the return on in-
vesting will generate sufficient future consumption to make them feel better off.
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As a result, the demand for current and future consumption and the demand for
investments are interdependent: The effort on the part of investors to select an
optimal path for current and future consumption also sets a path for asset de-
mand, and vice versa.

An implication of this type of reasoning is that analysts should first write down
(explicitly) a function representing asset demands. This demand function will, of
course, reflect all features of the investor’s utility function. Equilibrium asset prices
are found by combining the path of asset demand with a path for asset supply. As-
set returns, of course, are simply the changes in asset prices over time, and the eq-
uity premium is simply the return on a risky asset relative to a risk-free asset. Thus,
Mehra and Prescott’s model gives us a very elegant way to relate the equity pre-
mium to investor preferences about consumption.

To represent investor behavior, Mehra and Prescott use a very standard utility
function. They assume that there is a single investor (who is also the single con-
sumer) acting as a stand-in for the entire economy. Again following standard prac-
tice, this investor is assumed to want to maximize the following function:

(5.2)

Several important ideas are expressed in equation (5.2). The first interesting pa-
rameter is β. This parameter represents the rate at which the investor is willing to
substitute current consumption for future consumption. At one level, we can inter-
pret β as the rate at which the investor discounts future consumption.

The second interesting parameter is α. This parameter governs the investor’s
level of risk aversion. More risk-averse investors require higher levels of future con-
sumption to keep well-being (as measured by the utility function) constant. The
third interesting part of the equation is the variable ct, or consumption at time t.
This part of the equation tells us that the investor’s current utility depends on the
entire stream of consumption.

Finally, the E{ } represents the mathematical expectation. This part of the
equation tells us that the investor is operating in a world of uncertainty. Since α and
β are assumed to be fixed, the uncertainty that the investor faces is about the path
of consumption. Thus, equation (5.2) tells us that the investor wants to maximize
the expected discounted value of the utility of current and future consumption,
where the discount rate is the rate of intertemporal substitution and the utility of
consumption depends of the level of risk aversion.

To understand the impact of some of the parameters, let’s work through a sim-
ple example. For simplicity, we’ll assume that the path of consumption is known.
We’ll index consumption to be 100 at date 0, and assume that it grows at a con-
stant rate of 3.0 percent per year: In other words, c0 = 100, c1 = 103, c2 = 106.09,
and so on. Now, to calculate total utility, all we need to do is pin down values for α
and β. For α, we’ll use 1.25 as a starting value.

We’ll assume that βt = βt for every date. In other words, the rate of time pref-
erence is constant across two adjacent periods. For β, let’s assume that the real
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interest rate is 1.0 percent per annum. Under this assumption, β is equal to .99.
For ease of exposition, we’ll ignore all dates after 60 in the calculation of total
utility.

On the basis of these assumptions, we can calculate the total value of utility at
date 0, and then assess the impact of changes in the assumptions on total utility.
Our base case total utility value is 135.413. Now we can assess the impact on total
utility of changes in the underlying assumptions.

Suppose first that we increase the growth rate in consumption, say from 3 per-
cent to 4 percent. Under this assumption, total utility increases from 135.413 to
138.149. Similarly, if we reduce the growth rate in consumption from 3 percent to
2 percent, total utility declines from 135.413 to 132.394. Clearly our utility func-
tion is consistent with the idea that investors prefer higher consumption growth
rates to lower.

Now let’s explore the impact of changes in the rate of time preference, and let
the discount rate increase by 10 basis points to 1.10 percent. Under this assump-
tion, investors value consumption today more highly than consumption in the fu-
ture: The total utility value declines to 131.697. To keep utility unchanged from
the base case, consumption growth must increase from a 3.0 percent annual
growth rate to a 4.44 percent annual growth rate. Thus, higher discount rates
(lower discount factors) imply that consumption growth must increase to keep
utility unchanged.

The final parameter we can change is the risk aversion parameter. Suppose that
we increase the risk aversion parameter from 1.25 to 1.30. In this case, consump-
tion growth must increase from 3.0 percent annually to almost 13 percent annually
for utility to be unchanged.

How do Mehra and Prescott make use of equation (5.2)? They begin by ma-
nipulating this equation to derive demand functions for both assets and con-
sumption. To close the system, Mehra and Prescott need to make assumptions
about production and equilibrium. They assume that each period a single perish-
able good is produced, and that production grows, but at a random rate. Al-
though the growth rate in production is random, its distribution is known, with
a long-term average growth rate and a known variance. In this simple economy,
the long-term average growth rate is assumed to be given exogenously. Factors
such as productivity growth that would naturally be expected to influence the
long-term average growth rate are not considered in this model. To close the sys-
tem, they further assume that in equilibrium consumption equals production of
the single good at every date. Thus, uncertainty about future consumption—that
is, the quantities in equation (5.2)—is effectively uncertainty about future out-
put. Now, what about asset pricing and asset returns?

Looking at equation (5.2) more closely, we see that in the abstract, the only un-
known quantity at any date in time is consumption, or ct. Mehra and Prescott ex-
ploit this point quite explicitly in their analysis. Effectively, they are trying to
provide answers to the following questions: What would an investor be willing to
pay for an asset whose payoff would look approximately like the path of consump-
tion? What would the return on that asset be over time? And what would give rise
to a premium on that asset?

Mehra and Prescott’s answers to these questions begin from a very fundamen-
tal point: If production (and, in this model, consumption) were known with cer-
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tainty, then the price of the asset would be the same at each date, and the equity
premium would be zero. This works out because if the path of consumption and
output are known with certainty at each date, then the investor’s utility is also
fixed. Consequently, the existence of a return premium can only be as a payment to
the investor for accepting volatility in future consumption. Equation (5.2) gives us
a road map for pinning down the size of the premium.

Since the utility function depends on the mean and variance of the path of con-
sumption, the level of risk aversion, and the rate of intertemporal substitution, it is
reasonable that the asset pricing equation should depend on the same parameters.
Thus, Mehra and Prescott propose the following: If we know the mean and vari-
ance of current and future consumption, the willingness to trade consumption
across time, and the level of risk aversion, then we should be able to pin down the
size of the equity premium. How would the parameters of the utility function and
the economy (e.g., the average growth rate and variance of consumption) affect the
equity premium?

Intuitively, more uncertainty about future consumption (expressed, say,
through the variance in consumption) should increase the equity premium. The rea-
son for this is because more uncertainty about future consumption translates into
more uncertainty about current utility. Similarly, since higher levels of risk aversion
have a pronounced impact on utility they should be accompanied by increases in
the equity premium, all else being equal. Finally, if an investor were not very willing
to substitute future consumption for current consumption, then the equity risk pre-
mium should increase.

To test their model, Mehra and Prescott directly estimate the variance of con-
sumption, and find it to be quite low. They rely on the work of other researchers to
pin down (or, in the parlance of real business cycle theorists, calibrate) the value of
α. More specifically, Mehra and Prescott propose that values of α larger than 10
are not supported by the literature. They focus instead on values of α between one
and two. They focus on values of β consistent with discount rates between 1 per-
cent and 2 percent.

The results of their analysis are quite provocative. What they find is that under
reasonable assumptions about the mean and variance of consumption, and the will-
ingness of investor/consumers to trade consumption across time, the value of the
equity premium should be 40 basis points. This value is quite small relative to the
historical average (at the time Mehra and Prescott wrote, the historical average was
around 600 basis points). Consequently, Mehra and Prescott coined the term “the
equity premium puzzle” to describe the difference between the historical average
and the theoretical value of the equity risk premium.

While the model that Mehra and Prescott used to analyze the equity premium
is elegant, it is nonetheless an abstraction. In particular, this model assumes a par-
ticular utility function and that investors may trade in markets without frictions.
As it turns out, in the absence of frictions, it is difficult to construct a function for
investor preferences that reconciles observed equity returns with the standard ax-
ioms of utility theory used in economics. In response to this dilemma, Epstein and
Zin (1991) propose a nonstandard utility function that can explain the equity
premium puzzle without frictions. The more accepted resolution to the puzzle is
to introduce frictions, an approach that Mehra and Prescott suggest in their orig-
inal paper.
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There are three distinct ways in which frictions can be introduced into the
model. The first of these is to introduce transaction costs to trading. Introducing
transaction costs means that investor/consumers will not invest at the theoretically
optimal level without receiving an additional compensation. An example of this
type of research is shown in Aiyagari and Gertler (1991).

A second way to introduce frictions is by changing the nature of the optimization
problem that our investor/consumer faces. In particular, a number of researchers
have suggested the existence of “habit persistence” in modeling investor/consumer
behavior. Equation (5.2) is modified so that an investor’s well-being depends not
only on the path of current and future consumption, but on the path of past con-
sumption as well. The path of past consumption sets a “habit” level of consumption
that investors do not want to fall below. Because investing necessarily means taking
on risk, the investor must be compensated by an extraordinary return on equity to
compensate for the possibility that consumption will fall below its habit level: At
higher habit levels, the impact of potential declines in consumption is more signifi-
cant than at lower habit levels. Constantinides and Ferson (1991) first develop such
a model, and Campbell and Cochrane (1999) provide an example of further re-
search in this direction.

The third way that frictions can be introduced is through the institutional envi-
ronment. Institutional constraints operate in the same spirit as transaction costs, in
the sense that they prevent investors from reaching their theoretically optimal allo-
cations. Examples of institutional barriers include taxes, foreign content legislation,
and laws increasing the liability to investment providers. An example of this type of
research is given by McGrattan and Prescott (2001), which is discussed in more de-
tail later.

These lines of research suggest a natural resolution between the theoretical
value of the equity premium and the observed performance of the U.S. equity mar-
ket. In particular, these lines of research suggest that the ex post behavior of the
U.S. equity market can be viewed as the result of a transition between high and low
equity premium regimes. Differences between the regimes are produced by declines
in transaction costs, taxes, and the regulatory environment (as it relates to equity
holdings). Suppose we assume that markets are fairly priced before and after the
transition between the two regimes. Since the second regime embeds a lower equity
premium than the first, valuations must be higher (but expected returns lower).
Consequently, during the transition period between the two regimes, equity prices
must increase, thereby producing ex post equity returns that are in excess of the ex
ante returns in the new regime.

For example, McGrattan and Prescott offer an explanation for P/E expansion
that does not rely on market disequilibrium: taxes. Most previous research—
including Prescott’s previously referenced paper on the equity premium puzzle—ig-
nores taxes, but in reality investors consume only after-tax wealth. McGrattan and
Prescott point out that the effective dividend tax rate has more than halved over the
past 50 years, from around 44 percent in 1950 to about 18 percent today. By their
calculations, the change in effective tax rates completely explains the observed shift
in price-dividend ratios. Two primary explanations for the lower effective dividend
tax rates are the decrease in the highest marginal corporate and personal income
taxes and the significantly larger proportion of stocks held by nontaxable entities
like pension plans and individual retirement accounts (IRAs).
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Unfortunately, precise estimates of the ERP from equilibrium theory lean heav-
ily on estimates of other parameters—like individual investor risk aversions—that
subjects these results to much debate. However, observable market data do reveal
important information about the range of equity return expectations. In particular,
we observe yields on corporate bonds for the same companies for which we desire
the expected return on equity. Corporate bond yields—along with an estimate of
the long-run expected loss on these bonds due to default—deliver reasonably accu-
rate estimates of the expected return premium on corporate bonds. Since equity is a
subordinated claim on the same assets of the firm, in equilibrium equity holders de-
mand a premium above corporate bonds.

Using data from June 2002, we estimate the equity market capitalization
weighted U.S. corporate bond yield above Treasuries is approximately 2.25 per-
cent.5 Using a rough estimate of historical default losses on U.S. corporate bonds of
0.75 percent, we arrive at an expected U.S. corporate bond risk premium of 1.5
percent. This provides, at a minimum, a lower bound on the current ERP. Consid-
ering that the volatility on equities is two to three times that on corporate bonds,
we cautiously suggest that investors are currently demanding an ERP in the neigh-
borhood of 3 percent or more. You might call this a casual empirical estimate!

THE EQUITY PREMIUM AND INVESTMENT POLICY

Why are investors so concerned about the level of the equity premium? The princi-
pal reason is very straightforward: Practically every important decision that an in-
vestor makes is driven by the equity premium assumption. Decisions like the split
between equity and bond holdings, the allocation to alternative investments, and
the level and structure of active risk taking all depend on the equity premium as-
sumption. Given the importance of this assumption, it is not terribly surprising that
so much time is spent in analyzing the historical record.

Unfortunately, however much time we spend analyzing the historical record, it
will not be enough to estimate the equity premium with any level of certainty. For
example, with 130 years of data from 1872 to 2001 and stock market volatility of
20 percent per year, the standard error in Fama and French’s average return esti-
mate is 1.75 percent. Therefore, an estimate of 3.5 percent is only two standard er-
rors from zero. This permits us to reject the null hypothesis that the ERP is zero
with a confidence level of 5 percent.

Let’s turn the problem around, however, and test, at the same level, how differ-
ent the equity premium is from 3.0 percent. For this test, we would need another
6,270 years of data! Thus, from a practical perspective, a significant level of uncer-
tainty is bound to accompany any estimate of the long-run equity premium.

The equity premium clearly plays an important role in setting investment pol-
icy. The goal of this chapter has been to provide some guidance that investors can
use to set their own equity premium assumptions. As the discussion has indicated,
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an equity premium assumption will depend on a careful understanding of the past
performance of equity markets, both in the United States and globally. This experi-
ence should be tempered by an appreciation of the limitations inherent in statistical
analysis of equity returns. As well, the historical experience should be analyzed in
the context of an underlying theory. Finally, the theory should be rich enough to
provide some guidance as to the likely impact of changes in important external
forces (e.g., the tax and regulatory environment) on asset markets.
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CHAPTER 6
Global Equilibrium Expected Returns

Bob Litterman

The domestic Capital Asset Pricing Model (CAPM) is a very good starting point
for a global equilibrium model. In fact, to the extent that all people around the

globe share a common utility function the domestic CAPM extends quite naturally
to the global context. We can think of individuals in a global economy investing in
global assets and consuming a common global basket of goods and services. Just as
in the domestic context, risk premiums should be proportional to the covariance of
each asset’s returns with the global market portfolio. In a 1977 discussion of this is-
sue,1 Richard Roll and Bruno Solnik summed it up this way: “If markets were per-
fect, or nearly so, and if the same consumption of goods were produced and
consumed in the same proportions in all countries of the world; if anticipation were
homogeneous and if transportation were costless and instantaneous; then the inter-
national asset pricing theory would be indeed a trivial extension of the standard do-
mestic model.”

There is nothing fundamentally wrong with this simple extension of the domes-
tic model to the international sphere, but there is an immediate issue, which, over
the years since the publication of the domestic CAPM, has led to many alternative,
more complicated, global models being proposed. The unfortunate issue that leads
to these complications is currency risk. The currency issue arises from the seemingly
trivial question, “What units do we measure things in?” We might suppose that
units shouldn’t affect real quantities, and that is correct up to a point. We can sup-
pose that everything be measured in U.S. dollars, or gold, or units of the common
consumption basket—it doesn’t really matter as long as everyone has a common
utility function. In this simple world, the domestic CAPM functions as a global
CAPM and all the results remain true. Roll and Solnik put it this way: “Under these
circumstances [their idealized conditions quoted earlier], the fact that francs were
used in one location and pounds, yen, or cuzeiros used in others would only consti-
tute a multinational version of the ‘veil of money.’ Real interest rates would be
equal everywhere as would the real price of risk, and capital asset pricing relations
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would be identical for the residents of all countries. In such idealized circum-
stances, real exchange risk would be absent. . . .”

The problem, however, is that in the real world exchange risk is present, and
the domestic CAPM does not address the issue of currency risk. In practice, people
around the world don’t have a common consumption basket, and people measure
the utility of their wealth in different units. The fluctuating relative values of the
different currency units that investors use to measure their wealth, and the real risk
those fluctuations create, have led a number of academics, including Fischer Black,
to work on global generalizations of the domestic CAPM that address the issue of
currency risk. Black’s 1989 paper, “Universal Hedging,”2 is one of these generaliza-
tions. Unfortunately, as we will see, the global generalizations lead to a significant
amount of complexity relative to the domestic CAPM.

Although the math is complex, we will nonetheless push forward. Our feeling
is that these models do lead to some important insights, in particular into issues
such as what is the optimal degree of currency hedging (which, of course, was ex-
actly Black’s original focus). But for our purposes, an even more important benefit
is that the Universal Hedging equilibrium provides a starting point for managing
global portfolios.

Black made a number of simplifying assumptions relative to earlier versions of
what is known as the “international CAPM,” and we will ultimately focus on his
version of the global equilibrium model. Black was surprised, and delighted, when
he realized that under a particular set of assumptions the global CAPM equilibrium
included the surprisingly simple result that all investors in all countries around the
world should hedge the same significant fraction of their foreign currency expo-
sure.3 It was because of this result that Black called his extension of the interna-
tional CAPM “universal hedging.” In Black’s equilibrium, the degree of risk
aversion of investors determines the fraction of the currency risk that should be
hedged, and Black estimated that in equilibrium this fraction of currency that
should be hedged is approximately 77 percent.

In the decade after Black developed his result it became clear that his interna-
tional equilibrium asset pricing model has many applications, only one of which is
its insights on currency hedging. In fact, since the world is not in equilibrium and
most investors do not hold market capitalization weighted portfolios, the “univer-
sal” hedging percentage does not generally apply as a portfolio prescription. How-
ever, by simplifying the international CAPM model and taking it seriously as a
reference for expected returns, Black provided the intellectual framework from
which many other applications, including the Black-Litterman global asset alloca-
tion model, have emerged.

Black’s international CAPM was certainly not the first globalization of the do-
mestic CAPM (see, for example, Solnik (1974); Adler and Dumas (1983); Grauer,
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Litzenberger, and Stehle (1976); and Roll and Solnik (1977), among others4), but
Black was the first to point out the universal hedging property, which arises when
all investors have the same degree of risk aversion and when wealth in each country
equals that country’s market capitalization. Black’s equilibrium is a simple special
case of the more general equilibrium model.5

Before jumping into the math, it is perhaps best to clarify first what the interna-
tional CAPM model addresses, and what it does not address. In most versions of the
model, including Black’s, the term “currency” refers to real rates of exchange between
the consumption bundles of different groups of investors. Thus, the theory does not
include inflation risk, a potential cause of changes in the exchange rates of the nominal
currencies that we generally think about in the real world. Another set of complexities
of the real world that the universal hedging equilibrium does not address is the distrib-
ution of ownership of wealth across different countries, and the heterogeneity of in-
vestors’ risk tolerances across countries. The theory takes these characteristics as
inputs, and as noted earlier, one of the simplifying assumptions of Black’s equilibrium
is that investors in each country have wealth equal to the market capitalization of the
domestic assets of their country. Another simplifying assumption in Black’s model,
which we will see is easy to relax, is that investors in all countries have the same degree
of risk tolerance. The standard international CAPM equilibrium models also assume
that the usual efficient markets conditions hold; there are no barriers to trade; and
there are no capital controls, information barriers, or other costs that make investors
prefer domestic assets. Finally, as in the domestic CAPM, these models assume a sin-
gle, infinitesimal time period. These one-period models do not address the intertempo-
ral risks that arise in a dynamic economy. Other academics have, of course, extended
the results described here by relaxing various of these assumptions.

As in Chapter 4, we consider first the simplest version of the model, a world in
which there are only two currencies and two assets and investors solve a mean-
variance portfolio optimization problem. We then address the general model.

Consider a two-country world in which there are two risky assets, domestic eq-
uity in each country. We will refer to the two countries as the United States and
Japan and we will later work out an example with parameters reflective of them.
Denote the exchange rate between the two countries—that is, the number of units
of Japanese currency per unit of U.S. currency—by X. Without loss of generality,
assume that at the beginning of the investment period X has the value 1. In other
words, at the beginning of the period one unit of a Japanese consumption bundle
trades for one unit of a U.S. consumption bundle. At the end of the period, X has
an uncertain value that gives the rate of exchange between units of consumption in
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the United States and Japan. Thus, the expected returns and risks of investors will
have to take this additional uncertainty into account. Over a short period of time,
the return to a U.S. investor from holding Japanese equity will have two compo-
nents, the return on the equity earned by domestic Japanese investors plus the re-
turn earned by U.S. investors from holding yen-denominated assets. A U.S. investor
holds portfolio weights dU and dJ, respectively, in the equity of the United States
and Japan, and may choose to hedge (or increase) the currency exposure of the
Japanese equity such that there is an outstanding yen exposure in the amount dX.
These weights, dU, dJ, and dX, are all expressed as percentages of the wealth of the
dollar investor.

The expected excess return over the risk-free rate, denominated in dollars, for
an investor in the United States holding these weights is given by:

(6.1)

where µU
$ = Expected excess return for a dollar-based investor holding U.S. equity

µJ
$ = Expected excess return for a dollar-based investor holding currency

hedged Japanese equity6

µX
$ = Expected excess return on holding yen for a U.S. dollar–based

investor

As we shall see, it turns out that even when the currency risk is hedged, the ex-
pected excess return on Japanese equity for a dollar-based investor will generally
differ from that of a yen-based investor because the investors in different countries
measure their expected returns in terms of different units (currencies).

The risk of this portfolio for the U.S. dollar–based investor is given by the
volatility, σP

$, determined as follows by the variances and covariances of dollar-
based risky assets:

(6.2)

where σab
$ is the covariance (or variance if a = b) of returns of asset a with asset b

from a dollar investor’s point of view.

Similarly, the expected return, denominated in yen, for an investor in Japan
holding weights yJ and yU, respectively, in the equities of Japan and the United
States, and hedging the currency exposure on U.S. equity such that there is a net
dollar exposure of an amount, yX, is given by:

σ σP a U, J,X b U, J,X a b abd d$
{ } { }

$( ) = ( )= =

2
Σ Σ

µ = µ + µ + µ• • •P U U J J X Xd d d$ $ $ $
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(6.3)

where µJ
Y = Expected excess return for a yen-based investor holding Japanese

equity
µU

Y = Expected excess return for a yen-based investor holding currency
hedged U.S. equity

µX
Y = Expected excess return on holding dollars for a yen-based investor

The risk of this yen-denominated portfolio is given by the volatility, σP
Y, deter-

mined as follows by the variances and covariances of yen-based risky assets:

(6.4)

where σab
Y is the covariance (or variance if a = b) of returns of asset a with asset b

from a yen investor’s point of view. Note that for the dollar-based investor the for-
eign exchange asset represented by the subscript X is a yen exposure; for the yen-
based investor, the asset represented by the subscript X is a dollar exposure.

The equilibrium for this model is a set of expected excess returns that clear
markets. The markets that need to clear are equities and short-term borrowing.
Note that in the context of the domestic CAPM we did not explicitly require equi-
librium for short-term borrowing. In that context if wealth equals market capital-
ization, then the net demand for cash must be zero. In the international context
there is more than one source of cash or short-term borrowing; we will refer to
these alternative supplies as “bills.” The supply of equities is taken to be the fixed
market capitalization. The net supply of borrowing (i.e., bills) in each currency is
assumed to be zero. Demands are generated from the optimization of investors’
utility, which is assumed to have the same form as in the domestic CAPM. In-
vestors maximize a utility function: Utility of investors in country c (either $ or Y)
is given by

(6.5)

where λ is the risk aversion parameter.

In the global example we consider here, we differentiate U.S. investors from
Japanese investors, and we solve each of their optimization problems separately.
We sum the demands of each type of investor for U.S. equities and for Japanese eq-
uities, and we sum the demands for short-term lending in each country. Finally, we
search for equilibrium values of expected excess returns, which are defined as those
for which the total demand for each type of equity equals the supply and such that
the net demand for short-term lending is zero. The zero net demand condition re-
quires that U.S. investors are comfortable lending to Japanese investors the amount
of dollars that they want to borrow, and vice versa.

Before we can solve for the equilibrium expected excess returns, though, we
have to recognize that there are relationships between the dollar-based expected
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excess returns, µU
$ , µJ

$, µX
$ , and the yen-based expected excess returns, µU

Y , µJ
Y, µX

Y .
Unfortunately, now we must confront head-on some of the complexity that comes
with foreign exchange risk.

Consideration of foreign exchange risk adds a number of complexities in the
real world, most of which we will safely ignore, but some of which we must ad-
dress. We will ignore the complexity associated with different securities that can
be used to add or hedge foreign exchange risk. One could use forward contracts,
swaps, futures, or simply short-term borrowing and lending. We will also ignore
the risk of depreciation of the profits earned during a finite period of time, a small
effect sometimes referred to as the “cross product.” If the time period is suffi-
ciently short, the profit is arbitrarily small relative to the exposure, and so the
risk of depreciation of the profit can be ignored. Finally, we will ignore the effects
of inflation.

We can think most simply of a foreign exchange hedge as any position that
benefits when a foreign currency depreciates, but does not create any other 
risk exposures. One obvious such position is a forward contract. Another is a
short-term loan denominated in the foreign currency and invested in domestic
short rates. Think of the currency hedge as the amount of such a loan. If a 
dollar-based investor borrows in yen, exchanges the yen for dollars at the be-
ginning of the period, and invests the dollars in the U.S. short-term deposits,
then depreciation of the yen allows the investor to repay the loan with fewer dol-
lars, and thus benefit from the depreciation. The profit on the loan would 
exactly offset the loss from currency depreciation of a similarly sized yen-
denominated investment.

Expected returns on such currency positions cause much confusion. Many in-
vestors have heard that currency is a zero-sum game, and thus assume the expected
return on currency exposures is zero. This is not true, even in equilibrium. Curren-
cies can have positive or negative expected returns. Consider the expected returns
on currencies in our simple two-country world and focus on the relationship be-
tween µX

$ and µX
Y . The first term is the expected return to a dollar investor of hold-

ing yen. The second term is the expected return to a yen investor of holding dollars.
Clearly, in a rational, efficient equilibrium these two different expectations should
be consistent with each other. If one exchange rate is expected to go up, it would
seem intuitive that the other must be expected to go down. The most natural intu-
ition might seem to be that

(6.6)

Interestingly, the relationship is not quite that simple. Consider that if the ex-
change rate for $/yen goes from 1 to 1.1, then there is a 10 percent appreciation of
the yen from a dollar perspective and a .1/1.1 = 9.09% depreciation of the dollar
from the yen perspective. Conversely, a move from 1 to .9—that is, a 10 percent de-
preciation of the yen from a dollar perspective—implies an appreciation of 11.1
percent of the dollar from a yen perspective.

More generally, the percentage appreciation of one currency relative to another
is always larger than the percentage depreciation of the second currency relative to
the first. If one currency appreciates by x from a second currency perspective, then
the second currency depreciates by x/(1 + x) from the perspective of the first. This

µ = −µX
Y

X
$
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bias of appreciation relative to depreciation of returns from the two different per-
spectives is given the name “Siegel’s paradox.”7 One consequence is that µX

$ and µX
Y

are not simply equal but opposite in sign as in equation (6.6). In fact, it is very pos-
sible for both µX

$ and µX
Y to be positive at the same time.

This strange behavior of currency expected returns makes many people uncom-
fortable. It feels like a magic trick. How can investors in both countries rationally
expect their foreign currency holdings to appreciate? In order to understand this
phenomenon, consider a simple world in which the $/yen exchange rate starts at 1.
At the end of a period a coin is flipped: If it comes up heads, the $/yen exchange rate
is 2; if it comes up tails, the $/yen exchange rate is .5. From a dollar perspective, a
person holding yen has two outcomes with equal probability, a return of 100 per-
cent or a return of –50 percent. The expected return is positive, in fact is 25 percent.
But consider the symmetry of the situation. The expected return to someone viewing
the world from a yen perspective holding dollars is also positive 25 percent.

How can this be? How can individuals from both perspectives and identical
information and expectations have positive expected return from holding each
other’s currency? The simplest answer is that they could not both rationally ex-
pect to be better off if all wealth was measured in the same units—but as long as
they each measure their wealth from their own different currency perspective,
they can both expect to be better off holding some of the other’s currency—at
least as measured in their own units. The more volatility there is to the exchange
rate, the more these currency expected returns are biased upward relative to
each other.

The relationship that must be true between µX
$ and µX

Y is as follows:

(6.7)

where σX is the volatility of the exchange rate.8

Why do we care about this curiosity of exchange rates? After all, we assume
the time of our period is arbitrarily short so that the actual returns on yen and dol-
lar during this period are arbitrarily close to equal, but of opposite sign. The an-
swer to why we care is that this variance term in the expected excess returns
relationship pins down the equilibrium returns on all assets in a world with multi-
ple currencies.

Consider again the portfolio optimization problem discussed earlier. In addi-
tion to the volatilities and correlation of the equities, σU, σJ, and ρUJ, and the

µ = −µ +X X
Y

X
$ σ2
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7The name Siegel’s paradox” is widely used. The reference is to a paper: Siegel, J. J., 1972,
“Risk, Interest Rates and the Foreign Exchange,” Quarterly Journal of Economics 89,
173–175.
8The origin of this variance term is the positive curvature of the function, 1/x, relating yen/$
to $/yen. The more variance there is in the distribution of potential outcomes, the more this
curvature increases the expected value of the foreign exchange holding. The mathematical
theorem required to show that this is the correct formula involves taking a limit as the
length of the time period goes to zero and is known as Ito’s lemma. An intuitive derivation
of Ito’s lemma can be found in Robert C. Merton’s text, Continuous-Time Finance (Black-
well, 1990).



volatility, σX, of the exchange rate, we have two additional correlations to consider,
ρXU

$ and ρXJ
$ , between the exchange rate and the U.S. and Japanese equities, respec-

tively, from a U.S. dollar perspective. Note that the correlations between each asset
and the exchange rate from the Japanese yen perspective are simply –1 times the
correlation from the U.S. dollar perspective; that is:

(6.8)

Beyond Siegel’s paradox, which relates expected excess returns on currencies
from different country perspectives to the variance of the exchange rate, there are
similarly derived relationships between the expected excess returns on investment
assets and currencies from different currency perspectives that involve covari-
ances. One example comes up only when there are more than two currencies.
Consider the expected excess return on holding the euro from the perspective of a
yen investor. It turns out that this expectation is equal to the sum of the expected
excess return to holding dollars from a yen perspective and the expected excess
return to holding euros from a dollar perspective, less the covariance of returns to
holding yen and returns to holding euros from a dollar perspective. Of course,
this covariance term doesn’t enter our two-country example because we have
only two currencies.

There is also a relationship between the expected excess returns on U.S. equity
from a dollar versus a yen perspective, that is, between µU

$ and µU
Y. In this case again,

it is not the variance of the exchange rate that relates the two expectations, but
rather the covariance between the exchange rate and the stock return that comes
into play. A similar relationship exists between µJ

$ and µJ
Y. Notice that we are con-

sidering currency-hedged stock returns in both cases, so the covariance that drives
this expected return difference is not due to the currency effect directly entering one
of the returns, but rather is a function of the expectation being taken from different
currency perspectives.9

To gain an intuition about this covariance term in the expected return relation-
ship, consider the hedged return on U.S. equity from a Japanese perspective. Sup-
pose there is a positive correlation between currency hedged U.S. equity returns
from a yen perspective and the returns to a yen investor holding dollars. When this
correlation, ρXU

Y is positive, returns on U.S. equity will have a component that
moves with the dollar when viewed from a yen perspective. Recall that expected re-
turns on dollar holdings, from a yen perspective, have a positive component, σX

2,
due to Siegel’s paradox. To the extent U.S. equity returns mirror those of the dollar,
this effect similarly increases the expected return on U.S. equity from a yen perspec-
tive relative to expected returns from a dollar perspective. If we form a projection
of U.S. equity returns on dollar currency returns from a yen perspective, we can de-
compose the equity returns into a component that is a multiple of the dollar returns
and an uncorrelated component. This projection on the dollar return has a coeffi-
cient that is the ratio of the above-mentioned covariance (between U.S. equity re-
turns and returns on holding dollars from a yen perspective) and the variance to a

ρ ρXJ
Y

XJ= − $
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9The existence of these covariance terms in the expected excess return relationships can be
derived using a multivariate version of Ito’s lemma.



yen investor of dollar returns. The Siegel’s paradox contribution to expected re-
turns on the dollar is exactly this variance, so it makes sense that the contribution
to expected excess returns of hedged U.S. equity from a yen perspective is this coef-
ficient times the variance, which is simply the above-mentioned covariance. This
covariance effect implies that the following two relationships hold:

(6.9)

(6.10)

We have now seen that there is a set of equations relating expected excess re-
turns from a yen perspective to the expected returns from a dollar perspective (and,
of course, vice versa). We can search over either the dollar-based or the yen-based
expected excess returns, and the other set will be determined.

Let us now consider a simple example. The following inputs allow us to solve
for a simple two-country “universal hedging” equilibrium:

U.S. market cap = 80

Japan market cap = 20

U.S. wealth = 80

Japan wealth = 20

U.S. risk aversion = Japan risk aversion = 2

U.S. equity volatility =15%

Japan equity volatility = 17%

Correlation between U.S. and Japan equity = .5

Dollar/yen volatility = 10%

Correlation between U.S. equity and yen = .06

Correlation between Japan equity and yen = .1

Given these inputs, the covariance matrix for a U.S. investor is as shown in
Table 6.1.

The covariance matrix for a Japanese investor is only slightly different (see
Table 6.2); the covariances between equity returns and the foreign currency have
the opposite sign. If U.S. equity returns are positively correlated with returns on

µ = µ + = µ −J
Y

J XJ
Y

J XJ
$ $ $σ σ

µ = µ + = µ −U
Y

U XU
Y

U XU
$ $ $σ σ
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TABLE 6.1 Covariance Matrix for a U.S. Investor

U.S. Equity Japan Equity Yen

U.S. equity .0225 .0128 .0009
Japan equity .0128 .0289 .0017
Yen .0009 .0017 .0100



holding yen, then clearly U.S. equity returns are negatively correlated with returns
on holding dollars for yen-based investors.

As seen in Chapter 4, the inverses of these covariance matrixes are required to
find the optimal portfolio weights. These inverse matrixes are shown in Tables 6.3
and 6.4.

Now the portfolio percentage allocations follow directly from the optimization
of utility as in Chapter 4.

Portfolio Allocations from a U.S. Investor

U.S. equity: dU = .5 · (59.27 · µU
$ – 26.09 · µJ

$ – .90 · µX
$)

Japan equity: dJ = .5 · (–26.09 · µU
$ + 46.44 · µJ

$ – 5.55 · µX
$)

Yen exposure: dX = .5 · (–.90 · µU
$ – 5.55 · µJ

$ + 101.02 · µX
$)

Portfolio Allocations from a Japanese Investor

U.S. equity: yU = .5 · (59.27 · µU
y – 26.09 · µJ

y + .90 · µX
y )

Japan equity: yJ = .5 · (–26.09 · µU
y + 46.44 · µJ

$ + 5.55 · µX
y )

Dollar exposure: yX = .5 · (.90 · µU
y + 5.55 · µJ

y + 101.02 · µX
y )
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TABLE 6.2 Covariance Matrix for a 
Japanese Investor

U.S. Equity Japan Equity Dollar

U.S. equity .0225 .0128 –.0009
Japan equity .0128 .0289 –.0017
Dollar –.0009 –.0017 .0100

TABLE 6.3 U.S. Investor’s Inverse 
Covariance Matrix

U.S. Equity Japan Equity Yen

U.S. equity 59.27 –26.09 –.90
Japan equity –26.09 46.44 –5.55
Yen –.90 –5.55 101.02

TABLE 6.4 Japanese Investor’s Inverse
Covariance Matrix

U.S. Equity Japan Equity Dollar

U.S. equity 59.27 –26.09 .90
Japan equity –26.09 46.44 5.55
Dollar .90 5.55 101.02



Total demand for U.S. equities is given by summing the two:

U.S. equity demand = U.S. wealth · dU + Japan wealth · yU (6.11)

Japan equity demand = U.S. wealth · dJ + Japan wealth · yJ (6.12)

Demand for borrowing in yen comes from U.S. investors who want to hedge
some of their equity exposure. In particular, total yen exposure is the difference be-
tween the holdings of Japanese equity and the yen borrowing that hedges the cur-
rency exposure. To simplify notation, let us denote yen lending by dollar investors
(yen lending is just –1 times yen borrowing) by dY. Then dX = dJ + dY. Thus, yen
lending by dollar-based investors is given by the equation dY = dX – dJ. Similarly,
dollar lending by yen investors, denoted y$, is given by the equation y$ = yX – yU.

Dollar lending by dollar-based investors is whatever is left after U.S. investors
purchase U.S. equity, purchase Japanese equity, and participate in yen lending.
Thus, dollar lending by dollar-based investors, denoted d$, is given by d$ = (1 – dU

– dJ – dY). Similarly, yen lending by yen-based investors, denoted yY is given by yY =
(1 – yU – yJ – y$).

These equations allow us to complete the demand functions:

Demand for dollar lending = U.S. wealth · d$ + Japan wealth · y$ (6.13)

Demand for yen lending = U.S. wealth · dY + Japan wealth · yY (6.14)

Equilibrium is the condition that demand equals supply; thus our equilibrium
conditions are as follows:

U.S. wealth · dU + Japan wealth · yU = Market cap of U.S. equity = 80 (6.15)

U.S. wealth · dJ + Japan wealth · yJ = Market cap of Japan equity = 20 (6.16)

U.S. wealth · d$ + Japan wealth · y$ = Net supply of dollar lending = 0 (6.17)

U.S. wealth · dy + Japan wealth · yy = Net supply of yen lending = 0 (6.18)

In this simple economy, we can solve for the values of the dollar-based expected
excess returns for which these equilibrium conditions are satisfied. The interested
reader may verify that the equilibrium expected excess returns are:

µU
$ = 4.128%

µJ
$ = 3.230%

µX
$ = .412%

and that the resulting yen-based equilibrium expected excess returns are:

µU
Y = 4.038%

µJ
Y = 3.060%

µX
Y = .588%
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The optimal portfolio allocations for a U.S. investor are given by the following
weights:

dU = 80%

dJ = 20%

dX = 10%

implying that the foreign equity holding is 50 percent hedged. Note that these val-
ues suggest that the demand for lending in dollars and yen are as follows:

d$ = 10%

dY = –10%

Finally, the optimal portfolio allocations for a Japanese investor are given by
the following weights:

yU = 80%

yJ = 20%

yX = 40%

again implying that the foreign equity holding is 50 percent hedged. And note that
these values imply that the demand for lending in dollars and yen are as follows:

y$ = –40%

yY = 40%

The reader may verify that the equilibrium conditions are satisfied. For exam-
ple, the U.S. investors with 80 units of wealth demand 64 units of U.S. equities.
Japanese investors with 20 units of wealth demand 16 units of U.S. equities, so that
the total demand equals the total supply, a market capitalization weight of 80.

How can one find these equilibrium values for the expected excess returns?
One way would be to set up a simple algorithm that equates supply and demand.
For example, in a spreadsheet you can define certain cells to have the various de-
mands as a function of the expected excess returns. Then you can set other cells to
be the excess demands, the difference between the demands and the supply, and ask
the solver function to search for values of the expected excess returns that minimize
the sum of squared excess demands. Such an approach will work in a simple exam-
ple such as this, but it does not highlight the conditions that define an equilibrium.
In order to accomplish this, in the next section we use matrix notation to show a
more general approach.

As should be clear from this simple two-country example, the international
CAPM gets complicated very quickly. When we consider more than two countries,
the notation and complexity of considering all the expected returns from various
different points of view, the correlations and volatilities, and the relationships be-
tween them become cumbersome. In order to keep the notation as manageable as
possible, in this section we use matrix algebra to simplify the presentation and de-
velop the general approach.
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PRELIMINARIES

Let there be n countries with each country having a risky equity asset.10 Let r1 be a
(2n – 1)-vector of returns of risky assets from the perspective of country 1, which
we will designate the home, or base currency, country.11 We arrange to have the first
element of r1 be the return of the home country equity (which obviously has no cur-
rency risk), the next element be the currency-hedged return of the equity of country
2 (or, over a short time interval, equivalently the domestic return of the equity in
country 2), and so on through the nth element, which is the return of the currency-
hedged equity from country n. The n + 1st element is the return on holding cur-
rency from country 2, the n + 2nd element is the return on holding currency from
country 3, and so on through the last element, which is the return on holding cur-
rency from country n.

Let Σ1 be the (2n – 1) × (2n – 1) covariance matrix of r1.
We define ri similarly as the returns on risky assets from the perspective of

country i. The first n elements are currency-hedged returns on the equities of coun-
tries 1 through n. The n + 1st element is the return on holding currency of country
1, the n + 2nd is the return on holding currency of country 2, and so on through the
n + (i – 1)st element, which is the return on holding currency of country i – 1. The n
+ ith element is the return on holding currency of country i + 1, and so on through
the last element, which is the return on holding currency of country n.

For example, in a four-country world including the United States, Japan, Eu-
rope, and the United Kingdom, the four return vectors, r1, r2, r3, r4, would include
the following assets:

r1 = U.S. equity, Japan equity, Europe equity, U.K. equity, yen, euro, pound

r2 = U.S. equity, Japan equity, Europe equity, U.K. equity, dollar, euro, pound

r3 = U.S. equity, Japan equity, Europe equity, U.K. equity, dollar, yen, pound

r4 = U.S. equity, Japan equity, Europe equity, U.K. equity, dollar, yen, euro

Let Σi be the (2n – 1) × (2n – 1) covariance matrix of ri.
We will find it convenient to define a matrix, Ii, which transforms r1 into ri. The

elements of Ii are all 0’s, 1’s, and –1’s, and it has a particularly simple structure. Of
course, I1 is simply the identity; it transforms r1 into r1. If we partition each of I2
through In into four submatrices, an n × n upper-left corner, the n × (n – 1) upper-
right corner, the (n – 1) × n lower-left corner, and the (n – 1) × (n – 1) lower-right
corner, only the latter is interesting. The upper-left corner is always the identity;
currency-hedged returns on equities are the same from each country perspective.
The upper-right and lower-left corners are always identically 0.

The (n – 1) × (n – 1) lower-right submatrix has a column of –1’s in the (i – 1)st
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10The reader should think of our equity asset as an equity market index, or more generally as
a market capitalization weighted basket of equities, bonds, and other assets. At the cost of
slight notational complexity, one could easily include multiple assets in each country.
11There is nothing special about the home country except that it establishes a basis for defin-
ing notation.



column. The first row is all 0’s except for the –1 in the (i – 1)st column. If i > 2, then
there is an (i - 2) × (i – 2) identity matrix starting in row 2, column 1. If i < n, then
there is an (n – i) × (n – i) identity matrix starting in row i, column i. All other ele-
ments are 0.

Here is an illustration of I4 for a six-country case:

1 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 –1 0 0

0 0 0 0 0 0 1 0 –1 0 0

0 0 0 0 0 0 0 1 –1 0 0

0 0 0 0 0 0 0 0 –1 1 0

0 0 0 0 0 0 0 0 –1 0 1

Also notice that since ri = Ii r1, it follows that Σi = E(riri�) = E(Iir1r1�Ii�) = IiΣ1Ii�.
We will also find it convenient to define a (2n) × (2n – 1) matrix, Hi, that trans-

forms the (2n – 1)-vector of portfolio allocations of risky assets—that is, equities
and currencies—in country i, denoted wi, into a 2n-vector of demands for equities
and lending (equivalently, holdings of bills) in each of the n countries, which we
will denote di. Let 1m

n be an n-vector with a 1 in the mth position and 0’s elsewhere
(1n+i

2n is a 2n-vector with a 1 in the n + ith position which corresponds to the demand
for lending in country i). When Hi is defined as below, we will have:

di = 1n+i
2n + Hiwi (6.19)

In defining Hi again we consider four submatrices. The n × n upper-left matrix
is the identity. The n × (n – 1) upper-right matrix is identically 0. The n × n lower-
left matrix is –1 times the identity. Only the lower-right submatrix changes with i.
The n × (n – 1) lower-right submatrix has a row of –1’s in the ith row. For i > 1
there is a (i – 1) × (i – 1) identity matrix starting in row 1, column 1. For i < n there
is an (n – i) × (n – 1) identity matrix starting in row i + 1, column i. All other ele-
ments are 0.

Here is an illustration of H4 for a six-country case:

1 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0
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–1 0 0 0 0 0 1 0 0 0 0

0 –1 0 0 0 0 0 1 0 0 0

0 0 –1 0 0 0 0 0 1 0 0

0 0 0 –1 0 0 –1 –1 –1 –1 –1

0 0 0 0 –1 0 0 0 0 1 0

0 0 0 0 0 –1 0 0 0 0 1

The reader can verify that with Hi defined according to these rules the demands
for equities are passed through and the demand for bills (lending) reflects the logic
explained in the two-country case—namely that the demand for borrowing in for-
eign countries reflects currency hedging and the demand for lending domestically is
1 minus the sum of allocations to domestic equity and foreign lending.

It will also be useful to note that the 2n × (2n – 1)-dimensional matrix formed
by taking the product, Hi(Ii

–1)�, is a constant matrix for all i. We denote this matrix,
which we use later in equation (6.22), J. The form of J for the six-country case is:

1 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0

–1 0 0 0 0 0 –1 –1 –1 –1 –1

0 –1 0 0 0 0 1 0 0 0 0

0 0 –1 0 0 0 0 1 0 0 0

0 0 0 –1 0 0 0 0 1 0 0

0 0 0 0 –1 0 0 0 0 1 0

0 0 0 0 0 –1 0 0 0 0 1

The next step in developing the general model is to put the relationships among
expected excess returns into matrix notation. The expected excess returns for coun-
try i have two components corresponding to linear and nonlinear effects, respec-
tively. The first component is the linear transformation of the expected excess
return vector of the home country to the perspective of country i. The second com-
ponent is the addition of a column from the covariance matrix of country i. As was
discussed in the two-country example, the covariance component arises from the
Siegel’s paradox effect of the nonlinearity of the inverse function relating exchange
rates. Normalizing on country 1 as the home country, then the covariance compo-
nent is exactly the n + 1st column of the country i covariance matrix. We can pick
off this column by postmultiplying the covariance matrix by the vector of 1’s and
0’s, 1n + 1

2n–1, defined earlier.
Thus, the formula for the expected excess return vector for country i is given by:

µi = Iiµ1 + (Ii Σ1Ii�)1n+1
2n–1 (6.20)
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The Ii matrix, defined earlier, transforms the expected return vector of the
home country into the linear portion of the expected return vector from country i.
The (IiΣ1Ii�) is the formula for the covariance matrix of country i, as a function of
the covariance matrix of the home country. Finally, the 1n+1

2n–1 vector picks off the
column of the covariance matrix that corresponds to the home country currency
covariance with each of the country i assets. This covariance is the appropriate nu-
merator for the coefficient of the projection of that asset’s return on the home coun-
try currency.

Next, we form the optimal portfolio weights for each country’s optimal asset
allocation. This portfolio weight vector, wi , is the CAPM optimal portfolio. Thus,
from Chapter 4 the vector of portfolio weights is given by the formula:

(6.21)

Using the preceding formula we now form the country i n-dimensional demand
vector for equities and lending:

(6.22)

Finally, we solve for an equilibrium set of expected excess returns in the home
country. Set total demand equal to the exogenously given supplies of equities and
zero net lending.

EQUILIBRIUM CONDITION

Σi = 1, . . . , nWidi = s (6.23)

Where Wi is the proportion of wealth held in country i, and the vector of supply, s,
is the 2n-dimensional vector whose first n elements are proportion of market capi-
talization weight held in each country and next n elements are zeros.
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Substituting for the di we have:

(6.24)

Substituting for w1 we have:

(6.25)

Note that the 2n-dimensional vector formed by taking the weighted sum, 
[Σi = 1, . . . , nWi · (1/λi) · Hi1n+1

2n–1], is a constant; we denote this vector j. We denote the
risk tolerance weighted wealth, [Σi = 1, . . . , n(1/λi) · Wi], by the symbol τ.

Letting W be the 2n-dimensional vector with 0’s in the first n elements and
country wealth in the second n elements, we have that:

(6.26)

We now solve for the equilibrium values of the expected excess return vec-
tor, µ1.

(6.27)

We premultiply by J� and then by the inverse of the (2n – 1) × (2n – 1) ma-
trix, [J�J].

(6.28)

(6.29)

Here we have the equilibrium expected excess returns from the home currency per-
spective. Thus, the equilibrium portfolio weights are:

(6.30)

and for i not equal to 1, using (6.21), we have:
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(6.31)

And, using (6.22), the equilibrium portfolio demands are:

(6.32)

and for i not equal to 1:

(6.33)

We now have equations that give the equilibrium expected excess returns, the
optimal portfolio weights, and the portfolio demands for equities and bills, all as a
function of the covariances of returns, and market capitalizations, wealth, and risk
aversions of investors around the world. Fischer Black’s universal hedging equilib-
rium is a special case that arises when market capitalizations equal wealth in each
country and risk aversions are the same in all countries. To see this, let us use the
notation λ for the common risk aversion, and look a little more closely at the de-
mand equations:

(6.34)

To examine the currency hedging in country i, we look at the demand vector,
di. The currency hedging of the foreign equity held in country j is the negative of
the ratio of the bill holding in country j to the equity holding in country j. Thus,
we examine the negative of ratio of the n + jth element to the jth element. The uni-
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versal hedging result is the statement that this ratio is the same from the perspec-
tive of all countries, i, and in each country, for all foreign holdings, that is for all j
not equal to i.

As we see above, the demand from country i, di, is a sum of three vectors. We
consider the first and third components first because they are straightforward. The
first vector is just 100 percent weight in the domestic bill of the ith country, so this
does not affect the universal hedging issue. The third vector is all zeros for the
home country—that is, country 1—and for other countries is all zeros except two
elements: the demand for the home country bill—element n + 1—is (1/λ), the de-
mand for the domestic bill of the ith country, element n + i, is –(1/λ).

The second vector has three components, a scale factor, (1/τλ); a matrix, 
J(J�J)–1 J�, which it turns out is the identity matrix minus a constant matrix; and
a vector (s – W – j). Recall that the vector s has proportion of market capitaliza-
tion weights in the first n elements and zeros thereafter. The vector W has zeros
in its first n elements and the proportion of wealth in each country thereafter.
When wealth proportion equals market capitalization proportion, then the dif-
ference, s – W, has equal but opposite values in elements i and n + i. Premultipli-
cation by J(J�J)–1 J�, because of its structure, preserves these values. Thus,
consideration of only the contribution of s – W would create 100 percent hedg-
ing. It is the contributions from other components that lead to less than 100 per-
cent hedging. First consider the vector j. From its definition it turns out that the
first n elements are zero. For elements n + j that correspond to bills other than
the domestic bill, the value is simply the product of the proportion of wealth in
country j times (–1/λ). The domestic bill is minus the sum of these values so that
the sum of the elements is zero and thus premultiplication by J(J�J)–1 J�, because
of its structure, preserves these values.

Now putting these results together, consider the demands for hedging from
the home country. These hedging demands arise only in the second vector, and
here the hedging demands are a constant proportion, 1 – (1/λ), of the wealth in
each country.

Finally, consider the demands for hedging in any country i which is not the
home country. The third vector affects only the demands for the bill of the home
country and the domestic bill. Since the domestic bill does not affect foreign asset
hedging, it suffices in considering hedging from the perspective of country i to con-
sider only the demand for the home country bill. All other hedges will remain at the
1 – (1/λ) rate seen in the home country. The contribution to home country hedging
demand in the third vector is (1/λ). The contribution to hedging demand from the
vector, j, is minus (1/λ) times the sum of weights from the countries other than the
home country. Thus, the total demand for hedging of the home country is (1/λ)
times (1 – Wealth outside the home country), which of course is just (1/λ) times the
wealth in the home country. Thus, once again the hedging demand is 1 – (1/λ) times
the wealth in the country. Fischer Black’s universal hedging result obtains, and the
fraction hedged is the constant, 1 – (1/λ). Clearly, the greater λ, the risk aversion, is,
the larger the fraction of currency risk that is hedged.

In practice, these equilibrium equations provide us estimates of risk premi-
ums for various global assets. Let us now examine the risk premiums for a num-
ber of assets in an example of a universal hedging equilibrium. We take as assets
the largest developed global equity and government bond markets, as well as the
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aggregate fixed income market in the United States. We also include as asset
classes emerging equity, emerging fixed income, and U.S. high yield, just to give a
sense of how these more risky assets fit into the equilibrium framework. In Chap-
ter 8 we discuss many issues that arise in attempting to define the market portfo-
lio, whereas here we simply try to capture the substance of the equilibrium
without too much detail. The matrix computations needed to compute the equi-
librium are easily handled in a spreadsheet.

In Table 6.5 we show for the global market capitalization weighted portfolio
the asset classes, the market capitalization weights, the annualized volatilities, the
correlation with the global portfolio, and the equilibrium risk premiums. The total
market capitalization of these assets as of the end of June 2002 is $26.7 trillion.
The volatilities and correlations are estimated using daily excess returns relative to
one-month London InterBank Offer Rate (LIBOR) from January 1980 through
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TABLE 6.5 Global Equilibrium

Market Correlation 
Capitalization with 

Asset Weight Volatility Market Risk Premium

Equity
Australia 0.98% 16.00% .64 2.73%
Canada 1.22 17.80 .77 3.66
France 2.23 20.43 .74 4.03
Germany 1.64 22.04 .70 4.16
Italy 0.87 24.91 .56 3.70
Japan 5.06 19.52 .56 2.91
Netherlands 1.39 18.48 .77 3.80
Spain 0.69 23.46 .66 4.17
Switzerland 1.87 18.36 .74 3.62
United Kingdom 6.16 15.99 .79 3.37
United States 30.10 15.82 .94 4.00
Emerging markets 2.13 25.27 .70 4.71

Government Bonds
Canada 0.69% 5.27% .24 0.33%
Europe 8.22 3.53 .19 0.18
Japan 6.21 4.14 .05 0.05
United Kingdom 1.15 6.06 .22 0.36
U.S. aggregate 27.46 4.49 .28 0.33
U.S. high yield 1.32 7.81 .57 1.19
Emerging debt markets 0.73 15.52 .61 2.52

Currency Exposures
Australia 0.30% 10.00% .28 0.75%
Canada 0.56 4.66 .29 0.37
Europe 4.66 10.80 –.08 –0.22
Japan 3.50 12.13 .12 0.40
Switzerland 0.58 11.54 –.14 –0.43
United Kingdom 2.27 9.24 –.04 –0.11



June 2002.12 We calibrate the risk aversion of the global equilibrium to achieve a
U.S. equity risk premium of 4 percent, as discussed in Chapter 5. This requires a
risk aversion parameter, λ, of 3.22, implying a degree of currency hedging of 69.0
percent. The resulting currency exposures are shown in the table as well. The annu-
alized volatility of the portfolio is 8.30 percent. The annualized equilibrium risk
premium of the global portfolio is 2.22 percent. Thus, the expected Sharpe ratio of
the global portfolio is .268.

Risk premiums are clearly a function of correlations with the market portfo-
lio as well as volatilities. The Japanese equity market, for example, has a signifi-
cantly higher volatility than does the U.S. equity market, but has a significantly
lower risk premium reflecting its lower correlation with the global market port-
folio. The highest risk premium belongs to the emerging markets equity asset
class, which has both a high volatility and a relatively high correlation with the
market portfolio.

Finally, we should reiterate the point made earlier that we do not treat the
risk premiums as forecasts or expectations, but rather as reference points or hur-
dle rates. In other words, we find the equilibrium framework interesting even
though we do not treat it as necessarily being an accurate reflection of the cur-
rent expectations built into market prices. We expect to have expectations that
are at odds with the equilibrium risk premiums, and we will treat those situa-
tions as opportunities.
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Chapter 16 for a description of how we treat missing data and why we put more weight on
more recent observations. In this example the half-life of our data decay is 6.5 years. Also,
we treat the emerging markets equity and debt as dollar denominated; that is, we do not
hedge their currency exposures.



CHAPTER 7
Beyond Equilibrium, 

the Black-Litterman Approach
Bob Litterman

The Black-Litterman global asset allocation model provides a framework for com-
bining market equilibrium with tactical views about investment opportunities. In

order to understand the benefits of the model, it should be recognized that its devel-
opment was motivated not at all by a belief that equilibrium provides useful short-
term forecasts of returns. Rather, it was developed as a solution to a practical
problem associated with portfolio optimization. As is well known, the standard
mean-variance portfolio optimization discussed in Chapter 4 is not well behaved.
Optimal portfolio weights are very sensitive to small changes in expected excess re-
turns. Thus, the historical development of the Black-Litterman model began with a
financial engineering question—“How can we make the standard portfolio opti-
mizer better behaved?”—rather than, as developed in this book, as a natural exten-
sion of the global CAPM equilibrium.

The problem faced in 1989 in the fixed income research function at Gold-
man Sachs was a particularly badly behaved optimization exercise. We were ad-
vising investors with global bond portfolios, typically with some currency
exposures. Many currencies, and most of the yield changes in bonds in the devel-
oped fixed income markets, have high correlations to each other. Changes in the
forecasts of yields well below the precision with which any forecaster had confi-
dence (for example, on the order of only a few basis points over a period of as
much as six months into the future) would create major swings in optimal port-
folio allocations. Moreover, it was virtually impossible, without significant con-
straints on both maximum and minimum holdings, to get portfolios that looked
at all reasonable.

At the same time these portfolio optimization issues were being faced, Fischer
Black had just finished his “Universal Hedging” paper on the global CAPM equilib-
rium. It was his suggestion that incorporation of the CAPM equilibrium into the
mean-variance optimizer might make it better behaved. In retrospect, the suggestion
perhaps seems obvious. It is well known that the properties of many statistical esti-
mators can be improved by some shrinkage toward a neutral point that acts as a
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kind of center of gravity.1 The more reasonable that point, the better the properties
of the estimator. In the Black-Litterman model, the global CAPM equilibrium pro-
vides this center of gravity. At the time of Fischer Black’s suggestion, though, despite
the fact that mean-variance optimization and versions of the CAPM equilibrium had
both been well understood for more than 20 years, it was not at all obvious that
what the portfolio optimizer needed was the incorporation of such an equilibrium.

In fact, our first naive attempt to use the global equilibrium failed rather miser-
ably. Rather than focus on expected excess returns as unknown quantities to be esti-
mated, we simply tried to take a weighted average of investor-specified expected
excess returns with the equilibrium values. We found, as we will show by example,
that simply moving away from the equilibrium risk premiums in a naive manner
quickly leads to portfolio weights that don’t make sense. Further reflection on the na-
ture of the problem led us to think about the uncertainty in the equilibrium risk pre-
miums as well as the nature of information that the investors are trying to incorporate
through their views. We also realized that it is essential to take into account the likely
correlations among the expected returns of different assets. The estimator that we de-
veloped to take these issues into account eliminates the bad behavior of the optimiza-
tion exercise and provides a robust framework for managing global portfolios.

What we discovered, however, was not simply a better optimizer, but rather a
reformulation of the investor’s problem. In the context of Black-Litterman, the in-
vestor is not asked to specify a vector of expected excess returns, one for each asset.
Rather, the investor focuses on one or more views, each of which is an expectation
of the return to a portfolio of his or her choosing. We refer to each of these portfo-
lios for which an investor specifies an expected return as a “view portfolio.” In the
Black-Litterman model, the investor is asked to specify not only a return expecta-
tion for each of the view portfolios, but also a degree of confidence, which is a stan-
dard deviation around the expectation. This reformulation of the problem can be
applied more generally, and among other benefits has greatly facilitated the use of
quantitative return forecasting models in asset management.

In an unconstrained optimization context, the Black-Litterman model produces
a very simple and intuitive result. The optimal portfolio is a weighted combination
of the market capitalization equilibrium portfolio and the view portfolios.2 The
sizes of the tilts toward the view portfolios are a function of both the magnitude
and the confidence expressed in the expected returns embedded in the investor-
specified views. In fact, the solution is so straightforward one might question
whether the model is actually adding value. The answer is that most portfolio opti-
mizations are not so simple. When there are benchmarks, constraints, transactions
costs to consider, or other complications, the optimal portfolios are not so obvious
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1See, for example, the literature on Bayes-Stein estimation, including C. Stein, “Inadmissabil-
ity of the Usual Estimator for the Mean of a Multivariate Normal Distribution,” Proceedings
of the Third Berkeley Symposium on Probability and Statistics (Berkeley, CA: University of
California Press, 1955), and Jorion, Philippe, “Bayes-Stein Estimation for Portfolio Analy-
sis,” Journal of Financial and Quantitative Analysis, September 1986.
2The mathematical derivation of these results is included in “The Intuition behind Black-Lit-
terman Model Portfolios,” by Guangliang He and Robert Litterman, Goldman Sachs Invest-
ment Management Research paper, December 1999.



or easily interpreted. In these contexts the model provides the expected excess re-
turns needed to drive the optimization process.

Let us now illustrate some of the difficulties in using standard portfolio opti-
mizers to create optimal portfolios. One Wall Street prognosticator recently pro-
vided us with a nice set of inputs for our example by publishing a set of long-term
expected returns for major asset classes. The forecasts and our estimated volatilities
are shown in Table 7.1. We suspect our colleague used what he felt was informed
judgment to create this outlook, but that he did not try to run the expected returns
through an optimizer.

We proceeded to do exactly that, not to criticize our colleague (whose
anonymity we shall respect), but rather to illustrate first how an optimizer looks for
small inconsistencies in a set of forecasts and forms portfolios based on those in-
consistencies, and second how difficult it is to specify a portfolio optimization
problem in a way that leads to what might seem to be a reasonable solution. We
formed a covariance matrix using historical returns for these various assets classes
(and where necessary, as for private equity, used our best proxy). We then created
two optimal portfolios, one completely unconstrained except that the weights were
normalized to sum to 100 percent, and the other with the addition of no shorting
constraints. These optimal portfolios are shown in Table 7.2. What we see in the
completely unconstrained portfolio is that indeed the optimizer found some rather
interesting opportunities—to create a hugely levered exposure to the global fixed
income index while shorting offsetting weights in most of its components. Simi-
larly, the unconstrained optimal portfolio forms a large overweight to the EAFE eq-
uity index, while shorting offsetting weights in several of its components. The
constrained portfolio cannot take advantage of these long/short opportunities, so it
simply chooses to hold large weights in hedge funds and high yield, and a smaller
weight in real estate. Notice that the constrained portfolio has a much lower return
per unit of volatility. Both portfolios seem quite unreasonable, despite the fact that
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TABLE 7.1 A Sample Long-Term Outlook in
Early 2002

Asset Class Return Volatility

Japanese government bonds 4.7% 4.2%
European government bonds 5.1 3.6
U.S. government bonds 5.2 4.6
U.S. equities 5.4 15.5
Global fixed income 6.0 3.6
European equities 6.1 16.6
U.S. high-grade corporate bonds 6.3 5.4
EAFE 8.0 15.3
Hedge fund portfolio 8.0 5.2
U.S. high yield 8.9 7.3
Private equity 9.0 28.9
Emerging debt 9.0 17.6
REITs 9.0 13.0
Japanese equities 9.5 19.6
Emerging market equities 11.8 23.4



from a mathematical point of view they each optimize the problem that was posed.
Given the input forecasts, a large number of relatively tight minimum and maxi-
mum holdings would have to be specified (indeed, this is the usual approach) in or-
der to get reasonable-looking answers out of the optimizer. In this situation the
optimizer is obviously not adding a lot of value.

In the Black-Litterman approach we don’t start with a set of expected returns
for all asset classes. Instead, we start with equilibrium expected returns, which lead
to the optimal portfolio having market capitalization weights. Though perhaps rea-
sonable looking, this market capitalization portfolio doesn’t change very much over
time, and the obvious question is how to use an optimizer to tilt away from this
portfolio in order to take advantage of perceived opportunities.

We create a simple equity-only example in order to illustrate how sensitive the
optimized portfolio is to small changes in expected returns. Equity markets are not
as highly correlated as fixed income markets and currencies; if we were to use a
more complete set of assets it would only compound the problem. The equity-only
equilibrium expected excess returns, shown in Table 7.3 along with market capital-
ization, differ slightly from those shown for the more complete global market port-
folio in Table 6.5. However, since equities dominate the risk of the market portfolio
the differences are not that great.

Consider a hypothetical situation in which an investor believes that over the
next three months the German economic growth will be slightly weaker than ex-
pected and German equity will underperform relative to equilibrium expectations.
We suppose that the investor quantifies this view as a 20 basis point lower than
equilibrium expected return on the German equity market over the next three
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TABLE 7.2 Optimal Portfolio Weights

Unconstrained Portfolio with No 
Asset Class Portfolio Shorting Constraint

Japanese government bonds –202.7% 0.0%
European government bonds –321.1 0.0
U.S. government bonds –484.4 0.0
U.S. equities –11.3 0.0
Global fixed income 1493.2 0.0
European equities –258.0 0.0
U.S. high-grade corporate bonds –385.8 0.0
EAFE 314.3 0.0
Hedge fund portfolio 58.1 55.3
U.S. high yield –9.9 36.3
Private equity 0.5 0.0
Emerging debt –28.8 0.0
REITs 4.3 7.7
Japanese equities –71.7 0.7
Emerging market equities 3.1 0.0

Portfolio volatility 4.9% 5.1%
Portfolio expected return 18.2 8.4



months. The investor holds all other expected returns unchanged at their equilib-
rium values. Given this slight alteration in expected returns, in Table 7.4 we show
two new optimal portfolios together with the deviations of these two portfolios
from the market capitalization weights. The first portfolio is optimized with no
constraints except that weights sum to 100 percent; the second portfolio includes
constraints against shorting.

When the portfolio is optimized without constraints the optimizer quickly
recognizes a slight inconsistency between the expected return for Germany and
the other equity markets and treats this inconsistency as an opportunity. It sug-
gests a 54 percent short position in Germany offset by overweight positions in
most of the other equity markets. Notice also, though, the odd short positions in
Japan, Finland, Australia, Norway, and New Zealand. When no shorting con-
straints are imposed the opportunity is significantly reduced. The German equity
position is zero and other deviations from market capitalization weights are re-
duced proportionately.

This unconstrained optimal portfolio has an expected return of 8.1 percent and
an annualized volatility of 15.2 percent. These compare to the equilibrium portfo-
lio values of 8.1 percent and 16.2 percent, respectively. The view of a slightly lower
expected return on German stocks has provided an opportunity to reduce risk,
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TABLE 7.3 Global Equity Market Portfolio

Market Equilibrium Equilibrium 
Country Capitalization Expected Return Excess Return

United States 53.98% 8.50% 4.00%
United Kingdom 10.60 7.47 2.97
Japan 9.85 7.07 2.57
France 4.44 8.39 3.89
Switzerland 3.49 7.32 2.82
Germany 3.27 9.11 4.61
Netherlands 2.58 8.19 3.69
Canada 2.28 7.71 3.21
Italy 1.78 8.01 3.51
Australia 1.73 5.99 1.49
Spain 1.37 8.26 3.76
Sweden 0.87 9.59 5.09
Hong Kong 0.83 7.29 2.79
Finland 0.67 11.48 6.98
Belgium 0.48 6.71 2.21
Singapore 0.40 7.05 2.55
Denmark 0.36 6.69 2.19
Ireland 0.30 7.02 2.52
Norway 0.24 6.82 2.32
Portugal 0.19 6.40 1.90
Greece 0.14 6.82 2.32
Austria 0.07 5.20 0.70
New Zealand 0.06 5.35 0.85



while holding expected return essentially unchanged. In this sense the optimizer is
working as it should.

If we compare the portfolio weights in the new unconstrained optimal portfo-
lio with those of the global market capitalization weighted portfolio, however, the
changes in country weights are very large, and in some cases inexplicable. This
type of behavior is typical of an unconstrained mean-variance optimization. For
this reason portfolio optimizations are usually run with many tight constraints on
asset weights.

Black-Litterman addresses this excessive sensitivity of portfolio optimizations
without adding constraints. The Black-Litterman approach assumes there are two
distinct sources of information about future excess returns: investor views and
market equilibrium. Both sources of information are assumed to be uncertain and
are expressed in terms of probability distributions. The expected excess returns
that are used to drive the portfolio optimization are estimates that combine both
sources of information.

In the Black-Litterman model a view is a statement about the expected return

Beyond Equilibrium, the Black-Litterman Approach 81

TABLE 7.4 Optimal Portfolio Given Bearish View on German Equity

Change from No Change from 
Country Unconstrained Market Cap Shorting Market Cap

United States 57.6% 3.6% 54.2% 0.2%
United Kingdom 11.7 1.1 10.6 0.1
Japan 8.4 –1.4 9.8 –0.1
France 18.9 14.4 5.3 0.9
Switzerland 9.2 5.7 3.8 0.3
Germany –53.7 –57.0 0.0 –3.3
Netherlands 11.5 8.9 3.1 0.5
Canada 2.9 0.6 2.3 0.0
Italy 14.6 12.9 2.5 0.7
Australia –2.7 –4.4 1.5 –0.2
Spain 3.8 2.4 1.5 0.1
Sweden 8.1 7.3 1.3 0.4
Hong Kong 3.0 2.2 1.0 0.1
Finland 0.1 –0.6 0.6 0.0
Belgium 1.9 1.4 0.6 0.1
Singapore 1.0 0.6 0.4 0.0
Denmark 1.1 0.7 0.4 0.0
Ireland 2.2 1.9 0.4 0.1
Norway –3.7 –3.9 0.0 –0.2
Portugal 2.8 2.6 0.4 0.2
Greece 0.7 0.5 0.2 0.0
Austria 1.2 1.1 0.1 0.1
New Zealand –0.4 –0.4 0.0 0.0

Volatility 15.2 16.2
Expected return 8.1 8.1



of any portfolio together with a degree of confidence. Mathematically, a view is ex-
pressed as follows:

pµ = q + ε (7.1)

where p = n-vector of weights in the view portfolio, one for each of the n assets
µ = n-vector of expected excess returns on underlying assets
q = Expected excess return of the portfolio
ε = Normally distributed random variable

The confidence in the view is 1/ω where ω is the variance of ε.
As an example, in order to express a bearish view on German equity, let p have

weights reflecting a portfolio long 1 percent of German equities, in other words all
zeros except a value of .01 for German equity. We let q reflect the 80 basis points
less than equilibrium annualized performance suggested above. We specify a degree
of confidence of 4 to reflect a one standard deviation uncertainty around q of 50
basis points. The Black-Litterman optimal portfolio, shown in Table 7.5, is simply
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TABLE 7.5 Black-Litterman Portfolio Reflecting a Bearish View on
German Equity

Change from Percent Change 
Country Unconstrained Market Cap from Market Cap

United States 58.7% 4.7% 8.8%
United Kingdom 11.5 0.9 8.8
Japan 10.7 0.9 8.8
France 4.8 0.4 8.8
Switzerland 3.8 0.3 8.8
Germany –5.2 –8.5 –259.6
Netherlands 2.8 0.2 8.8
Canada 2.5 0.2 8.8
Italy 1.9 0.2 8.8
Australia 1.9 0.2 8.8
Spain 1.5 0.1 8.8
Sweden 0.9 0.1 8.8
Hong Kong 0.9 0.1 8.8
Finland 0.7 0.1 8.8
Belgium 0.5 0.0 8.8
Singapore 0.4 0.0 8.8
Denmark 0.4 0.0 8.8
Ireland 0.3 0.0 8.8
Norway 0.3 0.0 8.8
Portugal 0.2 0.0 8.8
Greece 0.2 0.0 8.8
Austria 0.1 0.0 8.8
New Zealand 0.1 0.0 8.8

Volatility 15.9
Expected return 7.7



a set of deviations from market capitalization weights in the direction of the view
portfolio—that is, a proportional increase in the market portfolio offset by a short
position in German equities. The model provides the appropriate weights on the
view portfolio, given the stated expected return on the portfolio and the degree of
confidence in that view. The model balances the contributions to expected return of
the view portfolio and the market portfolio against their contributions to overall
portfolio risk. The result is transparent and intuitive.

How does this approach differ from the badly behaved approach of the stan-
dard optimizer? In both cases the unconstrained optimal portfolio, w*, is given by
the same matrix equation:

w* = κΣ–1µ* (7.2)

where κ = Risk aversion parameter
Σ = Covariance matrix of excess returns

µ* = Vector of expected excess returns

The difference between the Black-Litterman approach and the previous approach is
that rather than specifying the expected excess returns directly, we define view port-
folios, specify expected returns and degrees of confidence in the view portfolios,
and apply the following Black-Litterman formula:3

µ* = [(τΣ)–1 + P�Ω–1 P]–1[(τΣ)–1Π + P�Ω–1Q] (7.3)

This formula creates an expected excess return vector, µ*, from the informa-
tion in k views:

Pµ = Q + ε (7.4)

and in a prior reflecting equilibrium:

µ = Π + εe (7.5)

In these formulas P is a k × n matrix specifying k view portfolios in terms of
their weights on the n assets. Q is a k-vector expressing the expected excess returns
on the k view portfolios. Ω is the covariance matrix of the random variables repre-
senting the uncertainty in the views. Π is the n-vector of equilibrium risk premiums.
Finally, τ scales the covariance matrix of returns in order to specify the covariance
matrix of the zero-mean distribution for εe.

Let us look at the Black-Litterman expected excess returns. These expected
excess returns and their deviations from equilibrium are given in Table 7.6. In
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3This formula was derived in the paper “Global Portfolio Optimization,” by Fischer Black
and Robert Litterman, Financial Analysts Journal, September–October 1992, pages 28–43.
In a subsequent paper, “A Demystification of the Black-Litterman Model: Managing Quanti-
tative and Traditional Portfolio Construction,” published in the Journal of Asset Manage-
ment, 2000, vol. 1, no. 2, pages 138–150, Stephen Satchell and Alan Scowcroft extend the
analysis.



contrast to the traditional approach, the Black-Litterman model adjusts all of the
expected returns away from their starting values in a manner consistent with the
views being expressed. Because the view expressed here is bearish on German eq-
uities, the expected returns on German equities decline. The total adjustment
away from equilibrium is 68 basis points, less than the 80 basis points expressed
in the view. This result reflects the assumption that the view has some uncertainty
associated with it. The equilibrium is given some weight as well and acts as a cen-
ter of gravity, pulling the Black-Litterman expected returns away from the view
itself, back toward the equilibrium values.

Suppose we add another view. This time let us specify that a portfolio long 100
percent of Japanese equity and short 100 percent of U.K. equity will have a positive
expected excess return of 100 basis points. We also give this view a confidence of 4
and assume that its error is uncorrelated with that of the previous view.

The unconstrained Black-Litterman optimal portfolio given these two views is
shown in Table 7.7. We can see that the deviations of the optimal portfolio from
equilibrium weights are exactly proportional to the sum of the two view portfolios.
This result illustrates a very important general property of the Black-Litterman
model. In general, the unconstrained optimal portfolio from the Black-Litterman
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TABLE 7.6 Black-Litterman Expected 
Excess Returns

Excess Deviation from 
Country Returns Equilibrium

United States 3.64% –0.36%
United Kingdom 2.61 –0.36
Japan 2.34 –0.23
France 3.38 –0.51
Switzerland 2.46 –0.37
Germany 3.93 –0.68
Netherlands 3.20 –0.49
Canada 2.88 –0.32
Italy 3.02 –0.49
Australia 1.34 –0.15
Spain 3.27 –0.50
Sweden 4.46 –0.63
Hong Kong 2.47 –0.33
Finland 6.17 –0.81
Belgium 1.91 –0.30
Singapore 2.26 –0.30
Denmark 1.93 –0.26
Ireland 2.20 –0.32
Norway 2.04 –0.28
Portugal 1.63 –0.27
Greece 2.03 –0.29
Austria 0.60 –0.10
New Zealand 0.75 –0.10



model is the market equilibrium portfolio plus a weighted sum of the portfolios
about which the investor has views.

We will now investigate how changes in some of the Black-Litterman parame-
ters affect the optimal portfolio tilts. In this simple unconstrained optimization en-
vironment,4 we can characterize the deviations of the optimal portfolios from the
market capitalization portfolio by the weights, w1 and w2, on the two view portfo-
lios. For example, in Table 7.7, w1 = 5.54 and w2 = 6.64. In Table 7.8 we show how
these weights vary with changes in the expected excess returns of the view portfo-
lios (q1 and q2), the degrees of confidence (1/ω1 and 1/ω2), and the correlation be-
tween the views. Notice that a view portfolio is given zero weight not when it has
zero expected return, but rather when it has a return equal to that implied by a
combination of equilibrium and all other views. Thus, adding a view creates a pos-
itive tilt toward that view portfolio only when the view is more bullish than the ex-
pected return implied by the Black-Litterman model without this particular view.

In an unconstrained optimization environment the Black-Litterman model is,
in some respects, a complex tool for solving a relatively straightforward problem.
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TABLE 7.7 Optimal Portfolio Given Two Views

Excess Deviation from Portfolio Percent Deviation 
Country Returns Equilibrium Weights from Market Cap

United States 3.71% –0.29% 53.98% 0.00%
United Kingdom 2.59 –0.38 3.96 –6.64
Japan 2.72 0.14 16.49 6.64
France 3.44 –0.46 4.44 0.00
Switzerland 2.48 –0.34 3.49 0.00
Germany 4.04 –0.57 –2.27 –5.54
Netherlands 3.25 –0.45 2.58 0.00
Canada 2.94 –0.26 2.28 0.00
Italy 3.09 –0.42 1.78 0.00
Australia 1.41 –0.09 1.73 0.00
Spain 3.33 –0.43 1.37 0.00
Sweden 4.56 –0.53 0.87 0.00
Hong Kong 2.58 –0.22 0.83 0.00
Finland 6.27 –0.71 0.67 0.00
Belgium 1.93 –0.28 0.48 0.00
Singapore 2.40 –0.15 0.40 0.00
Denmark 1.98 –0.22 0.36 0.00
Ireland 2.25 –0.26 0.30 0.00
Norway 2.08 –0.24 0.24 0.00
Portugal 1.70 –0.21 0.19 0.00
Greece 2.10 –0.23 0.14 0.00
Austria 0.60 –0.10 0.07 0.00
New Zealand 0.79 –0.06 0.06 0.00

4See He and Litterman (1999).
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Once one recognizes that view portfolios provide a flexible format for formulating
views, and that the optimal portfolio is simply one that tilts with some set of
weights on the view portfolios, it is probably easier to specify weights on those tilt
portfolios directly rather than to specify expected returns, degrees of confidence,
and correlations between views. There are, however, at least two reasons why the
Black-Litterman model is necessary.

First, if one simply specifies weights on view portfolios, one loses the insights
that Black-Litterman brings concerning the effects of the different parameters on
the optimal weights. Of course that loss has to be balanced against the difficulty of
knowing how to set those parameters in the first place. Since the original Black-
Litterman paper was written, I have often received the question, “How do you de-
termine the omega matrix?” There is no simple or universal answer. We know 
what these parameters represent—the expected excess returns on the view portfo-
lios, the degree of uncertainty in the views, and the correlations between views—
but the right way to specify such information is certainly context dependent. When
the views are the product of quantitative modeling, for example, the expected re-
turns might be a function of historical performance, the degree of confidence might
be set proportional to the amount of data supporting the view, and correlations be-
tween views might be assumed to be equal to the historical correlations between
view portfolio returns.

Other direct approaches to specifying weights on view portfolios can generally
be mapped into particular assumptions on the expected excess returns and the
omega matrix of Black-Litterman. At least in the context of Black-Litterman, the
portfolio manager knows what these parameters represent, and can thus address
the issue of whether those specifications make sense.

The second, and perhaps more important, reason that the Black-Litterman
framework really is necessary is because in the real world one hardly ever optimizes
in an unconstrained environment. The real power of the Black-Litterman model
arises when there is a benchmark, a risk or beta target, or other constraints, or
when transaction costs are taken into account. In these more complex contexts, the
optimal weights are no longer obvious or intuitive. The optimal portfolio is cer-
tainly not simply a set of tilts on view portfolios. Nonetheless, the manager can be
confident that when the optimizer goes to work using the Black-Litterman expected
excess returns, the same trade-off of risk and return—which leads to intuitive re-
sults that match the manager’s intended views in the unconstrained case—remains
operative when there are constraints or other considerations.

Having made this point, it is nonetheless worth noting that, as shown in He
and Litterman (1999), in a few special cases the optimal portfolios given con-
straints retain some intuitive properties. In our paper we consider in turn the case
of a risk constraint, a leverage constraint, and a market exposure constraint. In the
case of optimizing relative to a specified level of risk, the optimal portfolio is just a
linearly scaled version of the solution of the unconstrained optimization problem.
However, because of the scaling, the view portfolio deviations no longer tilt away
from the market portfolio, but rather from a scaled market portfolio. Otherwise
the intuition of the unconstrained portfolio remains.

In the case of a fully invested, no-leverage constraint, a constraint where the
portfolio weights sum to 1, another portfolio enters the picture. There exists a
“global minimum-variance portfolio” that minimizes the risk of all portfolios that
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are fully invested in risky assets. When portfolios are optimized subject to being
fully invested, the optimal portfolio is a weighted average of the unconstrained op-
timal portfolio and the global minimum-variance portfolio.

Finally, a common constraint on portfolios is that their market exposure is 1,
meaning that the coefficient or beta in a projection on the market portfolio is 1. In
this case, the Black-Litterman optimal portfolio is a linear combination of the un-
constrained optimal portfolio, the global minimum-variance portfolio, and the
equilibrium portfolio.
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CHAPTER 8
The Market Portfolio

Ripsy Bandourian and Kurt Winkelmann

Throughout our presentation of the Capital Asset Pricing Model (CAPM), we of-
ten refer to the market portfolio, which includes all risky assets. Most of the orig-

inal research on the CAPM was conducted using the U.S. stock market with the
S&P 500 index representing the market portfolio. However, the actual market port-
folio is not limited either geographically or in the scope of the asset classes. In later
research, U.S. government and corporate bonds were often added to the market
portfolio. This expanded the universe of securities covered by the market portfolio
but by no means made it exhaustive. Other markets grew and developed, especially
non-U.S. bonds and equity. As a result, investors were forced to expand their defini-
tion of the market portfolio. The market portfolio came to consist of global bonds
and global equity. In addition, as the investable markets grew globally, many practi-
tioners thought about how to include foreign currencies as part of the analysis. In-
deed, any global investor is forced to consider currencies as an additional source of
risk, potentially with either a positive or a negative expected return. This discussion
is addressed in greater detail in Chapters 6 and 11. In this chapter we will address
two basic questions: What does the market portfolio look like? What issues are as-
sociated with its construction?

GLOBAL EQUITY

Institutional investors use a variety of benchmarks for the global equity portion of
their portfolios. These include the Morgan Stanley Capital International (MSCI) All
Country World Index (ACWI) and its regional components; the Salomon Smith Bar-
ney (SSB) Global Equity Index (GEI) and its regional components; and the Financial
Times Stock Exchange (FTSE) All World global family of indexes. Note, however,
that the FTSE All World is mostly used by European investors. The presence of
these different global index groups and their varied use across the world imply that
although indexes have many applications, not all indexes should be used with all
applications. In light of our objective, which is to determine the best way to repre-
sent the global equity portion of the market portfolio, we outline in Table 8.1 sev-
eral characteristics that are important to us.

Since our objective is to find an efficient and manageable way to represent the
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investable global equity portfolio, we seek indexes that provide consistent data
across countries, have sufficiently long price history, and are widely used by global
investors. In addition, we believe that having an index that is constructed in a sys-
tematic manner with the same set of rules and principles applied to all countries is
beneficial. Consistency and comparability of data are lost if security inclusion rules
are different for each country index. It is also imperative that security weights be
adjusted to reflect the true, free floated market capitalization that is available to
global investors. In addition, we seek an index that has a broad rather than narrow
representation of each equity market.

We can apply these characteristics in evaluating three alternatives that we
have identified to represent the global equity portion of the market portfolio.
These alternatives are either to use MSCI ACWI or SSBGEI index families, or to
construct a portfolio of local indexes (such as the Russell 3000 for the United
States, Nikkei 225 for Japan, and FTSE 300 for the United Kingdom). Note that
since the FTSE All World indexes are mostly used by European investors and we
have a global investor in mind, we are focusing our attention on the MSCI
ACWI and SSBGEI.

Salomon Smith Barney Global Equity Index

According to its creators, the objective of the SSBGEI is “to provide the defini-
tive global equity benchmark.”1 The index does so by implementing a top-down
index methodology, which is based on a set of simple rules and leads to a com-
plete and unbiased construction. The main rule, which dictates company inclu-
sion in the index, states that all companies with total available market
capitalization greater than $100 million will be included. This methodology as-
sures an objective representation and eliminates unintended biases and distor-
tions that may be caused by stock selection. Also, the proportion of each
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TABLE 8.1 Desirable and Undesirable Characteristics of Indexes

Desirable Undesirable

Rule based Ad hoc revisions
Broad Narrow
Float weighted Market cap weighted
Consistent data availability Poor data availability
Comparable across countries Different methodologies for each country index
Widely used by investors Not used by investors

1See Nadbielny, Thomas S., Michael Sullivan, and Marc De Luise, “Introducing the Salomon
Brothers World Equity Index,” Salomon Brothers, June 1994, and Sullivan, Michael, Marc
De Luise, Kevin Sung, and Patrick A. Kerr, “Global Stock Market Review: May 2002,” Sa-
lomon Smith Barney Equity Research: Global Equity Index, June 13, 2002.



company’s total market capitalization that is available to a foreign investor de-
termines its weight in the index.

SSBGEI covers 50 developed and emerging markets. Countries are chosen for
inclusion if the available float capital of index-eligible companies within a country
is equal to or greater than $1 billion. Countries are removed from the SSBGEI if
their total float capitalization falls below $750 million. This assures a lower
turnover or that countries are eliminated from an index less frequently. In order to
be classified as part of the developed index, the country’s GDP per capita (adjusted
for purchasing parity) must exceed $10,000 for the most recent calendar year, and
there must have been no widespread restrictions against foreign investment. Al-
though it is not very often that countries become excluded from the Global Equity
Index, countries can migrate between the Developed World and Emerging Compos-
ite indexes. For instance, the Czech Republic and South Korea became part of the
Developed World index during the 2001 index reconstitution. The current index
composition is presented in Table 8.2.

MSCI Equity Indexes

MSCI All Country World Index (ACWI) covers 24 developed economies and 27
emerging markets. The developed portion of the ACWI is referred to as the MSCI
World, and the emerging markets index is referred to as MSCI EMF. The individual
market weights in the index are based on relative market capitalization of each
country. MSCI continues to expand its universal coverage. For instance, MSCI
Egypt and MSCI Morocco were added to MSCI EMF effective May 31, 2001.
Also, individual country indexes may be reclassified as developed or emerging mar-
kets. For example, MSCI Greece index was reclassified as a developed market as of
May 31, 2001.

According to MSCI, the objective for its Equity Index Series is to serve as
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TABLE 8.2 Current Global Equity Index Composition

Weight in Weight in
Country Index Country Index

Australia 1.61% Japan 8.75%
Austria 0.07 Netherlands 2.25
Belgium 0.52 New Zealand 0.05
Canada 2.28 Norway 0.18
Czech Republic 0.01 Portugal 0.15
Denmark 0.29 Singapore 0.34
Finland 0.64 South Korea 0.82
France 3.75 Spain 1.20
Germany 2.74 Sweden 0.77
Greece 0.17 Switzerland 3.05
Hong Kong 0.83 United Kingdom 10.33
Iceland 0.01 United States 54.06
Ireland 0.31 Emerging markets 3.28
Italy 1.54



“global benchmark indexes that contribute to the investment process by serving as
relevant and accurate performance benchmarks and effective research tools.”2

In light of this objective, MSCI indexes are constructed in such a manner as to
provide a “broad and fair market representation,” which MSCI defines as an accu-
rate reflection of business activities across and within industries, accessible to inter-
national investors. Unlike SSBGEI, which is based on simple rules, MSCI index
construction is a four-step iterative process. First, MSCI identifies the equity uni-
verse in a given country, which includes all listed securities that can be character-
ized as equities, except investment trusts, mutual funds, and equity derivatives (99
percent of the world’s total equity market capitalization). Second, market capital-
ization is adjusted to reflect the free float available to a nondomiciled investor.
Third, securities are classified into one of the industries defined by the Global In-
dustry Classification Standard. And as a fourth and final step, securities in each in-
dustry are analyzed to determine their inclusion in the index. Factors that affect the
inclusion of a company in the index are the size of the company, its liquidity, and
the level of market concentration. Although MSCI targets an 85 percent industry
representation within each sector within each country, sector weights for the World
index depend on both industry representation and the country relative market cap-
italization. Currently, sector weights in the MSCI World vary between 4 percent
and 22 percent (see Figure 8.1).

Index composition (as of June 28, 2002) is presented in Table 8.3, where 
relative index weights for all developed countries included in the MSCI World
are listed.
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2See Morgan Stanley Capital International, “MSCI Enhanced Methodology: Index Con-
struction Objectives, Guiding Principles and Methodology for the MSCI Provisional Equity
Index Series,” May 2001.

FIGURE 8.1 Sector Weights in the MSCI World Index
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It is interesting to examine regional composition of the MSCI World index and
how it changes over time. If any given region significantly outperforms others, that
portion of the index will grow. Note in Figure 8.2 that in the late 1980s Australasia
and the Far East constituted nearly 50 percent of the index, whereas the current
weight is only 13 percent.

Basket of Local Indexes

In addition to using a family of global equity indexes such as SSBGEI or MSCI
ACWI, we can consider using a basket of market capitalization weighted local in-
dexes. Table 8.4 shows a list of countries that are included in the SSBGEI and
MSCI World (developed), and their corresponding local indexes.
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TABLE 8.3 Relative MSCI ACWI Weights

Weight in Weight in
Country Index Country Index

Austria 0.05% Spain 1.22%
Belgium 0.43 Sweden 0.76
Denmark 0.32 Switzerland 3.31
Finland 0.70 United Kingdom 10.87
France 3.93 Hong Kong 0.64
Germany 2.90 Japan 8.94
Greece 0.15 Singapore 0.33
Ireland 0.33 Australia 1.73
Italy 1.49 New Zealand 0.06
Netherlands 2.45 Canada 2.16
Norway 0.20 United States 53.15
Portugal 0.14 Emerging markets 3.76

FIGURE 8.2 Regional Composition of the MSCI World Index
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In addition, we have analyzed the performance of MSCI indexes relative to the
local ones and have found that they are very similar. In fact, as shown in Table 8.5,
a regression of MSCI country indexes on their local counterparts indicates that al-
most all variation in the local indexes can be explained by the MSCI indexes. On
the other hand, both the annualized tracking error and the average difference in an-
nual returns shown in Table 8.6 are significantly different from zero.

One explanation for this difference is the variety of methodologies employed in
constructing local market indexes. Most local indexes are capitalization weighted;
however, not all are adjusted for free float. In addition, security selection methodol-
ogy for inclusion in the index is different between countries. In several instances,
for example, the index represents a couple dozen of the most often traded stocks on
the local stock exchange.

Now that we have discussed all three alternative ways of representing global
equity in the market portfolio, we can turn back to Table 8.1, which outlines char-
acteristics we consider desirable. Consider the following characteristics: consistent
index methodology across countries, historical availability, and total market repre-
sentation. Most of the commonly used local indexes do not satisfy these criteria.
Take, for instance, the S&P 500 for the United States. The S&P 500 is a capitaliza-
tion-weighted index that includes 500 stocks chosen based on their liquidity, mar-
ket size, and industry group to represent the U.S. equity market. However, stock
inclusion in the S&P 500 is determined by a committee rather than by a set of well-
defined rules and hence has been a topic of debate. Also, the index methodology
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TABLE 8.5 Variation in Local Indexes in Relation to 
MSCI Indexes

Country Local Index Beta* Intercept* R-Squared

United States S&P 500 1.00 0.00 1.00
United Kingdom FTSE 100 0.99 0.00 0.99
Germany DAX Xetra 0.98 0.00 0.97
Japan Nikkei 225 0.97 0.00 0.87
France CAC 40 1.06 0.00 0.98

*Beta is statistically significant on a 1 percent level, whereas the hypothe-
sis that the intercept is equal to zero could not be rejected.

TABLE 8.6 Annualized Tracking Error and Average
Difference in Annual Returns

Tracking Error Average
Country Local Index (bps) Difference

United States S&P 500 105 –3.1%
United Kingdom FTSE 100 196 –2.7
Germany DAX Xetra 361 –1.0
Japan Nikkei 225 731 –3.1
France CAC 40 305 –1.1



does not allow for free float adjustment, thus introducing an upward bias in indi-
vidual index weights for certain companies. Since similar reasoning can be applied
to a number of the local indexes, we suggest that rather than choosing a basket of
local indexes for global indexes we use a global index family.

The choice then lies between the MSCI ACWI and the SSBGEI index groups.
Although both indexes satisfy most of the desirable characteristics outlined in Table
8.1, we favor using the MSCI indexes for the following reasons. First of all, MSCI
data for individual countries is available going back to 1970, whereas Salomon in-
dexes were originated in 1989. For most time series analyses, longer time series are
more desirable as they may provide more insight into the events of the past and give
us more confidence in our predictions for the future. Second, MSCI ACWI or
World is the index most widely used by global investors. In fact, 93 percent of total
active international equity accounts are managed against MSCI indexes. Likewise,
95 percent of total global equity accounts are managed against MSCI.3 Third, al-
though SSB’s top-down methodology may seem appealing, in practice the GEI is
difficult to use as a benchmark as it holds a very large proportion of small and illiq-
uid securities, which global investors may not be able to reflect in their portfolios.
Based on these arguments, we suggest using the MSCI ACWI index family to repre-
sent the global equity portion of the market portfolio.

GLOBAL BONDS

Whereas the issuers in the equity market all have at least one thing in common, the
fact that they are public corporations, issuers in the bond capital markets are very
diverse. They vary among governments, agencies, and corporations. Table 8.7 lists
the major types of bonds that are included in global fixed income indexes. The se-
curities issued by them also vary in nature: They may be backed by the credit of the
issuer (be it corporation or government) or by collateral (pools of car loans, credit
card debt, etc.). In fact, the Lehman Global Aggregate index contains a variety of
bonds, and its composition is broken down by issuer type in Table 8.7.

Lehman Global Aggregate

The Lehman Global Aggregate index is a relatively new index, but has become
fairly popular with international bond investors for several reasons. First, the ma-
jority of global bond indexes are based on government securities only, but for a
growing number of investors these indexes are becoming unsatisfactory. For in-
stance, Japanese government bonds currently form about 18 percent of the index. If
no credit is added, and more governments (including the U.S. and European) shrink
their debt while Japan continues to finance its fiscal deficit with debt, the Japanese
share of a global treasury index could grow to as high as 50 percent.4
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3Source: Intersec.
4See Berkley, Steve, and Nick Gendron, “A Guide to the Lehman Global Family of Fixed In-
come Indices,” Lehman Brothers Fixed Income Research, February 2002.



Lehman indexes are rule-based. This top-down approach to index construction
tends to produce indexes that are unbiased and very representative of their respec-
tive markets. Country weights in the Lehman index are presented in Table 8.8.

Second, bonds, unlike common stock, are issued by a variety of entities such
as governments, corporations, or agencies. They can be securities or not, and
can have different provisions. For instance, Lehman Global Aggregate index
consists of nearly 46 percent government bonds, about 17 percent corporate
credit, and approximately 22 percent mortgage-backed securities. It also con-
tains agency bonds, local authority and local agency bonds, and sovereign
bonds. (See Figure 8.3.) Its average duration is 4.83 and its average maturity is
7.26 (as of May 31, 2002).
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TABLE 8.7 Universe of Fixed Income Securities

Type of Security Issuer

Government bonds (Treasuries) Federal government
Government agency bonds Government-sponsored organizations and agencies
Municipal bonds Local authorities (states, counties, cities, etc.)
Corporate bonds Corporations
Mortgage-backed securities Agencies, corporations
Asset-backed securities Agencies, corporations
High-yield bonds Corporations
Supranational bonds Organizations such as World Bank, International 

Monetary Fund
Sovereign bonds Government bonds issued in foreign markets

TABLE 8.8 Country Weights in Lehman Global 
Aggregate Index

Weight in Weight in
Country Index Country Index

Austria 0.83% Spain 1.96%
Belgium 1.21 Sweden 0.66
Denmark 0.50 Switzerland 0.13
Finland 0.37 United Kingdom 3.46
France 5.26 Hong Kong 0.08
Germany 9.17 Japan 18.35
Greece 0.64 Singapore 0.18
Ireland 0.15 Australia 0.41
Italy 4.66 New Zealand 0.07
Luxembourg 0.15 Canada 1.77
Netherlands 1.92 United States 44.26
Norway 0.15 Supranational 1.75
Portugal 0.37 Emerging markets 1.52



CONSTRUCTING THE MARKET PORTFOLIO

As mentioned earlier, due to prevailing globalization the market portfolio today
should at least contain global equities and global bonds. As shown in Figure 8.4,
the equity/bond split of the market portfolio has varied substantially throughout
the years. In the past decade, the equity portion of the portfolio hit a minimum of
47 percent in October 1992 and a maximum of 63 percent in March 2000.

However, would a combination of these two asset classes suffice as a market
portfolio? Currently, an average investor holds about 30 percent of his or her wealth
in real estate. How would one replicate this portfolio and represent it in an aggre-
gate state? The very fact that the market portfolio is indeed intangible and cannot
be easily estimated served as the main premise of Richard Roll’s paper published in
1977.5 In his argument, also known as Roll’s critique, Roll suggests that it is nearly
impossible to empirically test the CAPM. Indeed, the linear relationship between
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FIGURE 8.3 Lehman Global Aggregate Index
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expected return and beta follows directly from the efficiency of the market portfo-
lio. Thus, if the market portfolio were misspecified, CAPM would produce biased
betas. In addition, any test that attempted to validate the CAPM would be fully de-
pendent on how efficient the “market” portfolio is. This in turn implies that the
theory is testable only when every individual asset is included in the market portfo-
lio. Some asset classes that come to mind immediately as being difficult to measure
include private equity, commodities, real estate, and human capital.

Other Assets in the Market Portfolio

Publicly traded real estate could be easily added to the market portfolio in the form
of the Wilshire REIT index. This index is comprised of companies whose main busi-
ness activity involves ownership and operation of commercial real estate, and that
derive at least 75 percent of revenue from these activities. There are 93 stocks in-
cluded in the index, selected based on their source of revenue, liquidity, and market
capitalization. These stocks are classified into sectors, which include factory outlets,
hotels, industrial, local and regional retail, office, storage, apartments, and offices.
The total market capitalization for the index is $144.8 billion (as of June 28, 2002).

However, there are two issues associated with adding the Wilshire REIT in-
dex to the market portfolio as a proxy for real estate. First, the Wilshire REIT
index represents publicly traded real estate only in the United States. Adding
this index alone to the market portfolio would lead to a distorted regional repre-
sentation in the market portfolio, as the relative portion of U.S. in the market
portfolio will be higher than it is in reality. This may lead to overstating correla-
tions between U.S. asset classes and the market portfolio, subsequently resulting in
higher CAPM expected returns. Although there are indexes representing publicly
traded real estate in Europe (European Public Real Estate Association, or EPRA) and
in Japan (Topixx), they do not regularly provide market capitalizations and often
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FIGURE 8.4 The Equity/Bond Split of the Market
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are not representative of individual markets. For example, EPRA Germany con-
tains only eight stocks.

Second, publicly traded commercial real estate is only a small portion of total
real estate in any economy, especially in the United States. In fact, owner-occupied
housing is often one of the largest investments that an average investor holds dur-
ing his or her lifetime. It is thus natural that one would suggest including it in the
market portfolio. Unfortunately, most housing is owner occupied, and as such is
not a readily tradable asset. Due to high transaction costs and imperfect informa-
tion, consumers are unlikely to trade their primary residence frequently.

In his 1977 paper, Roll had suggested that the true market portfolio was not
observable mainly because human capital, which is often considered the most im-
portant part of aggregate assets, cannot be measured or observed. In fact, Jorgen-
son and Fraumeni6 suggest that nearly 93 percent of all wealth and resources of the
United States are in the form of human capital. Gary Becker (1997) asserts that hu-
man capital is the most important type of wealth in the United States and other
modern nations. Since human capital occupies such a dominant position in average
investors’ portfolios, it is impossible to ignore it when discussing the market portfo-
lio. However, it is important to note that the market portfolio consists of assets that
are divisible and can be freely sold in the marketplace. Human capital possesses
neither of these characteristics. In addition, modeling human capital for inclusion
in the model portfolio is impeded by the lack of a generalized measure. Although a
number of measures (such as growth rate in labor income along with a term that
depends on future expected returns) have been proposed, they are hard to imple-
ment. While it is clearly very difficult to measure the value of human capital, most
economists would agree that the fluctuations in its aggregate value must correlate
highly with the aggregate returns on the public equity markets. Thus, although we
know that human capital is important and difficult to measure, one might hope
that its absence from a market portfolio does not significantly alter the risk charac-
teristics of that portfolio.

Private equity, discussed in detail in Chapter 28, usually refers to investments
in companies that are not quoted on a public exchange. In spite of its many com-
plexities (illiquidity, unpredictability, and increased liability), the demand for insti-
tutional investments in private equity has been rising. In fact, in 2001 the top 1,000
defined benefit plans held 3.8 percent in private equity (up from 3.4 percent in
2000).7 According to Venture Economics/Thomson Financial’s 2001 Investment
Benchmarks Reports, $170 billion was committed to private equity that year.

Given that private equity represents securities or agreements that are claims on
real assets, one may suggest that it should be included in the market portfolio. Its
illiquid nature, though, would lead one to think that private equity is not readily
tradable. In addition, due to the limited partnership nature of private equity invest-
ments, there are no indexes that document their historical performance or total
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6See Jorgenson, D. W., and B. Fraumeni, 1989, “The Accumulation of Human and Non-
Human Capital, 1948–84,” in The Measurement of Saving, Investment, and Wealth, edited
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7Source: Pensions & Investments, “The P&I 1000: Our Annual Look at the Largest Pension
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market capitalization. It is only due to these data limitations that we exclude pri-
vate equity from the market portfolio.

One alternative asset class that has become very popular with institutional in-
vestors recently is hedge funds. Although very interesting and a great portfolio di-
versifier, there is little doubt that hedge funds should not be included in the market
portfolio. Hedge funds utilize strategies that capitalize on opportunistic trading po-
sitions and benefit from market inefficiencies. Just like mutual funds, hedge funds
do not create new assets. Thus, if we were to include hedge funds, we would be
double counting and inflating the value of the market portfolio.

Two other asset classes that need to be considered for inclusion in the market
portfolio are commodities and natural resources. One may safely assert that a large
portion of wealth is attributable to commodities and natural resources. However,
just like hedge funds, if we were to include all commodities and raw materials in
the market portfolio, we would be double counting. For instance, a good portion of
the Goldman Sachs Commodities index consists of oil. However, some of this oil is
already accounted for in the total market capitalization of such petroleum firms as
BP Amoco, Chevron, and others. On the other hand, much oil is owned by govern-
ments and is not part of the public equity markets. We think a good argument can
be made that oil is a very significant resource that is underweighted in the usual de-
finitions of the market portfolio.

Although some of the asset classes discussed in this section may indeed be
part of the true theoretical market portfolio, it may not be necessary to include
them all in one while testing or implementing the CAPM. Stambaugh (1982)
tested this exact hypothesis and showed that CAPM results are not sensitive to
the choice of the market portfolio. Thus, an approximation of the market portfo-
lio that includes all publicly traded assets may very well suffice for both testing
and implementing the CAPM.
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CHAPTER 9
Issues in Strategic Asset Allocation

Kurt Winkelmann

Most investment professionals would agree that the most important decision an
investor makes is the asset allocation decision. Often, investors distinguish be-

tween two types of asset allocation decisions: a strategic asset allocation and a tac-
tical asset allocation. A useful way to tell the two types apart is by focusing on the
time horizon. Usually, investors regard a strategic asset allocation as a portfolio de-
signed to reflect their long-term investment objectives (10 years or longer), while a
tactical asset allocation reflects shorter-term investment objectives (perhaps as short
as the next month).

The focus of this chapter is on strategic asset allocation. First, we’ll review the
key decision points in strategic asset allocation. Second, we’ll review the shortcom-
ings with the standard approaches to asset allocation. Third, we’ll show how an
equilibrium approach can resolve many of these issues. Finally, we’ll use the discus-
sion of an equilibrium approach and the key decision points to provide a guide to
three subsequent chapters.

DECISION POINTS IN STRATEGIC ASSET ALLOCATION

Practitioners often regard asset allocation analysis with a mixture of awe and trepi-
dation. Both reactions, as it turns out, are a result of the computational effort that
seems to be required to derive optimal portfolios. Computational effort notwith-
standing, a useful way to think about asset allocation is to identify the key deci-
sions necessary to do it successfully. From our perspective, there are five distinct
decision points in strategic asset allocation: (1) the bond/equity split, (2) the level of
diversification across publicly traded equity and fixed income securities, (3) the
level of currency hedging, (4) the level and structure of active risk, and (5) the allo-
cation to alternative asset classes such as hedge funds, private equity, or real estate.
The impact of each of these decisions has important consequences for the risk and
return characteristics of an investor’s ultimate portfolio.

The split between fixed income and equities generally turns out to be the most
important driver of the total level of portfolio risk. Investors who are not comfort-
able with high risk levels in their portfolios would naturally be expected to have
higher fixed income allocations, and vice versa. This decision is often usefully ana-
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lyzed in the context of an asset/liability study (Chapter 10 has a longer discussion
of the impact of liabilities on asset allocation).

Further risk reductions can be easily achieved through international diversifica-
tion of the equity and fixed income portions of the portfolio. Each of these deci-
sions has the impact of reducing total portfolio volatility and correspondingly
increasing the total portfolio Sharpe ratio (to a point). A portfolio’s Sharpe ratio is
simply its excess return divided by its volatility.

While international diversification has the benefit of reducing portfolio volatil-
ity, it also exposes the portfolio to currency fluctuations. These fluctuations in turn
mean that the portfolio has another risk exposure. Consequently, investors need to
formulate a long-term currency hedging policy. This policy should clearly balance
the level of currency risk in the portfolio with the risk exposure from other asset
classes. Note that since this policy is the strategic currency hedging policy, it should
not reflect any short-term views on currency movements. These views are best ex-
pressed as part of an active management process.

Exposure to active management represents a fourth policy decision. In our
view, active risk represents exposure to both another source of risk and, correspond-
ingly, another source of potential performance. Investors can improve their Sharpe
ratios by including allocations to active risk. The basic issues are to balance the al-
location to active risk against other portfolio exposures, and to structure an active
portfolio so that active risk is being taken where it is most likely to be rewarded.

The final strategic issue that investors must consider is the allocation to alterna-
tive asset classes such as hedge funds, private equity, real estate, and natural re-
sources. Exposures to these asset classes can provide important sources of portfolio
performance. Thorough portfolio analysis, however, is made more difficult due to
the generally poor quality of data.

Each of these decisions deserves careful consideration. In addition to a thor-
ough analysis of each component, investors would be well advised to consider how
each decision interacts with all other decisions. To our minds, the best analytical
structure to consider these decisions is an equilibrium approach. This approach, as
best we can tell, is the only one that lets investors consider all trade-offs in a theo-
retically consistent manner. It is relatively easy to implement, identifies the key
trade-offs, is portable across clientele types, and is free of the limitations of stan-
dard approaches to asset allocation.

ISSUES WITH STANDARD FRAMEWORK 
AS USUALLY APPLIED

Asset allocation analysis has played an important role in the management of insti-
tutional assets for at least the past 20 years. As computer costs dropped, it became
increasingly easy for institutional investors to implement the textbook approaches
to asset allocation. Figure 9.1 gives a paradigm for finding a strategic asset alloca-
tion based on applications of standard tools.

The approach outlined in Figure 9.1 begins with an assessment of the available
asset classes. Moving clockwise, in the next step an investor assesses the volatility
and correlation of excess returns for each of the asset classes. The following step is
to define expected returns over the investment horizon for each of the asset classes.
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Once the risk and return characteristics for each asset class have been defined, the
investor then develops an efficient frontier, and selects a point on the efficient fron-
tier that corresponds to his or her desired risk level. After analyzing the portfolio
structure, and judging it to be inadequate, the investor imposes constraints and re-
optimizes. The circle of constraints and reoptimization continues until the investor
finds a portfolio that is judged to be satisfactory.

Why do investors feel the need to impose constraints and reoptimize? The
principal reason is because the optimal portfolio weights appear to be too ex-
treme. Viewed differently, the investor believes that the optimal asset allocation
should not make the aggressive switches between asset classes that are favored by
the optimizer.

The principal reason that the optimal portfolio weights may appear to be too
extreme is because optimal asset allocations are quite sensitive to small changes in
expected return assumptions. (This concern was crucial in the development of the
Black-Litterman global asset allocation model.) A second, and related, issue is that
historical average returns are quite sensitive to the choice of historical time period.
Thus, we have a perplexing problem: Investors form views about expected future
performance by calculating historical averages. These averages are quite sensitive to
the choice of historical time period. The historical averages are then used in an op-
timizer, whose output (optimal portfolio weights) is quite sensitive to expected re-
turn assumptions. Little wonder, then, that practitioners are not completely
satisfied with the standard methodology.

A simple example may help to clarify some of these issues. Table 9.1 shows
the historical average returns for three principal equity regions over two distinct
time periods. The chosen equity regions are the United States, Japan, and Eu-
rope, while the time periods are the decade of the 1980s and the decade of the
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1990s. Also shown in the table are the historical standard deviations of returns.
Both statistics (historical average return and historical volatility) were calculated
using monthly excess return data. As the table clearly illustrates, the historical
average returns are quite sensitive to the choice of time period. For example, in
the 1980s the best-performing of these three equity markets was the Japanese
market, while in the 1990s the U.S. market showed the best performance. Notice
that while historical averages seem to be quite sensitive to the choice of time pe-
riod, the historical volatilities appear to be less so. This is an important point to
which we will return.

Now, suppose that an investor decided to construct optimal portfolios on the
basis of the average returns shown in Table 9.1. In other words, suppose that an in-
vestor used the average returns (and risk characteristics) of the 1980s and built an
optimal portfolio, and then did the same using the data from the 1990s. How
would these portfolios compare?

Figure 9.2 shows the two sets of optimal asset allocations, with the very loose
constraint that the portfolio weights must sum to 100 percent. As we can see, the
choice of time period used for estimating returns has dramatic consequences for the
portfolio weights. Using the data from the 1980s, the optimal portfolio has a long
position in Japanese equity. By contrast, a short position in Japanese equity is im-
plied when the sample is restricted to the data from the 1990s. In any event, the
portfolio weights are so extreme that no prudent investor would actually imple-
ment them as a strategic asset allocation.

The technical issues associated with standard approaches to strategic asset al-
location give rise to two practical issues. First, because of the potential for ex-
treme portfolio positions, practitioners often find it hard to develop an intuition
behind the portfolio. Second, because it is unlikely that investors will implement
the extreme portfolio positions, it is hard to develop an approach to portfolio ad-
vice that can be used across clientele types: Each clientele type is likely to need
their own set of constraints. Thus, the standard approach to strategic asset allo-
cation fails on two grounds: It gives extreme portfolios, and does not allow for
consistent advice giving. Each of these issues can be addressed by using an equi-
librium approach.
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TABLE 9.1 Average Returns and Volatilities

1980–1990

MSCI World MSCI Europe MSCI U.S. MSCI Japan

Average return 19.2% 18.1% 16.9% 24.3%
Volatility 14.4 17.7 15.9 21.7

1991–2001

MSCI World MSCI Europe MSCI U.S. MSCI Japan

Average return 6.5% 8.7% 12.5% –5.6%
Volatility 14.6 15.3 14.5 25.2



BENEFITS OF AN EQUILIBRIUM APPROACH

An equilibrium approach gives investors three specific advantages over standard
approaches to strategic asset allocation. First, it provides a more theoretically cor-
rect neutral point. Second, an equilibrium approach relies on more easily observ-
able and estimable information. Finally, an equilibrium approach enables investors
to more easily identify and understand the key trade-offs.

As discussed in previous chapters, the predictions of asset-pricing theory are
quite clear: When capital markets are in equilibrium, investors should hold a por-
tion of their wealth in the market portfolio. The remaining portion of an investor’s
wealth should be held in either cash or debt. Investors would hold cash if they were
not willing to tolerate portfolio risk at the level of the market portfolio. They would
issue debt (i.e., become levered) if they were willing to take more risk than the mar-
ket portfolio. These predictions are independent of the investor’s geographic region
or industry type. Thus, the market portfolio provides a meaningful starting point for
portfolio analysis: Differences between investor types (geographic region or clientele
type) can be understood in terms of deviations from the market portfolio.

Applying an equilibrium approach in practice is relatively straightforward. As a
first step, investors must identify a suitable market portfolio. That is, investors must
determine the market value of all assets, and perhaps express these values as per-
centages of the total value of all assets. As discussed in Chapter 8, for most publicly
traded securities markets this step is relatively straightforward. Most of the world’s
publicly traded equity markets are valued daily. Similarly, daily valuations are avail-
able on most government bond markets. For other asset classes, valuations are likely
to occur less frequently. That caveat notwithstanding, it is feasible for investors to
get assessments of the value of the market portfolio on a regular basis.

A second ingredient that is necessary for investors to apply an equilibrium ap-
proach is some notion of the risk characteristics of each of the asset classes. Volatil-
ity and correlation of asset returns are important because investors must judge
whether they would like their portfolios to have more or less risk than the market
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FIGURE 9.2 Optimal Portfolio Weights
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portfolio. These characteristics must be estimated on the basis of available data, as
they cannot be directly observed. Fortunately (and as discussed in Chapter 16),
volatility and correlation estimation do not suffer from the same issues as expected
return estimation. Historical data can be used to provide quite robust estimates of
future volatility and correlation. As seen in Table 9.1, while the historical volatility
figures were different in each of the decades, they were not nearly as sensitive as the
average return estimates.

Of course, investors would also like to know portfolio return in addition to
portfolio risk. Fortunately, an equilibrium approach helps investors in this dimen-
sion as well. Chapter 6 discussed the linkage between portfolio weights, risk char-
acteristics, and expected returns. To pin down the third from the first two, investors
must assess the overall level of risk aversion. In turn, there is a mapping from the
level of risk aversion to the market equity risk premium. Thus, an assessment of the
equity premium (discussed in Chapter 5) gives investors a view on the level of risk
aversion, which in turn drives expected returns on all other asset classes.

The true benefit of an equilibrium approach is that it gives an internally consis-
tent platform for portfolio analysis. On an ex post basis, an equilibrium approach
helps us understand differences in investor behavior. On an ex ante basis, strategic
asset allocations can be formed as deviations from the equilibrium portfolio. In-
vestors will naturally deviate from the equilibrium portfolio if they believe that they
can be adequately compensated for doing so.

How would an investor analyze a deviation from equilibrium? One way is to
follow the approach outlined in Chapter 7—that is, to specify a set of views and to
apply the Black-Litterman model. If specific views are not well defined, then an al-
ternative approach is to recognize that there is a mapping between views and opti-
mal portfolios and to start with the latter; that is, propose a portfolio that
represents a deviation from equilibrium. Using the same risk characteristics and eq-
uity risk premium, work backward to find the expected asset returns associated
with the proposed portfolio. Next, calculate the difference between the new ex-
pected returns and the equilibrium returns. Finally, assess (on the basis of data
analysis and financial economic theory) whether the differences seem reasonable. If
so, then the proposed portfolio should be implemented. If not, then a new portfolio
should be proposed.

In the next several chapters, we show how an equilibrium approach can be ap-
plied to each of the key decisions in strategic asset allocation. The level of the
bond/equity split, and its relation to liabilities, is discussed in Chapter 10. The im-
pact of international diversification and currency hedging are discussed in Chapter
11. The application of an equilibrium approach to uncorrelated asset classes is ad-
dressed in Chapter 12.
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CHAPTER 10
Strategic Asset Allocation in the
Presence of Uncertain Liabilities

Ronald Howard and Yoel Lax

Most strategic asset allocation analysis considers only the dynamics of asset val-
ues and abstracts from the presence of any liabilities. Thirty-five years of acad-

emic and applied research have developed a more or less unified theory of investing
assets for the long run and capital market equilibria resulting from the optimal in-
vestment behavior of individuals. For many investors, this type of analysis is rea-
sonably appropriate. For example, a retired homeowner who has no mortgage and
no children can be assumed to have no liabilities, and his or her asset allocation can
be analyzed using classical methods. For other types of investors, the abstraction
from the presence of liabilities is more troublesome. Pension funds in particular ex-
ist for the sole purpose of paying out pensions in the present and future. Ignoring
their liability stream can lead to suboptimal asset allocations.

In this chapter we investigate the strategic asset allocation process in the pres-
ence of liabilities. The presence of liabilities introduces an interesting complexity
into the asset allocation problem. Rather than investing to get “the biggest bang for
the buck,” investors may forgo higher expected returns in order to allocate to an
asset that is highly correlated with liabilities. By investing in this manner, they en-
sure that the value of their assets increases when the value of liabilities does,
thereby protecting the surplus.

The issues we investigate in the context of our framework are the three drivers
of long-term performance: the bond/equity split, the level of diversification, and the
duration of the bond portfolio. Our numerical results show that there is a di-
chotomy between the optimal asset allocations for over- and underfunded plans.
The latter must take a large amount of equity risk in order to improve their funding
status, while the former may actually be better off with lower equity allocations.
Similarly, overfunded plans benefit from global equity diversification, while under-
funded plans do not. Finally, the benefit from duration matching the bond portfolio
with liabilities is much greater for underfunded than for overfunded plans.

From the outset, we outline our approach to modeling liabilities. Subsequently,
we analyze the asset allocation decision, where we initially focus on a single-period
setup. This framework is a simple extension of the setup without liabilities often
studied, in which investments are evaluated by their Sharpe ratios. Subsequently,
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we investigate the asset allocation problem in a multiperiod simulation framework
that allows us to study the impact of payouts.

MODELING LIABILITIES

Put simply, the liability stream of a typical pension fund is a series of future pay-
ments that are unknown as of today. Although actuaries project future payments,
they cannot do so with certainty since the actual payments will depend on a num-
ber of factors that are unknown as of the projection date.

One source of uncertainty is due to mortality rates. Although actuarial mortal-
ity tables can be used to predict the life span of the average pensioner, and a fund
with many beneficiaries may experience a mortality rate quite like the actuarially
assumed average, a random element remains nevertheless. In addition, if the aver-
age life expectancy increases due to trends in lifestyle and/or health care, the cur-
rent mortality table may understate the present value of the benefit obligation.

Another source of uncertainty relates to future salary growth. For a benefit
plan with a career-pay or final-pay provision, the future benefit obligation will de-
pend on career-average pay or the average pay over the final few years of employ-
ment, respectively. When actual salary growth differs from the actuarial assumed
growth rates, the projected benefit obligation will require an adjustment. Further-
more, there may be one-time benefit increases that are not reflected in the actuarial
salary growth assumptions. For example, many union plans experience periodic in-
creases in the benefit obligation due to collective bargaining.

Finally, there may be uncertainty about employee demographics. If the industry
or company undergoes structural change, such as increased competition or an ac-
quisition/merger, the company may decide to offer incentives for early retirement or
may be forced to terminate a portion of the workforce. Any such change could
have a significant impact on the benefit obligation of the pension plan.

If the payments were known with certainty, the liability stream would resemble
a bond (or portfolio of bonds) that could be priced using the current term structure
of interest rates. In the presence of uncertainty about future payments, one can still
use this approach, keeping in mind that the value of liabilities calculated in this way
is “noisy.”

This insight leads to an intuitive way for modeling liabilities. We assume the
value of liabilities consists of two parts—a bond, which reflects the best guess
about future obligations, and a noise term, which reflects the uncertainty of the fu-
ture payments. The return on the bond as well as its correlation with other assets
can be calculated by discounting projected obligations by the current term struc-
ture. Alternatively, a publicly traded bond index can be used as a proxy, where the
index is levered to match the duration of the liability stream. Mathematically,

(10.1)

where RL,t = Total return on the liability index at time t
Rf,t = Risk-free rate of return
RB,t = Total return on a bond index

εt = Noise term

R R R RL t f t B t f t t, , , ,( )− = − +β ε
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The parameter β is used to duration-match the liability and bond indexes. The
noise term is assumed to have volatility σε and to be uncorrelated with the bond in-
dex, but it may be correlated with other returns.

When the current cash flow projections reflect all available information (and
therefore represent a best guess as to future benefit payouts), the expected change in
the benefit obligation due to changes in projected payouts is zero. Since the noise term
reflects uncertainty about future payouts, we can assume that the noise term has a zero
mean as long as the current projected payouts are equal to their expected values.

The appendix contains a numerical example of how to pin down the parame-
ters β and σε from the balance sheet of a pension fund.

EVALUATING INVESTMENT DECISIONS 
IN THE PRESENCE OF LIABILITIES

In the absence of liabilities, alternative investment structures are often compared on
the basis of their Sharpe ratios. The Sharpe ratio measures how much return in ex-
cess of a risk-free rate an investment offers for each unit of volatility:

(10.2)

where µi and σi are the mean and volatility, respectively, of investment structure i.
In other words, the risk and return of investments are evaluated relative to cash.
The objective of maximizing the portfolio Sharpe ratio in an asset-only framework
is theoretically well-founded. As was shown in Chapter 4, in a one-period model an
investor who maximizes his or her utility over end-of-period wealth will choose the
portfolio with the highest Sharpe ratio if the investor’s utility function is quadratic
(irrespective of the distribution of returns) or if returns are multivariately normally
distributed (irrespective of the investor’s utility function).

In the context of an asset-liability framework, there are two shortcomings to
measuring the trade-off between risk and return using the Sharpe ratio. First, the
Sharpe ratio considers only the risk and return of assets and ignores the presence of
any liability stream. As we will see, some investment structures are better suited to
hedge against changes in the value of liabilities than others. This ability to hedge
should be taken into account when evaluating an investment, but it is ignored by
the Sharpe ratio.

A second shortcoming of the Sharpe ratio in the present context is that it is re-
ally only a theoretically well-founded concept in a one-period model. The solution
of the maximum Sharpe ratio portfolio to the optimization problem with quadratic
utility does not obtain when the investor derives utility from intermediate con-
sumption as well as from final wealth, even when the period utility function is of
the quadratic form.

Assuming that a pension fund cares only about the distribution of assets (or the
surplus) at one future point in time seems inappropriate for at least two reasons.
First, it is unclear how to choose the future date given that pension funds generally
expect to remain in business indefinitely. Second, a pension fund will care about
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funding characteristics in intermediate periods as well to ensure being able to pay
its liabilities in every period.

The remainder of this chapter focuses on both a static (one-period) setup, as
well as a dynamic setup. In our static analysis, we extend the notion of a risk/return
trade-off in the form of a Sharpe ratio to accommodate the presence of a liability
stream. In the dynamic analysis, we investigate the effect of payouts on overall
funding characteristics of a pension plan.

STATIC ANALYSIS

In the absence of any liabilities, investors care about the characteristics of the distri-
bution of the returns on their assets. In the presence of liabilities, investors care
about returns on both assets and liabilities, and on how they are correlated. In or-
der to develop a measure to compare asset allocations in the presence of liabilities,
let’s first define a few quantities. Let us denote by At and Lt the value of assets and
liabilities, respectively, at time t. The surplus is given by

(10.3)

and the funding ratio is given by

(10.4)

Thinking of a pension plan as a company, the surplus measure is the equivalent
of the market value of equity of a public company: It is the value that would be left
for the shareholders if the company used all of its assets to pay off all of its liabili-
ties. The important caveat in this comparison is that while owners of public compa-
nies are subject to limited liability and therefore the market value of their equity
cannot be negative, the surplus of a pension plan can be negative. Of course, a
deficit cannot be carried on forever, since otherwise the plan will become insolvent
at some point in time. This will be mitigated either by a contribution from the
sponsor to the plan or by asset returns that exceed the returns on the liabilities.

In this section, we assume that pension plans care about the return on the sur-
plus instead of the return on assets alone. This assumption nicely fits the analogy of
a pension plan with a public company whose managers are entrusted with maxi-
mizing the value of shareholder equity. Talking about the percentage return on the
surplus is slightly tricky, however, because the surplus can be zero, and hence any
change in the surplus would lead to an infinite return. Therefore, instead of focus-
ing on the percentage return, we consider the dollar change in the surplus as the
primary concern of a pension fund.

When a pension fund cares about the change in the surplus, what are some of
the quantities it may be interested in? For one thing, the fund will be interested in
the expected change in the surplus, and whether it is positive (surplus is expected
to grow or deficit is expected to decline) or negative (surplus is expected to decline
or deficit is expected to grow). The fund may also be interested in the uncertainty
in the change in the surplus. Finally, a pension fund may be interested in the
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risk/return trade-off—that is, how much risk it has to accept in the surplus change
in order to achieve a certain expected change.

The last measure of interest leads us to generalize the notion of the Sharpe ratio
to the asset-liability framework. We define the risk-adjusted change in surplus
(RACS) as

(10.5)

where the second equality follows from the fact that St is known at time t. Here we
assume the risk-free rate is constant through time, Rf,t≡Rf . We claim that the RACS
is the natural extension of the Sharpe ratio to an asset-liability framework. To see
this, let RA,t denote the return at time t on the asset portfolio and rewrite the last ex-
pression as

(10.6)

and note that in the absence of any liabilities (Lt = 0), the RACS becomes

(10.7)

The last expression is the Sharpe ratio of the asset portfolio. Our new measure,
the RACS, therefore has the nice property that it simplifies to the Sharpe ratio in
the absence of liabilities. For this reason, it is a natural extension of the Sharpe ra-
tio to the asset-liability framework. Whereas the Sharpe ratio evaluates investments
relative to cash, the RACS evaluates them relative to liabilities.

How does one interpret the RACS? The numerator measures the dollar return
on the surplus that is expected in excess of the risk-free rate of return. The denomi-
nator measures the risk in the same quantity. Consider a fund with positive surplus
and a perfectly known liability stream (i.e., no noise in the liabilities). One possible
investment strategy for the fund is to purchase a portfolio of bonds to exactly
match its future liabilities and to invest the remaining surplus into a risk-free asset.
This strategy is completely risk-free and will produce a return of (1 + Rf) on the sur-
plus with no volatility. If the fund undertakes any other investment strategy, the
RACS measures how much the fund is being compensated for taking risk relative to
the risk-free strategy.

Next consider a fund with a deficit but whose liabilities are also known with
certainty. If we assume that the fund can borrow at the risk-free rate, the fund can
borrow the amount of its deficit at the rate Rf and purchase a portfolio of bonds to
exactly match its future liabilities. This strategy produces no volatility in the deficit
and locks in a proportional increase of Rf in the deficit. For this fund, the RACS
also measures how much it is being compensated for taking risk relative to the risk-
free strategy of locking in an increase of Rf in the deficit.
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In general a fund does not know exactly its future liabilities, giving rise to
the noise term discussed earlier. For such a fund there is no risk-free strategy in
the sense that no asset allocation exists that will lock in a certain rate of return
on the surplus. The least risky strategy for this fund is to purchase a portfolio of
bonds that represents the best guess about future liabilities and to invest the re-
mainder into the risk-free asset. This strategy will yield the lowest surplus
volatility of all possible strategies, and this volatility will equal the noise volatil-
ity.1 Therefore it is natural to evaluate other investment strategies relative to this
least volatile of all strategies in terms of their risk/reward trade-off. This is pre-
cisely what the RACS does.

At this point in the discussion, we find it helpful to consider a concrete example
in order to illustrate how a fund may want to think about asset allocation. The ex-
ample will allow us to put to use the theoretical concepts we have developed thus
far. We will now introduce the return and risk assumptions at the foundation of the
example to follow.

ILLUSTRATION OF STATIC MODEL

For the purpose of the calculations to follow, we use equilibrium return assumptions
derived from the Black-Litterman model with no views based on historically estimated
volatilities and correlations. It is important to note, however, that the calculations to
follow can be performed with any return assumptions desired. In fact, sometimes it is
useful to see how sensitive the results are to the specific assumptions used.

For the present analysis, we choose to model liabilities with respect to the
Lehman Long Government and Credit Index and noise. As of June 30, 2002, the
duration of this index was about 10.5. We hypothetically consider a pension fund
with a duration of liabilities of 12. This dictates the choice of β = 12/10.5 = 1.14. For
our basic scenario, we arbitrarily consider a noise return of zero and a volatility of
2 percent. This number is perhaps easier to interpret in terms of a confidence inter-
val: If the noise is normally distributed, a noise volatility of 2 percent implies that in
each given period the (excess) return on the liability index is within ±4 percent of
the (excess) return of the levered Lehman Long Government and Credit Index with
a probability of 95 percent. For the liability index with a duration of 12, the ±4
percent interval on returns translates into a ±4%/12 = ±33 bps interval on the yield
on the liability index.

Table 10.1 summarizes the risk/return assumptions used in the analysis to fol-
low. All numbers reflect an annual horizon.

For now, let us focus only on U.S. equity (represented by the S&P 500 index),
the Lehman Long Government and Credit Index, and the liability index. First, be-
cause the duration of the liability index was assumed to be larger than that of the
Lehman index, its excess return is also higher. This implies that even for a fund
with a surplus, an all-bond allocation is a losing strategy in the long run, since the
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asset portfolio will grow more slowly than the liability index on average.2 Equities
appear more attractive from this perspective.

A second observation relates to the correlations between the series. Note that
the liability index is more highly correlated with the Lehman Long Government
and Credit Index than with equities. Therefore, bonds appear to be a better hedge
against changes in the value of liabilities than equities. We will now examine this
trade-off arising from higher allocations to equity more closely.

Example: Surplus Risk, Expected Change, and the RACS

Let us begin by looking at the surplus risk. Figure 10.1 plots the surplus risk as a
fraction of asset value:

(10.8)

Along the horizontal axis we plot different equity allocations, ranging from 0
percent to 100 percent, with the remainder of the assets invested in the Lehman Long
Government and Credit Index. Each line in the graph represents a different initial
funding ratio.3 In order to interpret this graph, let’s again compare the present case to
the one without liabilities. In this case, the surplus simply equals the assets, and the
quantity plotted would be the volatility of asset returns. Since equities are more
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FIGURE 10.1 Surplus Risk
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2As long as there are no payouts, an average return on assets that is lower than that on lia-
bilities will lead to a decrease in the funding ratio. In the presence of payouts an overfunded
plan can accept a lower return on assets than on liabilities and still maintain or grow its sur-
plus and/or funding ratio. We will show this later in the chapter when we incorporate pay-
outs into our setup.
3The funding ratios are 0.5, 0.8, 1, 1.5, and 2, respectively.



volatile than bonds, it should come as no surprise to see the lines generally upward
sloping. Since equities and bonds are not perfectly correlated, however, a small allo-
cation to equity in an otherwise all-bond portfolio may actually decrease overall
volatility. When the funding ratio is very large, liabilities matter little in determining
the surplus risk. We see this diversification effect in Figure 10.1 in the line labeled
“very overfunded,” which decreases initially before increasing. In the appendix, we
show that for a given funding ratio the surplus risk is minimized when a fraction of
assets equal to

(10.9)

is invested in equity and the remainder in bonds, where σE is the volatility of equity,
σB is the volatility of bonds, and ρ is their correlation. Note that this expression is
independent of the noise volatility. This should be intuitive since in the present
setup neither bonds nor equity can be used to diversify away the uncorrelated
noise. Furthermore, this expression is increasing in the initial funding ratio.4 A fund
with a deficit is better off investing in bonds, because they offer a better hedge
against changes in the value of liabilities, leading to a lower surplus volatility. A
fund with a surplus, however, may want to invest in bonds up to a point so as to
duration match the liabilities, which offers the best possible hedge against changes
in the liability value. Beyond that point, the fund may be better off (in terms of
minimizing surplus volatility) by investing an incremental dollar in equities rather
than bonds due to the diversification effect between equities and bonds mentioned
earlier. To understand this effect, consider the case in which the fund can actually
invest in its liability index. An overfunded plan will then minimize its surplus
volatility by investing an amount equal to the value of liabilities into the liability in-
dex (thereby eliminating liabilities completely from the asset allocation problem)
and investing the remaining surplus into the volatility-minimizing portfolio of equi-
ties and bonds. So why do the other lines in the above graph show the smallest risk
for an equity allocation equal to zero? The answer is simply that the graph shows
only the range of equity allocations from 0 percent to 100 percent, and the smallest
risk for the other funding ratios actually occurs for negative equity allocations.

Finally, let us look at the line labeled “very underfunded.” The surplus risk for
this plan is very large, as should be intuitive. Furthermore, compared to the other
lines in the graph this line is flatter (i.e., it varies less with the equity allocation).
When the value of the assets is very small compared to the liabilities, exactly how
these assets are invested matters less from a risk perspective.

Having inspected the surplus risk emanating from various equity allocations,
let us now turn to analyzing the expected change in surplus for the various plans in
our example. Figure 10.2 shows the expected change in surplus relative to initial
asset value as a function of the equity allocation.

Two interesting facts emerge from this picture. First, for a given funding ratio
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4This is true as long as σb > ρσe, which holds for the values in the example. If this inequality
is reversed, the expression will be decreasing in the funding ratio.



the expected change in surplus is linearly increasing in the equity allocation. It is
easy to show that this is the case whenever the expected return on equity is larger
than that on bonds, and it should be quite intuitive as well. The other interesting
result shown here is the minimum equity allocation needed for a fund to prevent
the surplus from shrinking. In the appendix this is shown to be

(10.10)

where µB and µE are the total expected return on bonds and equity, respectively.
Given our present assumptions, for an underfunded plan (funding ratio 0.8) the
minimum equity allocation is a little over 40 percent; at lower equity allocations
the deficit will grow on average. Overfunded plans, on the contrary, will see their
surplus grow even for a zero equity allocation. The important thing to remember in
interpreting these results is, of course, that we have so far abstracted from any pay-
outs. For an underfunded plan, the presence of payouts will further increase the re-
quired equity allocation to prevent the surplus from shrinking. We will come back
to this point later in the dynamic analysis.

Up to this point, we have shown that higher equity allocations lead to (usually)
higher funding risk as well as higher expected changes in the surplus. This trade-off
between risk and return can be illustrated by plotting both quantities in the same
graph. The resulting picture very much resembles an efficient frontier and is shown
in Figure 10.3. To facilitate the following interpretation, we have not normalized
by the current asset value in this figure. We consider three funds with liabilities of
$100 and assets of $80, $100, and $120, respectively.

Along each line plotted, the solid markers represent equity allocations ranging
from 0 percent at the left to 100 percent at the right. Let’s look at the line labeled
“underfunded,” which corresponds to a funding ratio of 0.8, in a little more detail.
Again, we see that a minimum equity allocation of over 40 percent is needed for
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FIGURE 10.2 Surplus “Return”
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this plan to prevent the deficit from growing. But we also see that at this level of eq-
uity allocation, the risk versus the liabilities is about $7. In other words, a one stan-
dard deviation event would lead to an increase in the deficit of $7 to $27. The new
funding ratio would be 0.73. Similarly, a two standard deviation event would lead
to a funding ratio of 0.66. These numbers show the considerable risk underfunded
plans face in attempting to reach fully funded status.

The concept of risk-adjusted change in surplus (RACS) introduced earlier can be
used to shed more light on how much a fund is earning in excess return for each unit
of risk taken. Figure 10.4 graphs the RACS for the plans we have been discussing.

Figure 10.4 clearly shows that for the underfunded and exactly funded plans
the RACS is strictly increasing in the equity allocation, although for the under-
funded plan the slope is steeper, implying that this plan is rewarded more for taking
additional equity risk on a risk-adjusted basis. For the overfunded plan the story is
quite different. The RACS increases very steeply early on but reaches its maximum
at an equity allocation of around 30 percent. In order to understand this result, let’s
for a moment abstract from the presence of any noise. In this case, what strategy
maximizes the RACS? A plan with sufficient funds can invest βLt in the bond index,
perfectly hedging any future change in liabilities. Having thus basically eliminated
liabilities from the asset allocation problem, the fund may use its remaining assets
to purchase the portfolio that maximizes the Sharpe ratio of these assets.5 This case
is illustrated in Figure 10.5, which plots the RACS for an overfunded plan (funding
ratio 1.5) for different noise levels.

What happens when we introduce noise? In this case, the ability of bonds to
hedge changes in the liabilities is negatively impacted, and equity, with its higher
Sharpe ratio, looks relatively more attractive. We therefore expect the optimal eq-
uity allocation (i.e., the allocation that maximizes the RACS) to increase. This can
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5In the context of the numbers presented here, the portfolio of U.S. equity and the Lehman Long
Government and Credit Index that maximizes the Sharpe ratio has an 83/17 bond/equity split.

FIGURE 10.3 Surplus Risk and Return Trade-Off

$(2)

$(1)

$0

$1

$2

$3

$4

$5

$6

$7

$8

$9

$0 $5 $10 $15 $20 $25

Dollar Volatility of Surplus 

Underfunded Exactly Funded Overfunded

Ex
pe

ct
ed

 D
ol

la
r C

ha
ng

e 
in

 S
ur

pl
us



be seen in Figure 10.5: As the noise increases from zero to 2 percent to 4 percent to
6 percent, the optimal equity allocation increases from 20 percent to 30 percent to
50 percent to 100 percent. The bottom line of this analysis is that the more under-
funded a plan is, and the more uncertain future liabilities are, the more attractive
equity appears relative to fixed income.

Even though the analysis in this section is strictly static, the figures and accom-
panying discussion shed some light on dynamic asset allocation as well. Ceteris
paribus, when the funding ratio decreases (perhaps due to dismal asset returns), a
fund that is trying to maximize its RACS ought to invest more in equities. Similarly,
if the noise in liabilities increases (perhaps due to legislative uncertainty), a fund
ought to increase its equity allocation as well.
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FIGURE 10.4 Risk-Adjusted Change in Surplus (RACS): Different Funding Levels
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FIGURE 10.5 Risk-Adjusted Change in Surplus (RACS) for Overfunded Plan: Different
Noise Levels
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Our present setup also allows us to analyze the effects of global diversification
in equity and bond portfolios, as well as the effect of investing in a bond portfolio
with a different duration. We now turn to these issues.

Example: Global Diversification

Is a fund better off investing only in domestic assets or should it diversify globally?
In answering this question we first look at global equity diversification and then
turn to the issue of fixed income diversification.

Our return assumptions clearly show that global equity has a higher Sharpe ra-
tio than domestic equity, but also a lower correlation with the liability index. We
therefore face the same trade-off as before when we were deciding between allocat-
ing to domestic equity or bonds.

Figure 10.6 shows the percentage change in the RACS from investing in global
rather than domestic equity. The pattern emerging from this picture is that while
the overfunded plan benefits from investing globally rather than domestically, the
other two plans are better off with domestic equity. The intuition for this pattern is
actually quite simple when we abstract from the presence of noise once again.

The overfunded plan can, at low equity allocations, match the duration of its
liabilities with bonds. In the absence of noise, the plan thus basically eliminates
the liabilities from the asset allocation problem. With the remaining funds, the
plan faces a choice of domestic versus global equity. Since the Sharpe ratio of
global equity is higher than that of domestic equity, the fund finds it optimal to
choose global equity. Now, at higher equity allocations, the fund is no longer ex-
actly eliminating liabilities from the asset allocation problem, and therefore the
correlation of equity with the liability index matters in determining the RACS.
Since global equity is less highly correlated with liabilities than domestic equity, it
should come as no surprise that at high equity allocations the benefit from global
diversification is diminished.

Finally, the presence of noise also diminishes the ability of the plan to eliminate li-
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FIGURE 10.6 Effect of Global Equity Diversification
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abilities by allocating to bonds. Thus, the correlation of equities with liabilities matters
once more. It can be verified that for higher noise levels the overfunded plan actually
experiences a decrease in the RACS when switching from domestic to global equity.

After this discussion, it should be easy to see why the exactly funded and under-
funded plans may want to stick with domestic equity. Due to a lack of funds, they
cannot eliminate (in the absence of noise) or nearly eliminate (otherwise) liabilities
from the asset allocation problem. For these funds, the correlation of domestic eq-
uity with liabilities is crucial. Hence these funds do not gain from diversification.6

Now let us briefly turn to the issue of global fixed income diversification. The
discussion centering on equity diversification provides some insights here as well. In
the present context bonds are attractive because they hedge against changes in lia-
bilities. Since we modeled liabilities with respect to a domestic bond index (as
seems reasonable for most pension plans), global bonds will generally not be an at-
tractive asset class since they correlate with liabilities to a lower extent by construc-
tion. Figure 10.7 shows that our conjecture is correct, with all funds experiencing a
decrease in the RACS.

Example: Choosing the Right Duration of the Bond Portfolio

The last topic in the static analysis is choosing the duration of the bond portfolio. Of
course, the more closely the duration of the asset portfolio matches that of the liabil-
ity index the better, since it leads to better immunization against changes in liability
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6Here we only considered the cases of no and full diversification. It can be shown that
slightly underfunded plans may benefit from a small level of equity diversification at high eq-
uity allocations. In other words, these plans may see a small increase in the RACS by invest-
ing part of their equity outside the home country.

FIGURE 10.7 Effect of Global Fixed Income Diversification
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value. It should therefore come as no surprise that all funds will lose from investing
in a bond index with a different duration. The bond index we consider is the
Lehman Aggregate, which had a duration of about 4.3 as of June 30, 2002.

Figure 10.8 shows an efficient frontier graph like the one in Figure 10.3. In the
top panel, the funding ratio is 0.8, and we see that in order to achieve the same re-
turn as in the base case, the fund must accept higher surplus risk when it chooses to
invest in the Lehman Aggregate rather than the Lehman Long Government and
Credit, against which liabilities are modeled. In the bottom panel the funding ratio
is 1.5, and the same conclusion holds, but the loss from moving to an index with a
lower duration is smaller.

These results are easiest to understand if we choose a particular bond/equity
split (one of the highlighted points along the lines) and consider what happens
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FIGURE 10.8 Effect of Shortening Duration of Bond Portfolio
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when we change the fixed income benchmark from the Lehman Long Government
and Credit Index to the Lehman Aggregate Index with a lower duration.

First, since the expected return on the Lehman Aggregate is lower than that on
the longer-duration index, the expected change in surplus will decrease, marked by a
vertical downward shift in the graph. Second, since the Lehman Aggregate is a poor
hedge for changes in liability value when compared with the Lehman Long Govern-
ment and Credit, the surplus risk will increase. This is expressed by a horizontal
shift to the right in Figure 10.8. The combined outcome of these two effects is, of
course, a shift to the bottom right of each point along the line. For the overfunded
plan, the vertical shift is higher than for the underfunded plan because there are sim-
ply more dollars changing benchmark, and the fund receives a lower expected return
on each dollar. The horizontal shift, on the contrary, is larger the closer the fund is to
fully funded status. When the fund is very underfunded, the hedging ability of the
fixed income benchmark matters much less for surplus volatility than the absolute
volatility of liabilities. When the fund is very overfunded, the presence of liabilities
can almost be ignored, and what matters most is the absolute volatility of assets. In
Figure 10.8, the fund on the top is closer to fully funded than the one on the bottom,
and hence experiences the larger increase in volatility of the two.

The above discussion implies that a fund is well served to invest in a bond in-
dex that is similar in duration to its liabilities. An additional issue that must be
given consideration, however, is the difference in liquidity between short- and long-
duration bonds. Large pension plans with long-duration liabilities will often find it
impracticable to invest heavily in long-duration bonds, since the relatively low liq-
uidity of these bonds impedes active trading. This issue is obviously more impor-
tant the larger the pension fund, and it must be weighed with any return and
hedging benefits from investing in long-duration bonds.

DYNAMIC ANALYSIS

Up to this point, we have investigated the asset allocation decision of a pension
fund from a static point of view. We pretended that the fund had to make no pay-
outs, and that it was concerned only with what happens to its surplus over one pe-
riod, arbitrarily chosen to be one year. The setup was well suited to address many
important issues like international diversification and the duration of the bond in-
dex to choose in the benchmark, but it leaves unanswered many important ques-
tions that affect pension funds in the long run.

In this section we will look at a dynamic setup that will allow us to investigate
the long-run impact of payouts. For analytical convenience we assume that the pen-
sion fund pays out a fixed fraction p of the value of liabilities at the end of each pe-
riod.7 Mathematically, asset and liability values are assumed to evolve according to
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7Some of the expressions we derive will not have closed-form solutions if we assume that the
payout was made at the beginning of the period. We have performed various simulation ex-
ercises to gauge the quantitative impact of our assumption and have found that the numeri-
cal results are not at all sensitive to whether payouts are made at the beginning or end of the
period. For this reason we have decided to stick with the more convenient setup.



(10.11)

where we make the same assumptions about the liability return as before: that it
consists of a (possibly levered) position in a long bond index and uncorrelated
noise. Furthermore, we shall assume that returns are independently lognormally
distributed through time with the means, volatilities, and correlations shown in the
beginning of this chapter.

Using the above expressions for the dynamics of assets and liabilities, it is easy
to see that the surplus is not affected by the payout structure p. This should be in-
tuitive, since a payout reduces assets and liabilities by the same amount. In a mul-
tiperiod setup, however, the surplus is less useful a measure than in a single-period
setup, since the absolute value of assets and liabilities can fluctuate widely. A $10
million surplus is a comfortable cushion for a plan with a $50 million liability, but
will not evoke the same comfort if the value of liabilities grows to $100 million.
For this reason we will focus on the funding ratio as the measure of interest in this
section. The funding ratio, as will become apparent soon, does depend on the pay-
out structure.

Using our setup, we shall attempt to answer the following questions:

� For an underfunded plan, what return on assets in excess of the return on lia-
bilities is necessary to (1) retain the original funding ratio and (2) reach fully
funded status over a given horizon?

� For a given initial funding ratio, payout policy, and bond/equity split, how does
the probability of being underfunded vary with the horizon?

Required Returns

Given a payout structure p, what return will keep the funding ratio constant on av-
erage? Letting Ft = At /Lt, we can write

(10.12)

and defining Rx,t = (1 + RA,t)/(1 + RL,t) – 1 as the return on assets in excess of the re-
turn on liabilities, we find that

(10.13)

To keep the funding ratio constant on average we require Et[Ft+1]=Ft. Using the last
expression we can easily calculate the required average return as a function of the
initial funding ratio for a given payout policy. Figure 10.9 shows the results.

A plan that is 80 percent funded and pays out 7.5 percent of its liability value
in a given year must achieve a 2 percent return on assets in excess of the return on
liabilities in order to keep its funding ratio constant. A return lower than that will
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lead to a decrease in the funding ratio. The larger the payout and the lower the
funding ratio, the larger the required return.

The results highlight the need for large equity allocations (or allocations to bond
indexes that have a higher duration than the liability index) for underfunded plans.
Overfunded plans, on the contrary, can tolerate negative returns and still maintain
their funding status. Actually, for overfunded plans the higher the payout ratio, the
larger the negative return they can tolerate. This is true because a given payout de-
creases assets by a smaller percentage than liabilities when the plan is overfunded.

While maintaining current funding status is a plausible objective for over-
funded plans, underfunded plans will need to try to improve their funding ratios
unless they can count on a contribution from the plan sponsor. We next look at the
returns required to reach fully funded status for underfunded plans. In the appen-
dix, we show that given an initial value for the funding ratio F0, the expected fund-
ing ratio at any time t is given by

(10.14)

Note that the expected funding ratio depends only on the average return, not on its
volatility.

In order to calculate the return required to reach fully funded status over a
given horizon, we set the left-hand side in the above expression equal to 1, fix the
horizon t, and find the value for E[Rx] that satisfies the equality.8 Figure 10.10
shows the results for t = 10.

For the underfunded plans, the required return to reach fully funded status in 10
years is obviously larger than the return required to maintain current funding status.
The difference between these two rates of return is larger the lower the payout policy.
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FIGURE 10.9 Required Returns for Maintaining Funding Status
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To pick out a number again, a plan that is 80 percent funded and pays out 7.5 per-
cent of the liability value must achieve an average return of 3.2 percent per year in ex-
cess of the return on liabilities in order to reach a funding ratio of 1 in 10 years. It is
clear that such return targets are realistic only with large equity allocations. Unfortu-
nately, there is no free lunch here since higher equity allocations also increase the risk.
This is the issue to which we turn next.

Funding Probabilities

In order to assess the probability of being underfunded at any given horizon we re-
sort to a Monte Carlo simulation. Figure 10.11 shows the results.
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FIGURE 10.10 Required Return to Reach Fully Funded Status in 10 Years
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FIGURE 10.11 Simulated Probabilities of Being Underfunded, Different Funding Levels and
Payout Ratios
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FIGURE 10.11 (Continued)
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Each of the four lines within a plot represents a different equity allocation,
ranging from 0 percent to 100 percent. For the underfunded plan (shown in the top
two graphs of Figure 10.11), modest equity allocations can greatly decrease the
probability of being underfunded. Larger equity allocations yield only modest im-
provement. What is also interesting is the time necessary to wait until the funding
ratio is more likely to be greater than 1 than to be less than 1. This can be inferred
from finding the point at which any one line intersects a horizontal line drawn at
50 percent on the vertical axis, and finding the corresponding horizon along the
horizontal axis. With a 100 percent equity allocation, a plan that is 80 percent
funded and makes no payouts must wait about nine years; if it pays out 7.5 percent
annually, it must wait 21 years!

Overfunded plans actually increase the probability of losing their surplus by al-
locating to more equities. This conclusion fits in with all of our results regarding
overfunded plans—namely, that the risk from large equity allocations may actually
outweigh the benefits.

CONCLUSIONS

We set out to investigate the asset allocation decision process in the presence of lia-
bilities. We defined three important decision points in this context, the equity/bond
split, the duration of the bond portfolio, and international diversification. In our
initial setup, we abstracted from payouts and focused on a single-period problem in
which we generalized the familiar concept of a Sharpe ratio to account for the pres-
ence of liabilities. Our new measure, the risk-adjusted change in surplus (RACS),
enabled us to investigate the trade-offs faced by pension plans in addressing the
three important decision points. Our main findings were:

� Underfunded plans benefit more from higher equity allocations than do over-
funded plans for which the RACS often decreases after a certain equity alloca-
tion is reached.

� Matching the duration of the bond portfolio to that of liabilities is important
for all plans, with underfunded plans benefiting the most.

� Global equity diversification is an attractive opportunity for overfunded plans,
which can benefit from the higher Sharpe ratio of global equity. Underfunded
plans are better off investing domestically in order to benefit from the higher
correlation of liabilities with domestic assets.

� Fixed income diversification is not attractive for any of the plans studied. The
effect of increase in Sharpe ratio of assets from moving to global fixed income is
more than offset by the lower correlation of liabilities with nondomestic assets.

Subsequently, we analyzed the asset allocation decision in a dynamic frame-
work that also incorporates payouts. We calculated returns required by under-
funded plans to reach fully funded status over a given horizon and found that large
equity allocations are necessitated by the need to become fully funded. We also in-
vestigated the risks associated with such allocations. Just as in the single-period
setup, the main finding was that underfunded plans must take more equity risk to
improve their funding status.
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SUMMARY

The concepts of mean-variance optimization in a one-period model can be ex-
tended to a setup that also includes liabilities by focusing on the surplus instead of
on assets alone.

When the quantity of interest is the surplus, the notion of a Sharpe ratio can be
extended to that of a risk-adjusted change in surplus (RACS).

Using the RACS as the measure of optimality, we find that underfunded plans,
those for whom the value of liabilities exceeds the value of assets, gain most from
higher equity allocations, whereas diversification of the equity portfolio is most
beneficial to overfunded plans.

In a dynamic model with payouts it can be shown once again that underfunded
plans must take on large equity allocations in order to improve their funding status.

APPENDIX
Choice of Parameters for Liabil ity Modeling

In the preceding discussion, we have modeled the value of liabilities as a sum of two
parts—a bond, which reflects the best guess about future obligations, and a noise
term, which reflects the uncertainty of the future payments. The return on the bond
as well as its correlation with other assets can be calculated by discounting pro-
jected obligations by the current term structure. Alternatively, a publicly traded
bond index can be used as a proxy, where the index is levered to match the dura-
tion of the liability stream.

Mathematically,

RL,t – Rf,t = β(RB,t – Rf,t) + εt (10A.1)

where RL,t = Total return on the liability index at time t
Rf,t = Risk-free rate of return
RB,t = Total return on a bond index

εt = Noise term

The parameter β reflects the duration of the liability relative to the specified bond
index. As such, it reflects uncertainty in the value of liabilities due to changes in in-
terest rates. The noise term (with assumed mean return η, and volatility σε) reflects
uncertainty in future payouts and is assumed to be uncorrelated with the bond in-
dex, although it may be correlated with other returns.

To illustrate a methodology for choosing parameters, we consider the case of
modeling the projected benefit obligation (PBO) for a corporate defined benefit
pension plan. For a pension plan, the PBO reflects the actuarial present value of
benefits attributed to employees to date. As such, the PBO is an actuarial measure
of the pension liability that is based on a number of assumptions, including mortal-
ity rates, future salary growth, early retirement, lump sum payouts, and an actuar-
ial discount rate. The changes in the PBO are typically disclosed in the company’s
10-K filing in the section “Pensions and Other Postretirement Benefits.”

As a simplified case, one can evaluate the situation where the pension plan has
a single benefit payment in year T. The present value V of the projected benefit pay-
ment as of time t will be given by the following equation:
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V = Ce–r(T–t) (10A.2)

where C = Projected benefit payment as of time t
r = Discount rate as of time t

Over a short period of time, we can evaluate changes in the value of the benefit
obligation due to changes in our projected benefit, changes in the discount rate, and
the passage of time:

(10A.3)

As a consequence, we have that

(10A.4)

Put another way, the incremental percentage change in the value of the liability
is a sum of three terms. The first term, dC/C, is the percentage change in the pro-
jected benefit payout and therefore represents our uncertainty in the benefit cash
flow. The second term, –(T – t)dr, reflects the uncertainty in the value due to uncer-
tainty in discount rates (the term –(T – t) is the duration of the cash flow as of time
t), whereas the final term, rdt, reflects change in value due to passage of time.

In the context of a pension plan, the first term could be interpreted as changes
in the PBO due to changes in the actuarial cash flow projections resulting from, for
example, different mortality assumptions, early terminations, lump sums, plan
amendments, and acquisition/divestiture activity. The second term could be inter-
preted as the actuarial gain/loss due to a change in the discount rate, whereas the fi-
nal term could be interpreted as the interest cost for the pension plan.

More generally, one could consider a pension plan with a steady rate of pro-
jected benefit payments CT , in which case the value of the liability as of time t
would be given by

(10A.5)

As before, we can evaluate the incremental changes in the value of the benefit
obligation due to changes in projected cash flows, changes in the term structure of
discount rates, and the passage of time:

(10A.6)

Again, each of the terms in equation (10A.6) has a natural interpretation in
economic terms. The first term, –Ctdt, corresponds to benefits paid during the in-
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cremental time interval dt. As for the integrands, the first term corresponds to a
change in the benefit obligation due to adjustments in projected benefit payouts.
The second integrand corresponds to a change in the benefit obligation due to
changes in interest rates, whereas the final integrand corresponds to interest cost.

Although the preceding model is simplified by looking only at incremental
changes in value, it provides a connection to our methodology for modeling the
noise term. In particular, the noise term is given by the expression

(10A.7)

When the current cash flow projections reflect all available information (and
therefore represent a best guess as to future benefit payouts), we have that the ex-
pected change in the benefit obligation due to change in projected payouts is zero;
that is,

Et[dεi] = 0 (10A.8)

Also, if we assume that the process εt has independent increments that are identi-
cally normally distributed, we have that

Et[dε2
t ] = σ2

εdt (10A.9)

where σε is the instantaneous volatility of the noise process.

MINIMIZING SURPLUS RISK FOR A GIVEN FUNDING RATIO

Denoting the returns on equity and fixed income at time t as RE,t and RB,t , respec-
tively, and the fraction of the surplus invested in equity as α, we write the surplus as

(10A.10)

where we have used our model of the liability return. Dividing by the asset value At

we obtain

(10A.11)

Our objective is to minimize the variance of this expression, or

(10A.12)
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The first-order condition is given by

(10A.13)

which can be rearranged to give

(10A.14)

MINIMAL EQUITY ALLOCATION NEEDED 
TO PREVENT DECREASE IN SURPLUS

The expected future surplus is given by

(10A.15)

Setting the left-hand side equal to zero and solving for α we obtain

(10A.16)

EXPECTED FUTURE FUNDING RATIO 
GIVEN INITIAL FUNDING RATIO

Using the definition of the funding ratio and the evolution of assets and liabilities
shown in (10.11) we can write for the funding ratio at time 1

(10A.17)

where we have defined a = 1/(1 – p) and b = –p/(1 – p). Similarly, the funding ratio
at time 2 equals

(10A.18)
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More generally, the funding ratio for any time t > 0 is given by

(10A.19)

where Π denotes the product operator, the product over an empty set is defined to
equal 1, and N denotes the set of all integers.

Now we take expectations of both sides:

(10A.20)

where we have used our assumptions that returns are identically and independently
distributed (iid) to conclude that

(10A.21)

Using the properties of a geometric series we write

(10A.22)
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CHAPTER 11
International Diversification 

and Currency Hedging
Kurt Winkelmann

Many investors have begun to diversify their portfolios by moving some holdings
to international equity and fixed income markets. This strategy can enhance a

portfolio’s risk-adjusted performance, but it also exposes investors to exchange rate
fluctuations. Consequently, investors not only must choose strategic (or long-term)
foreign asset allocations, they also must decide on a policy for managing currency
exposure. An equilibrium approach to strategic asset allocation provides investors
with key insights regarding both the level of international diversification and the
corresponding level of currency hedging. For example, as we have seen, in equilib-
rium all investors would hold global assets in their capitalization weight propor-
tions. In reality, while investors have been increasing their international holdings
over time, it is still the case that on average most investors globally are overweight
domestic securities.

Thus, it becomes more important to understand what are rational reasons for
deviating from holding the market portfolio and what are the potential costs of do-
ing so. In this chapter, we’ll first explore the issue of international diversification.
Judged from a different perspective, we’ll discuss the introduction of home bias in
an investor’s portfolio. (Home bias is the tendency for investors to hold a dispro-
portionate level of their investments in the domestic market.)

After discussing home bias, we’ll turn our attention to the issue of strategic cur-
rency hedging. We’ll start by looking at the impact of currency hedging on individ-
ual asset classes, and then consider what an equilibrium currency hedge ratio
should look like. After developing the equilibrium hedge ratio, we’ll explore the im-
pact of home bias on the currency hedge ratio.

Our results are very straightforward and make intuitive sense. First, we find
that a moderate degree of home bias is not particularly costly in terms of the risk it
creates. Second, we find that investors should distinguish between asset classes
when making currency hedging decisions: Basically, foreign bond holdings should
be hedged at the 100 percent level, while the hedge ratio for foreign equities de-
pends on the level of home bias in the portfolio.
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INTERNATIONAL DIVERSIFICATION AND HOME BIAS

Few investors’ holdings actually reflect global capitalization weights; most portfo-
lios have disproportionately large domestic exposure. This tendency to concen-
trate assets domestically—referred to as home bias—influences the currency
hedging policy because fewer underlying assets are invested abroad. Is there an un-
derlying economic rationale for home bias? Are there rules of thumb to help deter-
mine a suitable home bias level and how does the home bias affect the currency
hedging policy?

Let’s look first at how home bias affects the Sharpe ratio of the strategic, or
long-term, asset allocation.1 Using equilibrium returns (discussed in Chapter 6), we
can calculate a global capitalization weighted portfolio’s risk-adjusted performance
and then compare it to the risk-adjusted performance of a portfolio whose fixed in-
come or equity portion is invested solely in domestic assets.

Table 11.1 shows how fixed income home bias affects the Sharpe ratio. It com-
pares the expected excess return, volatility, and Sharpe ratio for the global capital-
ization weighted portfolio of marketable securities (discussed in Chapter 8) to the
same elements of portfolios with global equity investments and domestic-only fixed
income holdings. The capitalization weight split is held constant—32 percent fixed
income and 68 percent global equities (held in their capitalization weights)—and
all assets are assumed to be currency hedged. Domestic portfolios are shown for
euro-, sterling-, U.S. dollar-, and yen-based investors. To facilitate the analysis, all
portfolios are held on a currency-hedged basis.

The figures suggest that global diversification in the fixed income portion of
a portfolio does not materially affect the Sharpe ratio (at least when equilibrium
returns are used). For example, a euro-based investor’s Sharpe ratio declines
from 0.426 to 0.424 when bonds are held in the Euroland fixed income market
only. Similarly modest changes in the Sharpe ratio occur from the other three
currency perspectives.

Although Table 11.1 seems to suggest that there’s no benefit from diversifying
into international bonds, there are a couple of important caveats. First, a portfo-
lio’s equity allocation greatly affects the impact of international fixed income ex-
posure. Consider Figure 11.1, which plots portfolio Sharpe ratios (with and
without international bonds) against equity allocations. When equity allocations
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TABLE 11.1 Fixed Income Home Bias

Global European
Capitalization United Monetary United

Weighted States Union Kingdom Japan

Equilibrium excess return 3.98% 4.03% 3.93% 4.02% 3.81%
Volatility 9.33% 9.48% 9.29% 9.65% 9.05%
Sharpe ratio 0.426 0.425 0.424 0.417 0.421

1The Sharpe ratio is just a portfolio’s excess return (i.e., total return less the cash rate) di-
vided by the portfolio volatility.



exceed 50 percent, diversifying into international fixed income has little effect on
the Sharpe ratio. When equity allocations are less than 50 percent, however,
adding international bonds significantly improves risk-adjusted performance. The
reason is simple: The Sharpe ratios for equities are typically higher than those for
bonds, so when equity allocations are high, the effects of the equity portfolio
swamp the impact of diversifying the bond portfolio.

Second, strategic allocations to foreign fixed income can add another source of
potential outperformance. For example, suppose that an investor had a 65 percent
allocation to equity. On the basis of the figures in Table 11.1 and Figure 11.1, the
investor should be indifferent between holding all bonds domestically or holding
bonds in their global capitalization weights. However, by holding bonds domesti-
cally, the investor gives up the opportunity to add value through an active manage-
ment program in international fixed income. Many investors have attempted to add
the active component of international fixed income by structuring opportunistic
mandates versus domestic fixed income benchmarks. However, unless these man-
dates also give the manager the ability to take short positions in foreign bonds, they
do not have the same ability to generate outperformance that an actively managed
strategic allocation to foreign bonds has. The role and structure of active manage-
ment will be discussed in more detail in Chapter 13.

Next consider how home bias affects equity allocations. Table 11.2 compares
the Sharpe ratios of global capitalization weighted portfolios with those of portfo-
lios whose equities are all domestic. As in Table 11.1, all portfolios are assumed to
be currency hedged. It shows that the benefits of international diversification can be
substantial. For example, the Sharpe ratio of yen-based investors can improve from
0.256 when equities are held domestically to 0.426 when equities mirror global
capitalization weights. Even the risk-adjusted performance of U.S. dollar investors
improves by almost 10 percent when equities include international holdings.

Although many investors have already begun to internationalize their holdings,
few hold equities in global capitalization weighted proportions—most retain a
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FIGURE 11.1 Impact of Fixed Income Diversification
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home bias. At what point do diversification gains begin to taper off? Consider first
the incremental impact of international equity allocations on the Sharpe ratio. In
the first 10 percent step toward a global capitalization weighted portfolio, the
Sharpe ratio increases. The second 10 percent step also improves, but not as dra-
matically as the first, and the incremental impact of each succeeding 10 percent step
is smaller than that of the preceding steps. Figure 11.2 shows, in percentage terms,
this effect on euro-, sterling-, U.S. dollar-, and yen-based investors. According to
the graph, a 20 percent step toward a global capitalization weighted portfolio pro-
duces, on balance, a 25 percent improvement in the Sharpe ratio. For example, the
Sharpe ratio of a euro-based investor who makes a 20 percent step toward a fully
diversified portfolio increases from 0.362 to 0.377. The Sharpe ratio improvement
of .015 represents around 23 percent of the total potential improvement (i.e., from
.362 to .426).

The similarity of incremental diversification benefits is striking: Regardless of
base currency, the benefits begin to taper off after potential equity diversification
reaches 60 percent. And the impact on the Sharpe ratio correspondingly wanes
when approximately 75 percent of the potential benefit has been achieved, irre-
spective of the base currency. For example, sterling-based investors who moved 60
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TABLE 11.2 Impact of Equity Home Bias

Global European
Capitalization United Monetary United

Weighted States Union Kingdom Japan

Equilibrium excess return 3.98% 3.98% 4.40% 3.82% 3.39%
Volatility 9.33% 10.21% 12.15% 11.25% 13.25%
Sharpe ratio 0.426 0.390 0.362 0.339 0.256

FIGURE 11.2 Incremental Impact of Diversifying Equity Exposure
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percent of the way toward a fully diversified portfolio would see the Sharpe ratio
increase from .339 to .404.

This approach to international diversification can be insightful because it ap-
proximates actual investor behavior. When the benefits of diversification are great,
investors are motivated to reallocate assets. When the benefits are small, however,
investors weigh the incremental benefits of continuing the diversification program
against alternative investment opportunities. This may explain, at least partially,
much of the recent interest in alternative assets such as private equity.

Suppose an investor decides to move 60 percent of the way toward full diversi-
fication. Table 11.3, which pegs the corresponding portfolio weights for euro, ster-
ling, U.S. dollar, and yen investors, shows that the proportion of total equity
allocated to international equity depends on domestic equity’s proportion of the
global capitalization weighted portfolio: The smaller the domestic market’s capital-
ization weight, the larger the fraction invested internationally. For example, a U.S.
dollar-based investor who follows our general rule would hold 68 percent of total
equity domestically (and 32 percent internationally). By contrast, a like-minded
sterling-based investor would invest 45 percent of total equity domestically (and 55
percent internationally).

IMPACT OF CURRENCY HEDGING 
ON INDIVIDUAL ASSET CLASSES

Having established that the benefits of global diversification significantly decline
when investors move around 60 percent of the way toward market capitalization
weights in international markets, we can now turn our attention to setting currency
hedging policy. We’ll approach this issue in three steps: First, we’ll assess the impact
of currency hedging on individual asset classes. Second, we’ll see what the impact of
currency hedging is when all investors hold the market portfolio. Finally, we’ll see
what happens when investors hold our home bias–adjusted portfolios.

Figure 11.3 shows how alternative hedge ratios affect portfolio volatility from
four different currency perspectives. For each currency perspective, the volatility of
foreign bond or foreign equity investments is plotted in relation to the level of the
currency hedge. Two conclusions, irrespective of the base currency, can be drawn
from the graphs in Figure 11.3. First, at any level of currency hedging, a foreign eq-
uity portfolio is more volatile than a foreign bond portfolio. Second, the currency
hedge’s impact on portfolio volatility is much more pronounced for foreign bond
portfolios than for foreign equity portfolios. In fact, regardless of the base currency,
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TABLE 11.3 Home Bias–Adjusted Portfolio Weights

U.S. Dollar Euro Sterling Yen

Domestic equity 46.0% 34.3% 30.8% 32.3%
Foreign equity 22.0 33.7 37.2 35.6
Domestic fixed income 32.0 32.0 32.0 32.0
Domestic equity/total equity 67.7 50.5 45.3 47.6
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foreign bond portfolio volatility at least doubles as the portfolio shifts from being
completely hedged to being completely unhedged. For example, a euro investor’s
foreign bond volatility increases from about 4 percent to almost 10 percent when
the portfolio shifts from being completely hedged to being completely unhedged.

The same point can be made using a portfolio risk decomposition, or hot spots,
analysis (see Chapter 3). Rather than focus on portfolio volatility, this method
looks at the marginal contribution to risk (expressed in percentage terms) of cur-
rency positions at different levels of currency hedging. The results are illustrated in
Figure 11.4, which uses the same portfolio volatility levels, alternative currency
perspectives, and separate foreign equity and foreign bond portfolio analyses as
Figure 11.3.

Figure 11.4 shows that open currency positions contribute (at the margin) sig-
nificantly larger portfolio risk to foreign bond portfolios than to foreign equity
portfolios, irrespective of base currency. In fact, currency accounts for more than
80 percent of the risk in a completely unhedged foreign bond portfolio, regardless
of base currency, but no more than 40 percent of portfolio volatility (at the margin)
in a completely unhedged foreign equity portfolio.

How can investors use the information in Figure 11.4? Suppose an investor
wants no more than 20 percent of a foreign asset portfolio’s volatility to be associ-
ated with currency. An investor would need to hedge at least 75 percent of the cur-
rency exposure in their foreign bond portfolio (irrespective of base currency) but no
more than 50 percent in their foreign equity portfolio. Because currency dramati-
cally affects foreign fixed income, we recommend that investors hedge 100 percent
of the currency exposure in their foreign bond portfolios.

Figure 11.4 also suggests that currency hedging affects foreign equity portfolio
risk much more dramatically for euro-, sterling-, and yen-based investors than it
does for investors using U.S. dollars. In fact, currency contributes little risk to a
U.S. investor’s foreign equity portfolio, which may explain why many U.S. in-
vestors set unhedged global equity benchmarks.

Figures 11.3 and 11.4 gauge currency hedging’s impact on portfolios that have
foreign equity and foreign bond holdings only. Most investors, of course, hold do-
mestic as well as foreign assets. How does currency hedging affect a portfolio that
includes both domestic and foreign assets?

To answer this question, let’s first look at a portfolio such as the portfolio of
global equities and global bonds held in their global capitalization weighted pro-
portions. As shown in Chapter 8, most of the value of global asset markets is con-
centrated in U.S. dollar-denominated assets. Although most investors’ assets don’t
mirror global capitalization weights, these allocations can provide a useful neutral
reference point for portfolio analysis. Our objective is to isolate a neutral reference
point hedge ratio.

Suppose investors in each region hold their assets according to their global
capitalization weighted proportions. We could easily assess how different levels of
currency hedging affect portfolio volatility. And we could quickly measure cur-
rency’s contribution, at the margin, to overall portfolio risk at different currency
hedging levels.

The four graphs in Figure 11.5 show how currency hedge levels affect portfolio
volatility (assuming that all investors are holding their assets according to global
capitalization weights). For each currency hedge level, the graphs plot portfolio
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volatility and the decomposition of portfolio volatility, showing how much of port-
folio volatility can be attributed, at the margin, to fixed income, equity, and foreign
exchange (FX) positions.

The graphs reveal clear patterns. First, when currency exposure is fully hedged,
all portfolios have volatility of roughly 9 percent, with most of the risk attributable
(at the margin) to the equity positions. Second, when none of the currency expo-
sure is hedged, the fixed income positions contribute least to portfolio risk. Finally,
currency positions are the greatest source of portfolio volatility for yen investors
without currency hedging.

Figure 11.5 suggests some flexibility across regions in setting currency hedging
policies. For example, suppose that all investors want currency to contribute least
to portfolio volatility (at the margin). According to Figure 11.5, U.S. dollar-based
investors would hedge 40 percent of their currency exposure, while euro-based in-
vestors would hedge 80 percent.

Now, how does home bias influence the currency hedging decision? Figure
11.6 plots currency’s contribution to portfolio risk depending on the level of the
currency hedge, the reference currency, and the degree of home bias (assuming
that holdings are 32 percent fixed income and 68 percent equity). Each graph cor-
responds to a different reference currency, while one line reflects market capital-
ization weights and the other corresponds to a moderate, 60 percent diversified,
“representative” degree of home bias. As a general rule, the greater the home
bias, the lower the currency contribution to portfolio risk at each level of cur-
rency hedging.

Clearly the risk associated with currency varies depending on the base currency
and the degree of home bias. As a general rule, however, a 50 percent currency
hedging policy will be sufficient to make currency a relatively small source of risk in
the portfolio.

Up to this point, we’ve focused on the risk associated with strategic currency
positions. Viewed differently, we’ve specified allocations to domestic and interna-
tional assets and levels of currency hedging, and then calculated portfolio volatility
and the contribution to portfolio volatility of open foreign exchange positions. Lit-
tle has been said about the returns associated with open currency positions. Be-
cause we’re discussing currency in a portfolio context, our exploration of how
hedging affects currency returns naturally focuses on the excess returns to cur-
rency—the returns an investor would receive above the returns embedded in the in-
terest rate differentials (or currency forwards).

We think implied returns analysis is a useful way to approach the issue of cur-
rency returns. Rather than assume explicit views on asset and currency returns to
determine optimal portfolio weights, this method starts with a set of portfolio
weights and determines what returns would optimize the portfolios.2
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2Let x be an N × 1 vector of portfolio weights, Ω be an N × N covariance matrix of asset
returns (excess), and λ a scalar risk aversion parameter. Then the N × 1 vector of returns 
R implied by the portfolio weights x is given by R = λΩx. When x is the global capitaliza-
tion weighted portfolio, then R is the vector of equilibrium returns. Notice that λ can 
be calibrated so that portfolio excess returns are consistent with very-long-run historical
experience.
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We prefer to look at implied returns rather than historical averages for two
reasons. First, assuming you want to optimize returns, implied returns analysis
indicates what the return of an asset or currency must be before you’d be willing
to bear the additional risk of taking a position in it. As a result, implied returns
on assets and currencies are computed directly from the marginal contribution to
risk analysis.

Second, historical averages are notoriously poor predictors of expected re-
turns, in part because estimates vary widely depending on which historical period
is used. For example, the expected return on the yen/dollar exchange rate differs
markedly if you use 1980–1990, rather than 1990–2000, as the basis for the his-
torical average.

Implied returns analysis can assess the currency returns of different hedging
levels. In other words, working backward from a set of portfolio weights and an as-
sumption about the currency hedging level, we can find the corresponding implied
currency return.

Assume that all investors hold a global capitalization weighted portfolio. The
asset “weight” applied to currency is the unhedged currency position. For example,
a yen investor who holds 20 percent of his or her portfolio in U.S. equities and
hedges 50 percent of currency exposure would have an open U.S. dollar position of
10 percent.

Figure 11.7 plots the relationship between implied currency returns and the
level of currency hedging, from euro, sterling, U.S. dollar, and yen perspectives. The
graphs show that the greater the currency hedging, the lower the implied currency
return. For example, when euro-based investors leave all currency positions com-
pletely open, the implied return (excess) on the U.S. dollar is 3.3 percent. When all
positions are hedged at the 50 percent level, however, the implied U.S. dollar return
is approximately 2.1 percent.

The relationship between implied currency returns and the level of currency
hedging is not really surprising. Remember, Figure 11.6’s risk decomposition analy-
sis suggests that higher levels of currency hedging mean lower levels of portfolio
risk attributable to currency. Thus, in order for it to be optimal for investors to
hedge at higher levels, they must also believe that currency will have lower expected
excess returns.

The graphs in Figure 11.7 also indicate that at higher currency hedging levels,
the implied excess return of some currencies actually becomes negative. For exam-
ple, U.S. dollar investors who hedge 100 percent of their open currency positions
are implying that returns to the yen will be negative. Although counterintuitive, this
result can be explained by a negative correlation between excess currency returns
and excess asset returns. Given this surprising result, a more detailed analysis of the
historical correlation between currency and asset returns is warranted. Further-
more, if we assume that excess currency returns and excess asset returns are uncor-
related, how is implied currency return affected?

Figure 11.8 looks at the long-term correlation between currency and asset re-
turns. It plots a beta time series from a regression of a basket of G-7 currency re-
turns on a portfolio of G-7 asset returns. (The G-7 countries include Canada,
France, Germany, Italy, Japan, the United Kingdom, and the United States.) The re-
gression was estimated on 90-day rolling windows over a 20-year period. The graph
reveals two interesting features about the time series: First, the beta coefficients are
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both positive and negative (and, on occasion, extremely so). Second, while the beta
coefficients vary depending on the time, the central tendency seems to be zero.

To explore this issue further, we broke the sample into several discrete pieces
and calculated the beta coefficients and correlations for each segment. Table 11.4 il-
lustrates that over long periods of time (e.g., 10 or 20 years), the beta coefficients
and correlation levels are close to zero. Over shorter time intervals, however, both
elements can deviate dramatically from zero.

The data in Table 11.4 have two important implications for portfolio strategy.
First, given that the correlation figures are quite low over long time horizons, little
is lost by assuming, for strategic asset allocation purposes, that the correlation be-
tween currency and asset excess returns is zero. Second, the observation that corre-
lations change sign, and for prolonged periods, can be viewed as providing a
rationale for active currency management.

How does the assumption that the long-term correlation between currency
and asset excess returns is zero affect implied currency returns? Figure 11.9 plots
the relationship between the implied currency return and the currency hedge ratio.
Similar to the results shown in Figure 11.7, the implied return to currency de-
creases as the percentage of currency hedged increases. As currency’s marginal
contribution to risk decreases, the implied return associated with open currency
positions also decreases (under the assumption of optimality). In contrast with
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FIGURE 11.8 Beta of Currency against Hedged Assets (G–7 Portfolio, U.S. Perspective)
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TABLE 11.4 Beta Coefficients by Period

Period Beta Correlation T-Statistic*

Past 10 years –0.02 –0.05 –2.52
Past 20 years –0.01 –0.03 –1.87
1/1/78–12/31/85 0.05 0.16 7.00
1/1/86–12/31/88 –0.06 –0.16 –4.43
1/1/89–12/31/93 0.05 0.10 3.65
1/1/94–12/31/97 –0.09 –0.24 –8.03

*The t-statistic is a measure of statistical significance.
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Figure 11.7, however, all implied currency returns are non-negative. When we as-
sume that the correlation between currency and asset returns is zero, the implied
currency return for a 100 percent currency-hedged portfolio is also zero, while
open currency positions lead to positive implied currency returns.

CONCLUSIONS

What’s the best strategic (or long-term) currency hedging policy? Our approach to
this issue has focused on assessing the risk budget associated with alternative levels
of currency hedging. Additionally, to make our advice as universal as possible,
we’ve applied our analysis to euro-, sterling-, U.S. dollar-, and yen-based portfolios.

Our conclusions? First, currency hedging affects equity and fixed income as-
sets differently. Since currency accounts for a disproportionate amount of the risk
in unhedged foreign fixed income portfolios, we recommend a 100 percent cur-
rency hedge.

Second, the appropriate currency hedge level changes with the home bias level.
Assuming you want currency to be the smallest source of portfolio risk, a currency
hedge of 80 percent is appropriate for a global capitalization weighted portfolio. As
home bias increases, the appropriate currency hedging level decreases (assuming
you want currency exposure to be your portfolio’s smallest source of risk).

Third, irrespective of base currency, investors achieve 75 percent of the poten-
tial Sharpe ratio improvement (based on equilibrium returns) when they move 60
percent of the way from a purely domestic portfolio toward a global capitalization
weighted portfolio. This suggests appropriate currency hedge ratios of about 40
percent (again, assuming you want open currency positions to be your portfolio’s
smallest source of risk).

Finally, when a global capitalization weighted portfolio is 80 percent hedged,
the implied currency excess returns approximate 50 basis points.
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CHAPTER 12
The Value of Uncorrelated 

Sources of Return
Bob Litterman

When do uncorrelated assets add value to a portfolio? In the CAPM equilibrium,
assets whose returns are not correlated with the market portfolio have zero ex-

pected excess return. This result, which was shown in Chapter 4, should give pause
to those, such as ourselves, who hope to use uncorrelated assets to add value to
portfolios. The CAPM theory implies that in equilibrium uncorrelated assets have
no particular value in portfolio construction. Uncorrelated assets can diversify
portfolios, but if one reduces risk by switching from assets that have positive ex-
pected return into assets that do not, then the diversification has not improved the
characteristics of the portfolio.

Risk reduction is not an end in itself. Investors can most easily lower or raise
portfolio risk by choosing to hold more or less cash. The value of uncorrelated as-
sets is not their ability to reduce risk, but rather their potential to increase expected
returns while at the same time reducing, or at least not increasing, risk. Uncorre-
lated assets that do provide a positive expected return can play, depending on the
size of the expected return, a very valuable role in portfolios, but this capability de-
pends crucially on the existence of some deviation from equilibrium.

Active risk, the risk created by active management relative to a benchmark, suf-
fers from a similar conundrum. Active risk almost always has zero expected corre-
lation to the market, has no expected excess return in equilibrium, and thus does
not contribute value to a portfolio. Any role for active risk in portfolio construc-
tion must reflect a deviation from equilibrium.

In this chapter we will attempt to highlight two results: first, how important
and valuable active risk and other sources of uncorrelated returns are in portfolio
construction, and second, how the equilibrium approach guides and informs the
search for positive returns associated with uncorrelated risks, returns that the the-
ory itself suggests should not exist.

The fact that an equilibrium approach does not provide a role for uncorrelated
assets in a portfolio does not mean that an equilibrium approach is wrong or unin-
teresting. What the equilibrium does provide is a framework in which to identify
opportunities. In other words, an equilibrium framework allows us to identify
when it is the case that assets with various characteristics, such as being uncorre-
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lated with the market, have expected returns that are not consistent with equilib-
rium, and can therefore be especially attractive. The equilibrium framework pro-
vides a reference for expected excess returns such that returns greater than that
reference are attractive. In particular, as we will show in this chapter, assets with
uncorrelated returns that also have a positive expected excess return will add signif-
icant value to a portfolio that otherwise is structured to create returns through ex-
posures to equilibrium risk premiums.

The investment management industry has developed an unfortunate termi-
nology for discussing uncorrelated assets and other sources of active risk. What
is unfortunate is that the defining characteristic of being statistically uncorre-
lated with the market portfolio is often unclear in the description of investment
products. Moreover, many products whose returns are manifestly positively cor-
related with the market are nonetheless marketed as being either uncorrelated or
market neutral.

Because uncorrelated assets are not part of the set of standard asset classes,
they are generally included in a category that is referred to as “alternative” assets.
But the alternative asset class also includes many other assets that are highly cor-
related with the market portfolio. “Alternative” generally refers to the fact that
an asset is not part of a standard asset class; it does not imply low correlation
with the market. Examples of alternative assets with significant positive correla-
tions with the market include private equity, real estate, and many hedge funds.
On the other hand, many other alternative assets are indeed basically uncorre-
lated with the market portfolio. Examples of these would include commodities,
managed futures accounts, and many truly market-neutral hedge funds. The best
way to identify uncorrelated returns is to gather data and compute correlations
with market returns.

In addition to these alternative assets, there are many other potential sources of
uncorrelated returns with positive expected returns. For example, the active risks
coupled with benchmarks in the form of active management assignments are gener-
ally uncorrelated with the underlying asset classes. Finally, the active returns in
many types of overlay strategies, such as active currency management and global
tactical asset allocation, are generally uncorrelated with the market.

The difference between correlated and uncorrelated alternative assets is signifi-
cant. Uncorrelated assets add very little risk to the portfolio, at least at the margin.
In most contexts where investors are contemplating investments in alternative as-
sets, there is an implicit assumption that the asset has a positive expected excess re-
turn. Adding positive expected return and not adding risk always improves the risk/
return characteristics of a portfolio. In this sense, uncorrelated investments have a
relatively low hurdle rate—the expected return only has to be positive.

For assets positively correlated with the market, an assumption of a positive
expected excess return makes sense. For positively correlated assets, a positive
return is an equilibrium phenomenon: It is a risk premium that ought to exist.
The problem with assets that are correlated with the market is that they gener-
ally add risk to the portfolio, even at the margin. The question for investors in
this context is whether the risk premium is large enough to justify the added risk
to the portfolio.

For uncorrelated assets, on the other hand, there should be no such presumption
of a positive expected excess return. The assumption of a positive expected excess
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return for an uncorrelated asset per se represents a deviation from equilibrium and,
if it exists, represents an opportunity.

Investors should take the following general approach to evaluating sources of
risk in their portfolios: All sources of risk should be divided into two components,
market risk and uncorrelated risk. This division is conceptually simple—project the
returns of each investment on the returns of the market and estimate the beta, the
coefficient that estimates the multiple of the market return that is to be expected
from that investment. The market risk of the investment is contributed by the esti-
mated beta times the market return; the uncorrelated risk of the investment is con-
tributed by what is left—that is, by the volatility of the investment return minus the
market return times the investment beta. The return associated with this residual
component, called alpha, is the holy grail of active investment management.

This division is interesting for a number of reasons. First, the market compo-
nent of risk should be expected to earn a market-determined risk premium. As em-
phasized earlier, such a premium is available essentially for free in the market—that
is, without an investment management fee. The cost of the market risk premium is
not a fee, but rather its usage of a scarce resource, the investor’s limited appetite for
exposure to market risk. Uncorrelated risk is just the opposite. The uncorrelated
risk does not create additional exposure to market risk. In most portfolios it there-
fore contributes very little to portfolio risk. Sources of uncorrelated risk, on the
other hand, generally require an active management fee. The challenge highlighted
by the equilibrium theory is whether an investment manager can actually create a
positive alpha, that is, an expected return greater than the fee the manager charges
for uncorrelated risk. The only way an investor can rationally determine whether
the fees charged by a manager are reasonable, and whether the returns are ade-
quate, is to separately identify the market risk and the uncorrelated risk compo-
nents of the investment.

We have opened this chapter with the question, when do uncorrelated assets
add value to a portfolio? This question is interesting because it immediately high-
lights the fact that adding value to a portfolio is a function not of risk characteris-
tics per se, but rather of the relationship between expected excess return and risk.
In equilibrium, there is no special value to uncorrelated assets; in fact, they do not
deserve an expected excess return. However, as we will show, the issues raised by
considering uncorrelated assets are of more general interest. The circumstances that
can make uncorrelated assets attractive, an expected excess return greater than the
equilibrium value, can also apply to assets with positive correlations. Thus, this dis-
cussion leads naturally to a consideration of when, at the margin, adding any in-
vestment activity adds value to a portfolio. And finally, we will see that the same
risk and return trade-offs apply not only at the margin, but also to the more general
problem of how to optimally size all positions in a portfolio.

Perhaps someday the world will be such that all investors will understand the
distinction between market risk and uncorrelated risk, they will monitor the divi-
sions of these components of risk in their investments, and their behavior will force
prices to adjust so that there is no excess return, no alpha, left to be found in
sources of uncorrelated risk. If that happens, investing will become less interesting
and there will be fewer avenues through which to add value to portfolios. Our view
is that such a world has not yet arrived, and our search for alpha continues.

We do find it interesting, however, to think about how close we are to such a
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world by quantifying the Sharpe ratio—that is, the ratio of expected return to
volatility—in sources of uncorrelated risk. In equilibrium, of course, this ratio is
zero. More generally, the larger this ratio, the more value uncorrelated risk has in
portfolio construction. Our view is that while markets are generally very efficient
today, there is, nonetheless, still significant opportunity to create investment prod-
ucts with uncorrelated risk having Sharpe ratios of .25 and higher, often much
higher, after fees. As we will show, at such levels of the ratio of expected return per
unit of risk the value of such products in portfolios is much greater than is gener-
ally understood, and the amount of uncorrelated risk that is optimal is much
greater than that which is generally taken.

Since, as we have highlighted, such an expectation for positive returns, much
less returns greater than fees, is not an equilibrium phenomenon, perhaps we
should explain why we think it exists. First, we believe most investors do not un-
derstand the distinction between market risk and uncorrelated risk. An important
implication is that most investors have an aversion to uncorrelated risk that is not
justified in equilibrium. This lack of understanding can create opportunities for in-
vestors willing to take advantage of them. A simple example of this phenomenon is
provided by value stocks. Value stocks, those with low price-to-book and price-to-
earnings ratios, tend to have lower than average betas, which in equilibrium would
imply lower than average expected returns. Historically such stocks have actually
provided higher than average returns. Second, we believe that not all information is
public and fully digested by investors—the processing of information about relative
values of assets is an expensive activity that requires resources, the allocation of
capital, and exposure to risk. Those who initiate the purchases and sales that drive
prices to fair value should be, and we believe are, compensated for their efforts.
Third, there are noneconomic players in the marketplace, such as governments and
central banks, which provide opportunities for profit-maximizing investors. Finally,
there are many structural inefficiencies that prevent investors from driving risk pre-
miums to their equilibrium values. These inefficiencies, such as higher than justified
risk premiums in markets with barriers to foreign investors, again provide opportu-
nities for those willing and able to take advantage of them.

If these deviations from rationality and inefficiencies exist, then how does the
CAPM help us to identify value? As we have seen in previous chapters, despite the
fact that the “PM” in the acronym “CAPM” stands for “Pricing Model,” in fact
the CAPM does not price securities in the sense that it provides a level against
which one can measure richness or cheapness. Rather, what the CAPM provides is
a framework in which we can identify the equilibrium expected excess return for a
security as a function of the risk characteristics of that security. In particular, the
equilibrium expected excess return is a multiple of the beta of a security with the
market portfolio.

The equilibrium expected excess return should be interpreted as an economy-
wide fair value for the degree of risk embedded in a security. It is not a function of
the particular portfolio or situation of an individual investor. Even if the market
does not cause all investments to yield an equilibrium risk premium, it is still useful
to have such a neutral starting point from which an investor can then think about
portfolio construction.

If the equilibrium provides an “external” measure of value, one independent of
the particular situation of the investor, then the investor’s portfolio itself provides
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an “internal” measure of value—that is, one specific to that portfolio. As noted in
Chapter 2, all one needs to have in order to solve for this internal measure of value
is the expected excess return for one asset class. One suggestion is to normalize on
the expected excess return of the market portfolio. In any case, given one reference
for an expected excess return, we can solve for the implied views—that is, the set of
expected excess returns for every other asset class in the portfolio such that the ex-
isting portfolio is optimal relative to those expected excess returns. As mentioned in
Chapter 2, the implied views provide a natural set of hurdle rates against which to
gauge whether the positions in the portfolio are sized appropriately.

As a first step in analyzing a portfolio, it makes sense to compare the implied
views with the equilibrium expected excess returns. When implied views differ from
equilibrium values, the implication is that the investor has identified an opportu-
nity, a situation where an asset is expected to return more or less than the equilib-
rium risk premium consistent with its risk characteristics. The investor may want to
compare the deviations of expected excess returns imbedded in the implied views
against the equilibrium values as a way to identify any inconsistencies or opportu-
nities embedded in the portfolio.

Just as an asset that is uncorrelated with the market portfolio has an equilib-
rium risk premium of zero, an asset whose returns are uncorrelated with the returns
of a particular portfolio has an implied view of zero expected excess return. In this
situation the investor may often want to ask, does the size of this exposure really
make sense? When an investor has a positive weight in an asset, it usually exists be-
cause the investor has a positive outlook for the returns of that asset. If, in this situ-
ation, the implied view is zero or negative, that usually is associated with a
circumstance in which the investor would be better off increasing the size of the po-
sition to more accurately reflect a positive outlook.

The second step in portfolio analysis is to understand the risk contributions of
each asset to the overall portfolio and to know what is the risk-minimizing position
for each asset. The risk contributions are useful in sizing positions appropriately
given the investor’s views. Most investors find it hard to give with any confidence
an estimate of the expected excess return for an asset. They can with much more
confidence suggest a percentage of the portfolio risk that they would feel comfort-
able with coming from that asset. One drawback of looking only at risk contribu-
tions, however, is that it’s not always obvious how to change a position if one
wants to increase or decrease its risk contribution. Understanding where the risk-
minimizing position is located is important in this regard.

The risk-minimizing position is the position in a particular asset for which
the portfolio risk is minimized, holding all other positions unchanged. The risk-
minimizing position is also the position for which the returns of an asset would
be uncorrelated with those of the portfolio, and, as noted earlier, this position has
an implied view of zero expected excess return. If the current position is greater
than the risk-minimizing position, then the current position represents a positive
expected excess return, and adding to the position increases risk and increases ex-
pected return. Similarly, if the current position is less than the risk-minimizing
position, then the current position represents a negative expected excess return,
and selling the position increases risk and increases expected return.

There is no reason for the risk-minimizing position to be a zero weight. One
can easily have a positive weight in an asset, or an overweight position relative to a
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benchmark, and still have the weight be less than the risk-minimizing position. In
such a case adding to the asset reduces risk. Moreover, we refer to such positions as
having counterintuitive implied views—counterintuitive because such positions
have positive weight, but negative implied views. Investors constructing portfolios
without the benefit of risk tools can easily mistakenly create such a position while
intending to create a portfolio representing a positive outlook. When such circum-
stances are found, the investor can improve the portfolio risk and return by increas-
ing the exposure. In fact, in such a context the optimal portfolio weight would
typically be a point well beyond the risk-minimizing position.

Analyzing portfolios from both a return perspective and a risk perspective al-
lows the investor to ask and answer two basic questions. First, “What is my best es-
timate at what is a reasonable expected excess return on each asset and is it
consistent with the implied views of the portfolio?” Second, “What is my desired
risk contribution from each asset and is it consistent with the current portfolio
weights?” It is often easier for investors to think about the latter issue, how much
risk is desired for various assets to contribute to a portfolio, rather than to specify
with enough precision what are the appropriate expected excess returns. As we
shall see, the optimal portfolio weights are often wildly sensitive to small changes in
the expected excess returns, whereas risk contributions generally are not sensitive
to small changes in portfolio weights.1

We now consider three examples. In the first example we will create a very sim-
ple problem in order to highlight the value of uncorrelated risk. We assume that
there are only two investment decisions to make, the quantity of market risk and
the quantity of uncorrelated risk to include in the portfolio. We then investigate
how the optimal quantity of uncorrelated risk varies as a function of the Sharpe ra-
tio of the uncorrelated risk. The optimal quantity of uncorrelated risk grows very
quickly to levels not usually seen in institutional portfolios as the Sharpe ratio of
the uncorrelated risk increases above zero. In the second example we investigate the
sensitivity of optimal asset allocations to small changes in expected returns for var-
ious asset classes. We suggest that investors may want to think about asset alloca-
tions in terms of risk allocations directly, rather than first specifying expected
returns and running an optimizer. Finally, in the third example we contrast the ex-
pected returns that justify typical strategic asset allocations to equity markets ver-
sus the expected returns that justify tactical deviations from those allocations. For
typical-sized exposures, the implied views justifying tactical deviations are an order
of magnitude smaller than those that justify strategic asset allocations. In the con-
clusion we will comment on the implications of these results for the process by
which asset allocations should be established in institutional portfolios.

Our first example is simple, but illuminating. We consider an investor trying to
maximize expected return for a given level of risk in which the only two decisions
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1This lack of sensitivity is not always the case. When two assets are highly correlated and
have opposite exposures, the risk contribution of one asset can change significantly with
small changes in its position. As an example, consider a basis trade, a deliverable bond
hedged against the corresponding future contract. If the future is sized to minimize the risk
of the trade it will have a risk contribution of zero. In that context, a small increase in its po-
sition will cause it to dominate the risk of the joint position.



are the levels of exposure to market risk and to uncorrelated risk. We assume both
types of risk are available in unlimited supply (in other words, there is no con-
straint on borrowing). We don’t worry about the sources of the two types of risk,
but simply assume an equilibrium risk premium on the market risk and investigate
the optimal allocations as a function of the assumed Sharpe ratio of the uncorre-
lated risk.

By construction, the portfolio risk is given by σp = SQRT(M2 + U2) where M
and U are the allocations, measured in terms of volatility, to market risk and uncor-
related risk, respectively. The investor wants to maximize expected return, given by
µp = M · Sm + U · Su where Sm and Su are the Sharpe ratios on market risk and un-
correlated risk, respectively. We assume Sm is equal to .268, the market Sharpe ratio
reported in Chapter 6, which arises from an equilibrium risk premium of 2.22 per-
cent per annum together with the annual volatility of 8.3 percent.

Suppose we set the risk appetite of the investor at 8.3 percent, the volatility of
the market portfolio. If Su, the Sharpe ratio on uncorrelated risk, is equal to the
equilibrium value of zero, then the optimal allocations to market and uncorrelated
risk are clearly 8.3 and 0, respectively. When Su is greater than zero the optimiza-
tion requires reduction in market risk and an allocation to uncorrelated risk such
that the total risk is unchanged and the expected return of the portfolio is maxi-
mized. Figure 12.1 shows how these quantities vary as a function of the assumed
Sharpe ratio for uncorrelated risk.

This figure illustrates how the optimal allocation of uncorrelated risk rises dra-
matically as the Sharpe ratio increases. A Sharpe ratio of only .05 on uncorrelated
risk justifies an allocation of over 150 basis points, an allocation typical of large
pension plans. A Sharpe ratio of only .15 justifies over 400 basis points of uncorre-
lated risk, an allocation larger than the tracking error of most large funds relative
to their strategic benchmarks. Why is the optimal allocation to uncorrelated risk so
large for relatively low levels of expected return? The answer is that uncorrelated
risk contributes very little to portfolio risk. At the margin the hurdle rate to justify
allocations to uncorrelated risk is quite low.

One point this figure does not highlight is that the total expected return of the
fund increases with higher Sharpe ratios on uncorrelated risk. Whereas the fund
generates only an equilibrium expected excess return of 2.22 percent when the un-
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FIGURE 12.1 Optimal Allocations to Market and Uncorrelated Risk
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correlated risk has no expected return, the expected excess return of optimal alloca-
tions of risk rises by 15 percent to 2.55 when the Sharpe ratio is .15. If the Sharpe
ratio is .3, then the excess return reaches 3.34, a 50 percent increase. A Sharpe ratio
of .5 allows a more than doubling, to 4.71 percent, of the expected excess return of
the fund.

Looked at another way, the alpha associated with uncorrelated risk is the
source of return that can allow funds to hit return targets that are otherwise un-
achievable with standard risk allocations. Rather than ask what is the highest re-
turn achievable for a portfolio with 8.3 percent volatility, we can ask how much
market risk and uncorrelated risk is optimal in order to achieve a particular return
target. For example, Figure 12.2 shows these optimal risk allocations and the total
portfolio risk required to achieve a total return of 8 percent—that is, an excess re-
turn of 4 percent plus an assumed 4 percent risk-free rate.

In Figure 12.2 the targeted expected return is held constant and the benefit of
higher Sharpe ratios on uncorrelated risk is the ability to hit the target with reason-
able levels of total portfolio volatility. Given the 4 percent excess return target,
market risk premium alone requires almost 15 percent annualized volatility. In this
example, in order to keep the analysis simple we assume the market portfolio can
be leveraged; when leverage is not practical this level of risk and return could be
achieved through an almost 100 percent allocation to equity. When the Sharpe ra-
tio increases to .05 the optimal allocation to uncorrelated risk reaches 2.7 percent.
At a Sharpe ratio of .15, the optimal allocation to uncorrelated risk reaches 6.4 per-
cent, the optimal market risk is 11.4 percent (which would imply an equity asset
weight of approximately 75 percent), and the total required portfolio risk declines
to 13 percent. At a Sharpe ratio of .2, the optimal allocation to uncorrelated risk is
7.2 percent, the optimal market risk is 9.6 percent (which implies an equity asset
weight of approximately 63 percent), and the total required portfolio risk declines
to 12 percent. Again we see that even at very modest assumed Sharpe ratios the op-
timal levels of uncorrelated risk are far larger than is typical of institutional funds.

In our second example we consider a U.S. investor trying to create a global eq-
uity asset allocation and contrast the sensitivity of optimal allocations based on
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FIGURE 12.2 Optimal Allocations of Market and Uncorrelated Risk Required to Hit an 8
Percent Return Target
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specifying expected returns with allocations based on specifying a risk decomposi-
tion. To keep the context simple, consider only allocations to the United States, Eu-
rope, Japan, and emerging markets and let us assume we do not hedge the currency
exposures. Suppose the investor starts with a portfolio that has allocations of 40
percent in the United States, 40 percent in Europe, 20 percent in Japan, and zero
weight in emerging markets. As shown in Table 12.1, the equilibrium risk premi-
ums for these assets are 4.00 percent, 3.97 percent, 3.02 percent, and 4.97 percent,
respectively. The weighted average risk premium (using the portfolio weights) is
3.79 percent.

These weights differ from the market capitalization weights in being over-
weight Europe and Japan, and underweight the United States and emerging mar-
kets. We compute the implied views by using as the normalization that the
weighted average risk premium for the portfolio is equal to that using equilibrium
values—that is, 3.79 percent. Using this approach, the implied views for the United
States, Europe, Japan, and emerging markets are 3.74 percent, 4.00 percent, 3.48
percent, and 4.83 percent, respectively. Relative to equilibrium risk premiums, the
portfolio is bearish on the United States by 26 basis points, bullish on Europe by 3
basis points, bullish on Japan by 46 basis points, and bearish on emerging markets
by 14 basis points.

Before reflecting further on whether these views might accurately reflect those
of the investor, let’s recognize that these are extremely small differences from equi-
librium and instead analyze the risk contributions. Given the allocations, 39.5 per-
cent of the risk is coming from the U.S. equity, 42.2 percent of the risk is coming
from Europe equity, and 18.3 percent of the risk is coming from the Japanese posi-
tion. Suppose an asset allocation study has recommended increased diversification
and, in particular, an allocation to emerging markets. One proposal is to create
weights such that the risk contributions are 40 percent United States, 30 percent
Europe, 20 percent Japan, and 10 percent emerging markets.

Recall from Chapter 2 that the formula for marginal contribution to risk is
as follows, letting (Σ)i represent the ith row of the covariance matrix, w the port-
folio weight vector, with ith element wi, and σp

2 the portfolio variance, which
equals wΣw�:

We can attempt to solve for the weights, w, that create a particular contribu-
tion to risk, but notice that this is a quadratic equation and solutions may or may

Percent contribution to risk for asset i w
w

i i
p

= ′
• ( )Σ

σ2
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TABLE 12.1 Risk Premiums and Weights

Market Portfolio Equilibrium Implied
Asset Class Weight Weight Risk Premium View

U.S. equity 55.9% 40% 4.00% 3.74%
European equity 30.7 40 3.97 4.00
Japanese equity 9.4 20 3.02 3.48
Emerging markets equity 4.0 0 4.97 4.83



not exist. In Figure 12.3, we graph the contribution to risk as a function of the
weight in emerging markets, where we reduce the weights to each other asset pro-
portionally. More generally, solving for weights that create specific contributions to
risk such as described earlier entails a set of nonlinear equations. Solutions can be
obtained, for example, by setting up an optimization in a spreadsheet.

Using this approach, we find that if we desire the above risk decomposition,
then we require that the weights be given as in Table 12.2. Now, these weights
would require increasing the allocation to the United States by 1.4 percent, decreas-
ing the allocation to Europe by 10.3 percent, increasing the allocation to Japan by
1.4 percent, and adding a 7.4 percent allocation to emerging markets.

Do these changes make sense? One quick check is whether the implied views
for which this allocation is optimal seem reasonable. The implied views (normaliz-
ing as above such that the expected return equals that in equilibrium) are found in
Table 12.3.

Anyone who has used portfolio optimization software has observed that opti-
mal portfolio weights are sensitive to small changes in expected returns. Here, we
see the other side of that relationship—the expected excess returns, which represent
the implied views, are not very sensitive to changes in optimal portfolio weights. A
relatively small change in the expected return on emerging markets, just 35 basis
points (together with similar small changes in the expected returns in the other as-
set classes), justifies an increase in portfolio weight from 0 percent to 7.4 percent.
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FIGURE 12.3 Marginal Contributions to Risk
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TABLE 12.2 Weights Required for Desired 
Risk Decomposition

Region Weight Contribution to Risk

United States 41.4% 40.0%
Europe 29.7 30.0
Japan 21.4 20.0
Emerging markets 7.4 10.0



At the same time, the decrease of only 11 basis points justifies a decrease of the
weight in European equities from 40.0 percent to 29.7 percent.

Because of this sensitivity of optimal portfolio weights to small changes in ex-
pected excess returns, we prefer to focus on targeted contributions to risk and to
the changes in excess return implied by different portfolios, rather than the usual
approach, which focuses on formulating expected excess returns first and then re-
lies on an optimizer to construct an optimal portfolio subject to constraints.

Let’s now change gears and consider a final example in which we focus on tacti-
cal deviations from a strategic benchmark given by the portfolio in the previous ex-
ample with risk contributions of 40, 30, 20, and 10 percent respectively to the United
States, Europe, Japan, and emerging markets. In this example let us suppose that the
investor wants to express a bullish view on the Japanese equity market so that the ob-
jective is to tactically overweight Japanese equity and tactically to underweight the
United States and Europe. To be precise, let us suppose the objective is to create an
exposure that generates 100 basis points of tracking error and to set the underweight
positions in the U.S. and European regions such that the portfolio is dollar neutral
(the underweight in the United States plus Europe equal the overweight of Japan) and
the two underweight regions contribute equally to the portfolio risk.

Setting this optimization problem up in an Excel spreadsheet is relatively
straightforward. Using the solver function in Excel we find that the weights for
which these conditions are met are an overweight in Japan of 5.53 percent and un-
derweights of 2.6 percent in the United States and 2.9 percent in Europe. The risk
contributions to the portfolio are 74.2 percent coming from Japan and 12.9 percent
each coming from the United States and Europe.

The purpose of this example is to contrast the magnitude of expected returns
that are required to increase market risk against the magnitude of expected 
returns that justify adding uncorrelated risk. Note that the risk of this portfolio
of tactical deviations is approximately market neutral. If we want to find the im-
plied views of this portfolio, a natural normalization is that the position has a
particular Sharpe ratio, the ratio of expected excess return per unit of volatility.
In this case the volatility was set to 100 basis points. Let’s assume the position
has an expected ratio of return per unit of volatility of .2. Given these assump-
tions, the expected return of the portfolio must be 20 basis points per annum,
and we can solve for the expected excess returns: 2.68 percent for Japan, –.99
percent for the United States, and –.90 percent for Europe.

We have intentionally chosen in this example to focus on a ratio of expected re-
turn to risk that might be seen as relatively conservative. Most active equity man-
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TABLE 12.3 Implied Views

Expected Excess Returns

Region Equilibrium Original Revised

United States 4.00% 3.74% 3.72%
Europe 3.97 4.00 3.89
Japan 3.02 3.48 3.59
Emerging markets 4.97 4.83 5.18



agers target a Sharpe ratio of .5. Hedge fund managers generally target higher ratios,
often greater than 1. Of course, this is just one position. We might imagine that a
typical hedge fund manager has a portfolio of at least six independent positions with
similar risk and return characteristics in a portfolio at any point in time. Clearly, the
Sharpe ratio of such a portfolio is higher than that of any individual position. In
fact, six independent positions, each with a volatility of 100 basis points and a
Sharpe ratio of .2, will have a combined volatility of 245 basis points, the square
root of 6; and the total portfolio will have an expected excess return of 120 basis
points. Thus, assuming six positions of the type described here with a Sharpe ratio
of .2 and with maximum diversification leads to a portfolio with a Sharpe ratio of
.49. What we shall see is that a Sharpe ratio of .2 is not conservative. In fact, a
Sharpe ratio of .2 would justify holding much more than 100 basis points of risk.

To see this, let us compare the implied views of the tactical asset allocation de-
viations with the implied views of the strategic asset allocation portfolio. Clearly
they are inconsistent. For the United States, for example, the strategic asset alloca-
tion portfolio implies expected excess returns of 3.72 percent, whereas the tactical
portfolio implies –.99 percent. How can we make sense of the differences? Suppose
we overlay the tactical deviations on the strategic asset allocation portfolio and
compute the implied views of the combined portfolio. We might expect that these
implied views would combine the implied views of the two portfolios. In fact, we
compare the implied views in Table 12.4.

The differences in the implied views between the original strategic portfolio
and the combined portfolio have the same pattern in terms of sign and relative
magnitude as do the implied views of the tactical portfolio by itself, but their ab-
solute magnitude is only about one-tenth as big. Of course, these differences are
sensitive to the normalization of the implied views, but we have chosen that nor-
malization to match the expected returns of the portfolio with the returns of the
portfolio using equilibrium expected returns. In other words, we have set the risk
aversion to match the level of implied views of the tactical portfolio as closely as
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TABLE 12.4 Comparison of Implied Views

Portfolio Weights

Region Strategic Tactical Combined

United States 41.4% –2.6% 38.8%
Europe 29.7 –2.9 26.9
Japan 21.4 5.5 27.0
Emerging markets 7.4 0.0 7.4

Implied Views
Expected Excess Returns (bps)

Region Strategic Tactical Combined Difference

United States 372 –99 364 –8.5
Europe 389 –90 381 –7.7
Japan 359 268 382 23.1
Emerging markets 518 –9 517 –0.7



possible to that of the strategic portfolio. Given that we have matched the level, the
only way to make the tactical views consistent with the expected excess returns
from the strategic asset allocation is to shrink the magnitude of the tactical views
by a factor of approximately 11.6. Having done so, we can match them exactly.

What are these incredibly small implied views in the tactical portfolio telling
us? These implied views are the changes in expected excess returns for which it is
optimal to move from the original strategic portfolio to the new portfolio with the
tactical deviations as we specified. The condition for optimality is that the return
per unit of portfolio risk is the same across all assets. In this case, we can think of
the portfolio of tactical deviations as one asset, and what the factor of 11.6 is
telling us is that if the Sharpe ratio of these positions is really .2 then we ought to
significantly increase the size of the deviations. Conversely, given the size of the
positions (the size of which was set to create 100 basis points of risk) the Sharpe
ratio can’t be .2; it can only be .008. We might think of this result as suggesting
that tactical exposures that contribute relatively small amounts of uncorrelated
risk to a portfolio have implied Sharpe ratios that are quite small—in fact, incred-
ibly small.

There is a very important message for investors hidden in these calculations.
Let’s put into simple words what we have just shown. First, we examined a very
simple global portfolio of equity exposures. We called this the strategic asset alloca-
tion portfolio, and we think of it as a crude proxy for the basic risk faced by almost
all investors, the risk of the global equity markets. We then considered a portfolio
of tactical deviations. We think of this portfolio as an example of an asset with pos-
itive expected returns and which has returns that are uncorrelated with the market
portfolio. In fact, in our particular example, the historical returns of the tactical
portfolio happen to have been slightly negatively correlated with those of the mar-
ket portfolio. We then chose to add a small amount of this essentially uncorrelated
asset to the strategic portfolio. We chose the amount of tracking error, 100 basis
points, to approximate the amount of tactical asset allocation risk that many insti-
tutional investors tend to look at. We then made what we thought was a conserva-
tive assumption about the expected returns of that tactical portfolio, and the
implied views told us that either our return assumption was over 10 times too big,
or the risk of our position was much too small.

Let’s boil this observation down to its essential components. We started with a
strategic global equity portfolio with expected excess return of 385 basis points per
year and with a volatility of 14.8 percent. We think these are realistic values for a
global equity portfolio. Many investors in recent years have significantly reduced
their return estimates, and might think the expected excess return we use to be rela-
tively optimistic. (If so, their pessimism just strengthens our argument.) Suppose
there is an uncorrelated asset with an unknown Sharpe ratio. We investigate the op-
timal amounts of this uncorrelated risk to add to the strategic portfolio as a func-
tion of the assumed Sharpe ratio of the uncorrelated risk. The surprising results are
shown in Table 12.5, which parallels Figure 12.1. For each Sharpe ratio assump-
tion, we solve for the optimal combination of the uncorrelated asset risk from the
tactical asset allocation portfolio and market risk holding fixed the total portfolio
volatility. We report the risk decomposition, the portfolio Sharpe ratio, the addi-
tional basis points of excess return that are added, and the percentage increase in
portfolio excess return.
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We can read from Table 12.5 that if there is an uncorrelated asset with a
Sharpe ratio of .5, we should optimally put over 80 percent of our risk into that as-
set and take only 20 percent of our risk in exposure to the market. Even if the
Sharpe ratio of the active risk is only .2, we should still take over one-third of our
risk there rather than in the market. The last column can be viewed as the increase
in efficiency of the overall portfolio. An uncorrelated asset with a Sharpe ratio of .2
adds 27 percent more return to the overall portfolio holding the portfolio’s total
volatility constant. Uncorrelated active risk with a Sharpe ratio of .5 adds 118 per-
cent more return at the same level of risk.

In order to highlight what is so special about uncorrelated assets, we repeat
the exercise with one slight modification. Rather than considering the portfolio
long Japan and short the United States and Europe, we examine what happens
when we consider a tactical asset allocation portfolio for which the only position
is long Japan. First, we find that a position long 5.11 percent in Japan creates 100
basis points of risk. It doesn’t make so much sense to think about the implied
views of this portfolio because there are no relative returns. The entire issue is the
normalization, but following the previous example we could assume a Sharpe ra-
tio of .2 on this trade. This assumption requires an expected excess return of 3.91
percent for the Japanese equity market. This return assumption is below the im-
plied view for Japan of the strategic benchmark, however, so it doesn’t make sense
to think of this level of excess return as justifying an overweight position. Rather
than make an assumption about Sharpe ratios, let’s turn to the implied views of
the combined portfolio.

We next look at the implied views of the combined portfolio where we over-
weight the Japanese equity market by 5.11 percent relative to the strategic
benchmark. In practice, we might have to sell some other assets to fund this po-
sition, but for the purpose of this exercise, let’s suppose that we can create the
exposure from cash or through the use of derivative markets while holding other
positions unchanged. As above, the normalization that we take is to match the
deviations of implied views of the combined portfolio versus those of the strate-
gic benchmark to a scaled set of implied views from the deviation portfolio. This
exercise leads to an expected excess return of Japanese equity of 3.95 percent, 36
basis points greater than the implied views of the strategic benchmark. This ex-
pected excess return implies a Sharpe ratio on the Japanese equity overweight of
just over .2.

Notice how the result of this exercise differs from the result of the previous ex-
ercise. When we looked at the approximately uncorrelated portfolio consisting of
overweight Japan and underweight United States and Europe, the implied Sharpe
ratio that justified adding 100 basis points of risk was .008. When we look at the
same exercise for a portfolio overweight Japan alone, and no longer uncorrelated,
the implied Sharpe ratio is above .2. The bottom line is that the hurdle rate for
adding assets that are correlated with the market portfolio is much higher than that
for adding uncorrelated assets.

As we did earlier, let’s investigate how much overweight we should be to an as-
set in order to create an optimal portfolio as a function of our assumption of
Sharpe ratio. In this context, instead of looking at a Sharpe ratio assumption for an
uncorrelated asset, we look at a Sharpe ratio assumption for a correlated asset.
Japanese equity has a correlation of .71 with the strategic benchmark portfolio.
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Again, we solve for the optimal combination of a deviation portfolio and the strate-
gic benchmark. In this context, we will refer to the risk as timing risk because it is
significantly positively correlated with the benchmark portfolio. Again, start with
the same assumptions about the benchmark portfolio: that it has expected excess
return of 385 basis points and a volatility of 14.8 percent. We will hold the total
portfolio volatility constant as we combine timing risk with market risk. As before,
we report the risk decomposition, the portfolio Sharpe ratio, the additional basis
points of excess return that are added, and the percentage increase in portfolio ex-
cess return (see Table 12.6). However, here we add a new column showing the mul-
tiple of the 100 basis point timing exposure that has been added. We do this
because at smaller Sharpe ratio assumptions the optimal strategy is actually to re-
duce the exposure to the Japanese market.

The first thing we notice about these results is the strange outcomes for 
portfolio efficiency for Sharpe ratios below .2. These cases represent opportuni-
ties to sell the correlated asset in order to hedge the portfolio. In the first case,
where the expected excess return is zero, the optimal portfolio is one that is
leveraged long the market portfolio and hedged by being short the correlated,
zero-returning asset. The case of a Sharpe ratio of .2 represents the situation in
which the correlated asset earns an expected return only slightly above the im-
plied return of the portfolio. In this case, the asset contributes very little value;
the portfolio efficiency rises by only 5 percent. Compare this increase with that
of the uncorrelated asset which produces an efficiency gain of 27 percent at a
Sharpe ratio of .2.

What we have seen in this chapter is that uncorrelated assets that contribute
positive return have a significant opportunity to improve portfolio return and re-
turn per unit of risk. Correlated assets have a much higher hurdle and need to have
significantly higher expected returns in order to add value to portfolios.

These results illuminate the source of the sensitivity seen in asset allocation
optimizations. Small changes in expected returns create opportunities to benefit
from uncorrelated risks that provide positive excess return. Optimizers seeing such
opportunities will allocate significant exposures and risk toward taking advantage
of them.

Taken together, these observations suggest a two-step approach to how asset
allocations should be determined. Rather than trying to specify expected returns
and optimize allocations directly, in step 1 a strategic allocation should simply
be made to market capitalization or alternative strategic weights based on long-
term, equilibrium expected returns. In step 2 a risk budget should then be utilized
to allocate uncorrelated risk to various sources including active risk, uncorre-
lated assets, and tactical deviations from the strategic asset allocation. The risk
budgeting should reflect the assumed Sharpe ratios of these various activities in
order to optimize the total expected returns on the uncorrelated risk. Finally, to
the extent the tactical deviations from the strategic asset allocation are relative
value opportunities and are somewhat uncorrelated with the market, they repre-
sent great opportunities to add value and should be sized based on the optimal
allocation of the overall budget for uncorrelated risk. The results in Figure 12.1
and Table 12.5 may provide guidance. To the extent that the tactical views are
more correlated with the market and therefore represent timing rather than rela-
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tive value exposures, the opportunities are much less, and the results in Table
12.6 may be more instructive.

The preceding discussion assumes that there are no constraints on the ability to
generate market or active risk in the portfolio. In practice, market and active risk
are generally packaged together in investment products, and the ability to add ac-
tive risk is complicated by capital constraints, fees, risk management concerns, and
other implementation details. Many of the later chapters in this text are designed to
help investors address these practical implementation issues.
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Three
Risk Budgeting





CHAPTER 13
Developing an Optimal 

Active Risk Budget
Kurt Winkelmann

INTRODUCTION

Previous chapters have discussed the development of a strategic asset allocation,
and shown how an equilibrium approach can be used to develop it. The strategic as-
set allocation can be viewed as the first step in the development of an investment
policy. At some point, though, institutional investors generally begin to implement
their strategic asset allocations by hiring investment managers.

The process of hiring external investment managers forces investors to focus on
formulating investment policies about the active risk in their portfolios. A partial
list of issues on which policies should be developed would include:

� The total level of active risk in the portfolio.
� The weight given to active managers versus passive managers.
� The allocation of active risk across various asset classes.
� The allocation of active risk to specific investment managers within each asset

class:
According to substyles such as growth or value.
According to risk levels such as structured or concentrated.

� The frequency of portfolio rebalancing.
� The allocation of active risk to active overlay strategies.

Each of these is an example of investment decisions that deserve the same focus and
attention as the strategic asset allocation.

Setting the total level of active risk was discussed in Chapter 12. In particu-
lar, that chapter showed that active risk deserves special consideration in portfo-
lio construction, principally because it is uncorrelated with market risk. It is
because of the uncorrelated nature of active risk that there is a natural reason for
investors to demand more of it. Chapter 12 also showed that although investors
have a natural demand for more active risk, they may also be frustrated in their
ability to increase the active risk levels in their portfolios.

The focus of this chapter is on the efficient allocation of active risk, conditioned on
the investor having selected an active risk level. That is, we are interested in exploring
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what questions investors should answer in deciding whether an allocation of active
risk is consistent with their investment objectives.

Developing policies on the allocation of active risk also has important implica-
tions for manager monitoring. An allocation of active risk necessarily depends on
assumptions about the active risk levels of individual managers. Thus, the realized
risk characteristics of the total portfolio and individual managers should be care-
fully monitored (see Chapter 15 for a more extensive discussion of manager moni-
toring). By comparing ex post behavior with ex ante assumptions, investors can
identify and correct problems, and gain a better understanding of the impact of
each investment decision and policy.

In a world without constraints, the ingredients that investors might use to de-
velop policies on active risk taking are reasonably straightforward. In point of fact,
it is easy to imagine a world where investors would start with a set of assumptions
about the risk premiums for each asset class and the skill level for individual man-
agers. They would then measure the levels of active risk for individual managers
and across asset classes. Finally, they would optimize, thereby finding the alloca-
tions of active risk to each individual manager and across asset classes.

There are, however, three drawbacks with this approach. First, the optimal al-
locations are not likely to be credible, as they are driven by assumptions about ex-
pected active returns and, as shown in Chapter 12, are likely to be very sensitive to
small changes in those assumptions. Second, by applying the approach outlined
earlier, investors would be ignoring any notion of equilibrium, and would conse-
quently be avoiding a careful analysis of the sources of active returns. Third, in
practice there are many practical constraints and costs that would be difficult to
include in an optimization: The presence of transaction costs means that in actual
fact most investors make marginal changes to their portfolios rather than whole-
sale reoptimizations.

Rather than trying to apply traditional portfolio optimization to this complex
problem, we suggest an alternative approach. Start with an existing risk allocation.
Recognize the marginal condition required for the allocation to be optimal—that
the expected excess return contributed by each allocation should be proportional to
its contribution to portfolio risk.

The contributions to portfolio risk can be measured; thus the portfolio implies
a set of expected excess returns for each allocation of active and market risk. As in
Chapter 12, we pin down the level of the expected returns by setting the market
risk premium (discussed in Chapter 5) equal to an equilibrium value. Opportunities
to improve the active risk allocation will be identified as differences between the
implied views and the investor’s actual views about skill levels of managers and risk
premiums for underlying asset classes.

There are a variety of ways to express views about skill levels, but we like the
approach followed in the Black-Litterman model described in Chapter 7. The im-
plied views in the portfolio can be compared to the expected excess returns created
by the Black-Litterman model, which are in turn driven by specific sets of views
about the skills of active managers. An important part of the model is that it explic-
itly forces investors to consider equilibrium conditions and correlations in thinking
about expected returns.

The Black-Litterman model allows a decomposition of views into states about
relative as well as absolute expected excess returns, as well as about relative degrees
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of confidence. This decomposition is important to investors, as it allows them to fo-
cus on inputs that may be more intuitive, rather than only about specific point esti-
mates of active returns. Understanding the active risk budget in this way allows
investors to identify the asset classes where they are more (or less) confident in the
ability of active managers to add value (relative to the current allocations). That in-
formation is important to the development of investment policy, as it can be used to
improve the risk/return profile of the portfolio.

OPTIMALITY AND RISK BUDGETING

Chapter 12 discussed the relationship between expected returns and optimal port-
folio weights. An important condition for portfolio optimality was described in
that chapter. In particular, it was shown that portfolio weights are optimal when
the ratio of the expected excess return to the marginal contribution to risk is the
same for all assets.

Before proceeding, let’s make the following distinctions: a risk budget is simply
a particular allocation of portfolio risk. An optimal risk budget is simply the alloca-
tion of risk such that the first order conditions for portfolio optimization are satis-
fied. The risk budgeting process is the process of finding an optimal risk budget.
These terms apply to both the process of finding an optimal allocation of risk in the
strategic asset allocation as well as the active risk budget. The focus of this chapter
is on the application to the active risk budget. Of course, understanding the active
risk budgeting process requires a further understanding of the sources of risk and
return to active managers. This topic is addressed in the next section.

RISK BUDGETING AND ACTIVE RISK

To apply risk budgeting to active managers, we need first to understand their
sources of risk and return. As discussed in Chapter 4, the Capital Asset Pricing
Model suggests that the return on any security can be described in terms of its ex-
posure to the market portfolio, measured through the beta.

We can easily apply the same basic insight to individual portfolio managers;
that is, each individual manager’s performance should depend on exposure to the
market, or beta. In addition, a manager’s performance will depend on other invest-
ment decisions that are independent of the market. These decisions will also have a
distribution, presumably with an expected value that is positive.

This description of a manager’s performance can be written algebraically as
shown in equation (13.1):

Ri – rf = αi + βi(RI – rf) + εi (13.1)

In equation (13.1), the ith manager’s return versus a risk-free rate (or excess
return) is written as (Ri – rf). As described earlier, the manager’s excess return de-
pends on two components. The first is the impact of market movements. Market
movements can be measured by an index, whose return will be denoted RI. The
impact of market movements on a specific manager’s returns is measured by the

Developing an Optimal Active Risk Budget 173



product of the excess return on the index (RI – rf) and the manager’s exposure to
the index (βi).

The second component of a manager’s excess return is idiosyncratic to the
manager, and is meant to capture the impact of the investment strategies that the
manager is following to add value. The long-run expected value of the manager’s
strategies is measured by the term αi, while the randomness in the manager’s strate-
gies is captured by the term εi, or the residual return. The randomness in the man-
ager’s strategies is uncorrelated with market returns; any correlation would be
incorporated in the manager’s beta.

By squaring both sides of equation (13.1), taking the expected value and taking
the square root, we arrive at a simple expression that describes the risk of any par-
ticular manager, shown in equation (13.2). In the equation, the volatility of excess
returns for any particular manager depends on the volatility of the returns on the
index, the manager’s exposure to the index, and the volatility of the manager’s
residual return. As any of these increases, the manager’s risk also increases.

(13.2)

Now, let’s subtract the excess return on the benchmark from each side of equa-
tion (13.1) to produce the excess return of the manager relative to the benchmark,
or the manager’s active return. Using equation (13.1), we can see that the manager’s
active return depends on the alpha, the exposure to the market (or beta), and the
residual. This relationship is shown in equation (13.3):

(13.3)

Squaring both sides of equation (13.1), taking the expected value and taking the
square root, we arrive at a description of the manager’s risk relative to the bench-
mark. This quantity is the manager’s tracking error, and is shown in equation (13.4):

(13.4)

As is evident from equation (13.4), the manager’s tracking error, or active risk,
increases when the beta deviates from 1.0, increases when the volatility of the in-
dex increases (if βi does not equal 1.0), and increases when the residual risk in-
creases. It is also evident from equation (13.4) that there are two risk
characteristics that managers can control, and one that they cannot. Specifically,
managers can control their market exposure (βi) and the amount of residual risk
(εi) they take. They cannot, however, control the level of market volatility (σI).
Thus, managers who want to reduce the impact of market volatility on portfolio
risk should seek to keep βi close to 1.0.

Clearly, we can describe portfolio level returns by simply multiplying the expo-
sure of each manager times the description of their returns. That is, if Xij represents
the portfolio weight allocated to manager i in asset class j, and Rij denotes the re-
turn of manager i in asset class j, then the total portfolio return, Rp, is simply:

(13.5)R X Rp i j ij ij= Σ Σ

TEi i l i= − +[ ]( )1 2 2 2β σ σε

R R R ri I i i I f i− = + − − +α β ε( )( )1

σ β σ σεi i I i= +( )2 2 2
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By subtracting the risk-free rate and substituting equation (13.1) for each man-
ager, we get:

(13.6)

Now, consider the return to a portfolio of managers within an asset class j,
denoted Rj. The total portfolio weight in asset class j, denoted Xj, is simply

. The return of the portfolio of managers within asset class j is given as:

(13.7)

In equation (13.7), αj, βj, and εj represent the average alpha, beta, and error
term respectively of all of the managers in asset class j, and RI

j represents the return
on the index for the jth asset class.

Now let’s look at the strategic benchmark. In this case, let XI
j represent the long-

term allocation to the jth asset class, whose return is represented as Rj
I. With this no-

tation, the excess return of the strategic benchmark relative to cash is given by:

(13.8)

By subtracting equation (13.8) from equation (13.6), we arrive at an easy de-
scription of the portfolio return relative to the strategic benchmark. This difference
is shown in equation (13.9):

(13.9)

We can see from equation (13.9) that the excess return on the portfolio relative
to the strategic benchmark has four pieces. The first (ΣiΣjXijαij) is the weighted aver-
age of each manager’s expected alpha, while the second (ΣiΣjXijεij) is the random el-
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ement of each manager’s return generating process. The third [ΣjXj(βj – 1)(Rl
j – rf)]

reflects the directional bias (as measured by the beta) of each portfolio of managers
in each asset class. The final component [Σj(Xj – Xl

j )(R
l
j – rf)] reflects the asset allo-

cation mismatch of the portfolio versus its strategic benchmark.
Substitution of equation (13.7) into equation (13.9) means that we can de-

scribe the differences between the portfolio and benchmark returns in terms of the
average alpha, beta, and residual at the asset class level. This distinction is impor-
tant, because it influences the types of questions that we want to pose. More specif-
ically, we are interested in answering questions about the sources of alpha at the
asset class level, and interested in the relative ability of managers within each asset
class to exploit those sources. Because the questions are different, it makes sense to
differentiate between risk budgeting exercises. The first is an active risk budgeting
exercise across asset classes, while the second is a risk budgeting exercise across
managers within an asset class.

Clearly we can use equation (13.8) to find the ex ante total fund active risk.1

The ex ante active risk will then reflect five principal decisions: (1) the overall level
of active risk in the total portfolio; (2) the allocation of residual risk across asset
classes, that is, the allocation of total residual risk ΣiΣjXijεij across the j asset classes
(e.g., how much active risk is allocated to a portfolio of U.S. large cap managers
versus a portfolio of U.S. small cap managers); (3) the allocation of residual risk
within each asset class to individual managers, that is, the allocation of ΣiΣjXijεi

across the I managers within an asset class; (4) the directional bias of each asset
class, that is, the deviation of the average beta from one in ΣjXj[(βj – 1)(Rl

j – rf )];
and (5) the asset allocation mismatch, that is, the deviation of the portfolio weights
from the benchmark allocations in Σj(Xj – Xl

j )(R
l
j – rf ). Each of these is clearly a

risk budgeting decision. For our purposes, though, we will focus on those decisions
that relate to the allocation of residual risk, both across asset classes and to man-
agers within an asset class.

What process do we use to decide how much of the residual risk should be al-
located to each manager, or to each asset class? Active risk budgeting provides a
framework for answering these questions. Ideally, an active risk budgeting process
would help us reconcile historical performance characteristics for asset classes and
managers with notions of capital market equilibrium. To do this, though, we need
to understand the historical risk and return characteristics of active managers in the
principal asset classes. This topic is addressed in the next section.

DATA ANALYSIS

There are several statistics about the historical performance of active managers that
are of interest. Some important statistics are:

� The median alpha for each asset class.
� The median tracking error for each asset class.
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� The median correlation of excess returns for each asset class.
� The median correlation of excess returns across asset classes.

Because many investors hold portfolios of managers within each asset class
rather than individual managers, we would like these statistics at the portfolio level
as well as the individual manager level.

Table 13.1 summarizes the results of such an analysis. The table shows the me-
dian gross (unadjusted for fees) alpha, median tracking error, and median informa-
tion ratio for randomly selected portfolios of managers. The tracking error figure
shown in the table is adjusted for market directionality; in other words, it is the
residual volatility. The raw performance data on monthly composite returns2 were
taken from the Nelsons Database. Our study covered the period October 1992
through September 2002.

The figures in the table show interesting historical performance patterns. For
example, the historical information ratios for the median manager were substan-
tially higher in high yield than in Core+ fixed income.3 For another example, the
historical information ratio for EAFE is larger than either of the traditional active
U.S. large cap styles (growth and value). Finally, we can see that the information ra-
tios increase as we increase the number of managers, suggesting that historically, in-
creasing the number of managers provided diversification benefits.4

Table 13.2 explores the pattern of correlation in somewhat more detail. The
table shows the average correlation both within an asset class and across asset

Developing an Optimal Active Risk Budget 177

TABLE 13.1 Historical Active Performance

Gross
Tracking Error (bps) Information Ratio

Alpha 1 Mgr 2 Mgr 4 Mgr 1 Mgr 2 Mgr 4 Mgr

Enhanced Index 75 150 145 120 0.59 0.61 0.66
U.S. Large Cap Growth 230 720 583 510 0.36 0.45 0.54
U.S. Large Cap Value 50 580 460 410 0.12 0.17 0.21
U.S. Small Cap Growth 720 1,090 880 775 0.69 0.88 1.08
U.S. Small Cap Value 275 880 710 640 0.33 0.41 0.49
International Equity—EAFE 335 600 460 415 0.57 0.73 0.93
Emerging Markets Equity 340 715 610 545 0.39 0.53 0.64
Core+ Fixed Income 25 90 75 65 0.35 0.39 0.42
High Yield 255 270 225 200 0.92 1.08 1.24

2A manager’s composite return represents the performance of a representative institutional
separate account.
3Core+ fixed income managers operate relatively low tracking error portfolios that are man-
aged against an investment grade bond index such as the Lehman Aggregate or Salomon
Smith Barney Broad Investment Grade Index.
4Fee breaks and transaction costs put a practical limit on the number of managers in any as-
set class.



classes for portfolios of two managers, again after adjusting for market directional-
ity. The numbers on the main diagonal in the table show the average correlation
within an asset class, while the off-diagonal figures are the correlation of excess re-
turns across asset classes. Since we have adjusted for the beta impact, these correla-
tions are the correlation of residual returns.

What is interesting about the figures in Table 13.2 is that, on balance, the cor-
relation of excess returns appears to be close to zero across asset classes, but
nonzero within an asset class. For example, the average correlation of excess re-
turns of two U.S. large cap growth managers was .33, while the correlation of a
portfolio of two U.S. large cap value managers with a portfolio of two Core+ fixed
income managers was around .07.

Previous chapters (e.g., Chapters 7, 9, and 12) have discussed the difficulties in-
volved in using optimizers to find portfolio weights. The general issues associated
with optimizers are also relevant when we consider allocations of active risk, and
would lead us away from simply taking the historical alpha and tracking error fig-
ures from Table 13.1 and optimizing allocations. In particular, we need to be care-
ful about the limitations of the data analysis summarized in Table 13.1, and the
inconsistency of positive alphas with capital market theory.

Looking first at the limitations of data analysis, three observations can be
made. First, the data in Nelsons Database are not free from survivorship bias. Al-
though attempts can be (and have been) made to correct for survivorship bias,
nonetheless survivorship bias persists principally because the database is a self-re-
porting database: Managers are in the database because they choose to report.
Thus, we could be ignoring the poor returns of managers who simply choose not
to report.

Second, the historical median performance figures suffer from the same issue
that historical average asset returns do (as discussed in Chapter 9). That is, histori-
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TABLE 13.2 Historical Correlation of Active Returns: Two-Manager Portfolios

US LC-G US LC-V US SC-G US SC-V IE-EAFE EME Core+ HY

U.S. Large 
Cap Growth 0.33 –0.09 0.07 –0.04 0.06 0.00 0.11 0.03

U.S. Large 
Cap Value –0.09 0.28 0.01 0.07 0.05 0.08 0.07 0.05

U.S. Small 
Cap 
Growth 0.07 0.01 0.30 0.10 –0.01 0.08 0.00 0.08

U.S. Small 
Cap Value –0.04 0.07 0.10 0.40 –0.02 0.08 0.06 0.03

International 
Equity—
EAFE 0.06 0.05 –0.01 –0.02 0.38 0.15 0.15 0.05

Emerging 
Markets 
Equity 0.00 0.08 0.08 0.08 0.15 0.41 0.06 0.06

Core+ Fixed 
Income 0.11 0.07 0.00 0.06 0.15 0.06 0.40 0.12

High Yield 0.03 0.05 0.08 0.03 0.05 0.06 0.12 0.28



cal averages (and medians) are notoriously poor predictors of future performance,
simply because they are time period dependent. This issue is compounded when we
look at historical performance across a short time period for a large number of
managers. In fact, we do not have sufficient data to tell whether a manager’s histor-
ical performance is meaningfully different from zero.

Third, even if the median performance figures were statistically meaningful, the
tables are silent about the persistence of returns. Unfortunately, the academic litera-
ture is not comforting on this topic. Indeed, the empirical research seems to suggest
that there is very limited evidence of persistence in active returns. (See Brown and
Harlow 2001 and Carhart 1997).

Now let’s look at consistency with capital market theory. Capital asset pricing
theory quite clearly predicts that in equilibrium the expected alpha is zero, both in
the aggregate and for any specific manager. Thus, an important part of formulating
a policy about active risk is reconciling observed alphas with equilibrium. Investors
avoid these issues when they use historical alphas (such as Table 13.1) in an opti-
mizer. Approaching investment policy from a risk budgeting perspective, however,
forces us to confront these issues.

We believe that data analyses such as Tables 13.1 and 13.2 are an important
component of the active risk budgeting process. The data on the correlation of ac-
tive returns in Table 13.2 are important because they help us estimate total residual
volatility and the risk budget. Data such as shown in Table 13.1 provide an estab-
lished source of a “view” about active returns. The issue that investors must con-
front is how much weight to give to these data, or any other source of a view,
relative to equilibrium. The next two sections will show how investors can ap-
proach the allocation of active risk from a risk budgeting perspective.

IMPLIED RETURNS

Rather than start with a set of expected returns and optimize, our preferred ap-
proach is to begin with an existing portfolio and ask what changes could bring
about an efficiency improvement. To do this, we exploit the portfolio optimality
conditions discussed in Chapter 3. That is, we know that for a given set of portfolio
weights, there is a set of expected return assumptions for which the weights are op-
timal. We can call this set of expected returns the implied returns.5 Clearly, if the
implied returns are found by assuming that the portfolio weights are optimal, then
the associated risk budget is also optimal. Thus, there is a very clear connection be-
tween the implied returns and the risk budget.

Implied returns analysis can be easily applied to the active portfolio by exploit-
ing equation (13.6). What we are looking for now are the implied returns for both
the asset classes and the active risks for each asset class j, implied by a portfolio of
managers. To apply the analysis of Chapter 12, we simply expand the structure of
the covariance matrix to include active risk, and use equation (13.6) to define the
active exposures. To complete the picture, we need to specify the long-term ex-
pected return on an anchor asset class (i.e., calibrate the risk aversion parameter).
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Clearly, the higher we set the long-term return on the anchor asset class, the
higher the implied returns for all other asset classes, including the implied al-
phas. Our preferred method is to calibrate the implied returns to our assumption
about the long-term U.S. equity premium. We prefer calibrating the implied re-
turns to a long-term equity premium assumption because it provides a specific
link to equilibrium.

For example, suppose we calibrate the U.S. equity premium to 350 basis
points. The implied return on any other asset class (including active risk) would be
driven by the U.S. equity return assumption of 350 basis points and its covariance
with total portfolio returns.

To see this, let’s work through a simple example. Table 13.3 shows the alloca-
tions in a hypothetical portfolio, as well as each asset’s volatility. Six asset classes
have been chosen: U.S. Large Cap, U.S. Small Cap, International Equity, Emerging
Markets Equity, Investment Grade Fixed Income, and High Yield. The second col-
umn of the table shows the portfolio holdings, and the third column shows the as-
set class volatility. Active allocations are shown in the table’s fourth column, while
the final column shows the active risk levels, as measured by the residual risk, for
each asset class. The residual risk figures are the same as those for a two-manager
portfolio in Table 13.1, and thus carry with them the assumption of market neu-
trality (i.e., the average beta equals one). We have also added a row for another
active strategy called “Overlay.”6 Thus, we have 13 possible sources of risk, or
risk exposures.

Table 13.4 shows the overall risk characteristics for the portfolio. As the table
illustrates, the total portfolio tracking error is around 140 basis points. In the ag-
gregate, active risk is contributing around 1.6 percent of the total portfolio volatil-
ity of 11.1 percent.

We can focus on the attribution of active risk in somewhat more detail. Table
13.5 shows the allocation of the 140 basis points of active risk across the seven ac-
tive strategies, or the active risk budget. As we can see, there are two principal
sources of active risk in the portfolio: Around 50 percent of the active risk in this
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TABLE 13.3 Portfolio Allocations and Risk Characteristics

Asset Residual
Portfolio Class Active Risk
Weight Volatility Allocation (bps)

U.S. Large Cap Equity 39.6% 17.2% 39.6% 250
U.S. Small Cap Equity 4.4 20.7 4.4 560
International Equity 19.8 16.1 19.8 460
Emerging Markets Equity 2.2 25.1 2.2 610
Core+ Fixed Income 30.0 4.5 30.0 70
High Yield 4.0 8.1 4.0 230
Overlay 10.0 250

6By design, returns on active overlay strategies are uncorrelated with market risk. An addi-
tional benefit of the strategy is that it requires very small commitments of capital.



portfolio is being budgeted to active U.S. Large Cap managers, and just under 40
percent is allocated to International Equity managers. What are the portfolio allo-
cations and the risk budget implying about returns?

The implied returns associated with this portfolio under three assumptions
about the U.S. equity premium are shown in Table 13.6. As we can see, increasing
the U.S. equity premium increases the implied returns for both asset classes and
the implied alphas associated with active risk taking in each asset class. It is im-
portant to remember that because we have assumed market neutrality, each of the
alphas represents the implied return from taking residual risk. For discussion, let’s
focus on the implied returns associated with an implied U.S. equity premium of
350 basis points.

A natural interpretation of the figures is as “hurdle rates.” That is, we can view
the alphas (or information ratios) as the minimum acceptable performance level as-
sociated with each active management in each asset class. Clearly, as we increase
the U.S. equity premium assumption, we will also increase the implied hurdle rates
for active management.

It is interesting to compare the implied alphas from this portfolio with the his-
torical alphas from Table 13.1. The reason we want to make this comparison is
because we would like to use the historical alphas as a view about the expected al-
pha for each asset class. Since the historical alphas in Table 13.1 are gross, we
must first correct for fees. It is also worthwhile applying a simple correction for
survivorship bias.

Survivorship bias is important, because it will bias upward the historical aver-
ages. For example, suppose that a fraction of the worst-performing managers is
dropped every year. The time series of returns that we are left with will include only
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TABLE 13.4 Portfolio Risk Characteristics

Risk Contribution
Level to Risk

Asset class exposures 11.0% 98.4%
Active exposures 1.4 1.6
Total portfolio 11.1 100.0

TABLE 13.5 Active Risk Budget

Contribution
to Active Risk

U.S. Large Cap Equity 50.7%
U.S. Small Cap Equity 2.9
International Equity 39.9
Emerging Markets Equity 0.9
Core+ Fixed Income 2.2
High Yield 0.4
Overlay 3.0



the better-performing managers. In computing the sample average performance, we
should include all managers. However, since we have omitted the poorest-perform-
ing managers, the sample average that we compute will exceed the average that we
should compute.

The impact of survivorship bias could vary by asset class. For illustrative pur-
poses, we’ll apply a very simple adjustment for survivorship bias. In particular,
we’ll assume that the impact of survivorship bias is to overstate the sample average
by 5.25 percent. Consequently, we’ll scale each net-of-fee alpha by a constant frac-
tion, or 95 percent.

Table 13.7 shows an example of these types of adjustments, under hypothetical
assumptions about fee levels and the impact of survivorship bias.

After adjusting the historical alphas for fees and survivorship bias, we can com-
pare them with the alphas implied by the portfolio weights. These figures are
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TABLE 13.6 Implied Returns (in Basis Points)

U.S. Equity Premium Assumption

Asset Class 250 350 450

U.S. Large Cap Equity 250 350 450
U.S. Small Cap Equity 260 365 465
International Equity 215 300 385
Emerging Markets Equity 270 380 485
Core+ Fixed Income 8 12 15
High Yield 72 100 130

Active Allocations
U.S. Large Cap Equity 4 6 7
U.S. Small Cap Equity 4 6 7
International Equity 7 10 13
Emerging Markets Equity 3 5 6
Core+ Fixed Income 1 1 1
High Yield 1 2 2
Overlay 2 3 3

TABLE 13.7 Adjusted Historical Alphas

Historical Historical Adjusted Adjusted
Alpha (bps) IR Fees (bps) Alpha (bps) IR

U.S. Large Cap Equity 120 0.47 40 76 0.30
U.S. Small Cap Equity 465 0.83 60 385 0.71
International Equity 335 0.73 50 271 0.58
Emerging Markets Equity 340 0.53 60 266 0.44
Core+ Fixed Income 25 0.39 17 5 0.06
High Yield 255 1.08 50 195 0.86
Overlay 200 0.80 50 143 0.57



shown in Table 13.8. As is quite evident from Table 13.8, the implied alphas are
substantially lower than their historical counterparts, even after adjustments.

A resolution to the large discrepancy between the implied historical alphas is to
simply increase the assumed equity premium until the differences are minimal. The
drawback to this approach is that we will have to assume implausible levels of the
equity premium in order to get the implied alphas close to the historical alphas. For
example, to get the implied alphas in our example to be consistent with the histori-
cal alphas, we need to assume an equity premium in excess of 50 percent, which is
clearly significantly out of the range of plausible alternatives. Since our objective is
to analyze active risk in the context of equilibrium, this approach hardly seems like
a viable option.

Some analysts have concluded that the real issue is not the level of the equity
premium, but rather the structure of investor preferences (see, for instance, Grinold
and Kahn, 1999). They have proposed that investor preferences can be segmented
such that a lower risk premium is assigned to market risk (for example, in the form
of the strategic asset allocation) than to active risk.

It is easy to see the flaws in this approach. Suppose that an investor can add ex-
posure to another asset class, with the same volatility and expected return assump-
tions as the active risk component, and uncorrelated with market risk. Suppose that
the Sharpe ratio on market risk is .2, and that the information ratio on the active
component is .5. Clearly, if the new asset class has the same Sharpe ratio as the in-
formation ratio on the active component, and the expected returns are expected to
persist, then the allocation to the new asset class will be significant, and investor
utility will increase.

Rather than account for the difference between implied and historical alphas
by changing investor preferences, we prefer to reverse the problem and ask what
observed investor behavior is actually telling us. The key issue to confront relates to
the assumption that the expected active return is anticipated to persist. We know
that in equilibrium there is a fundamental difference between active returns and as-
set class returns: Asset classes have positive returns, while active risk (in the form of
purely uncorrelated risk) does not. This is the issue that must be considered in port-
folio construction and investment policy design. In the next two sections, we’ll ex-
ploit the insights of the Black-Litterman model and outline a framework that can
be used to incorporate an assumption about the equilibrium properties of active
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TABLE 13.8 Implied versus Adjusted Historical Alphas and Information Ratios

Implied Implied Adjusted Adjusted
Alpha (bps) IR Alpha (bps) IR

U.S. Large Cap Equity 6 0.02 76 0.30
U.S. Small Cap Equity 6 0.02 385 0.71
International Equity 10 0.01 271 0.58
Emerging Markets Equity 5 0.02 266 0.44
Core+ Fixed Income 1 0.02 5 0.06
High Yield 2 0.01 195 0.86
Overlay 3 0.01 143 0.57



risk. In particular, this framework will help us begin to understand the differences
shown in Table 13.8.

ACTIVE RISK AND BLACK-LITTERMAN

Chapter 7 introduced the Black-Litterman model. This model provides a very ele-
gant framework for combining equilibrium returns with investor-specific views
about asset class returns. In particular, the Black-Litterman model tells us that for a
given set of asset classes, the vector of expected returns depends on four factors:
The first is the vector of equilibrium returns; the second is the vector of investor-
specific views; the third is the weight (1/τ) the investor places on equilibrium; and
the fourth is the confidence level that the investor places on each view.7

Equation (13.10) shows the Black-Litterman expected returns for active risk,
under the assumption that the portfolio is market-neutral and has no asset alloca-
tion deviations. In the Black-Litterman framework, and under these assumptions,
we can consider the expected active returns separately from the expected asset class
returns because the two are uncorrelated.

(13.10)

In equation (13.10), ΣA is the covariance matrix of active returns, ΩA is the (diago-
nal) matrix of confidence levels on active returns, ΠA is the vector of equilibrium
active returns, and QA is the vector of views about active returns.

Equation (13.10) can be simplified further. Suppose that we have a separate
view on each source of active returns. In this case, P is an identity matrix, so the di-
mensions of ΣA and ΩA are the same. We also know that in equilibrium, active re-
turns are zero. Consequently, every element of ΠA is zero. Thus, we have:

(13.11)

Equation (13.11) relates expected active returns to views about active returns,
equilibrium returns (which are assumed to be zero), the weight placed on equilib-
rium, and the confidence expressed in any particular view. Notice, though, that
equation (13.11) can be worked in reverse: That is, if we are given a set of views
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7Suppose that we have N asset classes. Let ER be the N × 1 vector of expected returns, let Π
be the N × 1 vector of equilibrium returns, and let Q be an M × 1 vector of views. We’ll de-
note by Σ the N × N covariance matrix of asset returns. Views will be related to expected re-
turns by the N × M matrix P, with each row corresponding to a view. Confidences will be
reflected with the diagonal matrix Ω, and τ will represent the weight on views. In this model,
the investor specifies Q, P, Ω and τ. The Black-Litterman model relates ER to Π and Q as
follows:

ER = [(τΣ)–1 + P�Ω–1P]–1[(τΣ)–1Π + P�Ω–1Q]



and a set of expected returns, then we can find the confidence assigned to any par-
ticular view. Doing this, we have:

(13.12)

which simplifies to:

(13.13)

Denote the ith element of the left-hand side of (13.13) as er_σA
i . Since ΩA is di-

agonal, we know that:

(13.14)

where qi is the ith element of QA, erA
i is the ith element of ERA, and oii is the iith ele-

ment of ΩA. Thus, we have a very simple way to “back out” the confidence levels
implied by any set of expected returns and a particular set of views. The next sec-
tion gives an example of how this insight can be applied to a portfolio, and relates
it to the active risk budget.

VIEWS, IMPLIED CONFIDENCE LEVELS, 
AND INVESTMENT POLICY

How can we apply the insights outlined in the preceding section to portfolio de-
sign? The key is to work backwards from a set of expected returns implied by a
portfolio to find a set of confidences implied by a set of views. To be more specific,
we can work backwards from a set of portfolio weights, and the associated risk
budget, to find the implied returns. These implied returns are then treated as the ex-
pected returns. For a given set of views, we can then work backwards again to find
the implied confidence levels. Thus, we have a clear link between the confidence
levels and the risk budget, conditioned on a set of views.

What complicates our analysis on the one hand, but opens up opportunities for
additional insight into the investment process on the other hand, is that the implied
confidence levels will depend on the initial set of views. The following example il-
lustrates this point.

Suppose that we have two sets of views on alphas. The first is a very simple
view that the net information ratio is constant across active strategies. The second
source of views is the adjusted alphas (and information ratios) shown in Table
13.8. We might choose to use a table such as 13.8 because the data are readily
available and well researched, and are widely shared across institutional investors.

By applying equation (13.14) to both sets of views, we can find the implied con-
fidence level for every source of active risk, and relate these to the active risk budget.
These confidence levels are shown in Table 13.9, normalized to the confidence of
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U.S. Large Cap. For reference, the normalized confidence levels are contrasted in
Table 13.9 with the active risk budget.

What is striking about Table 13.9 is the impact of switching the set of views.
When we assume that the net information ratio is constant, then there is a very
close qualitative ordering between the risk budget and the relative confidence levels.
This ordering breaks down when we use the historical information ratios.

For a simple example, let’s look at Core+ Fixed Income. The allocation to
Core+ Fixed Income is only 2.2 percent of the active risk budget. When we assume
that the net information ratio is the same across all active strategies, the active risk
budget implies that we are 25 percent more confident in our view on U.S. Large
Cap than in our view on Core+ Fixed Income.

Alternatively, when we use the adjusted historical information ratios, the rela-
tionship between the two sources of active risk is reversed. In fact, the allocation to
Core+ Fixed Income is now implying a confidence level that is 25 percent larger
than that of U.S. Large Cap. Given that we believe that historical averages are poor
predictors of future returns, we might be inclined to use an assumption of a con-
stant net information ratio as a starting view, and then adjust this view depending
on the policy question.

How can our analysis be applied to investment policy choices, and what do
those choices imply about how we think about views and confidence levels?
There are three distinct investment policy decisions that investors must make.
Each of these is a risk budgeting choice. The first choice is the split between asset
class risk and active risk. This is a decision about the efficient allocation of total
portfolio risk between active and asset class risk. Once an active risk level has
been selected, the second choice is the efficient allocation of active risk across as-
set classes. The final choice is the efficient allocation of risk to individual man-
agers within an asset class.

Let’s look first at the implications of changing the split between asset class risk
and active risk. An easy way to do this in the context of our example is to assume
that the asset allocation is fixed at the allocations of Table 13.3 and scale up each
asset class’s active risk level. Doing so will increase the total tracking error, increase
the total portfolio risk, and increase the contribution of active risk to the total risk
budget. Table 13.10 shows the results of this analysis for our example.

The table also shows the implied returns for each level of active risk. As the fig-
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TABLE 13.9 Normalized Active Confidence Levels and Active Risk Budget

Confidence Relative to U.S. Large Cap
Active

Historical IR Equal Net IR Risk Budget

U.S. Large Cap Equity 1.00 1.00 50.7
U.S. Small Cap Equity 0.10 0.23 2.9
International Equity 0.40 0.88 39.9
Emerging Markets Equity 0.10 0.13 0.9
Core+ Fixed Income 1.25 0.20 2.2
High Yield 0.03 0.09 0.4
Overlay 0.12 0.24 3.0



ures in the table indicate, scaling up the level of active risk increases the associated
implied return. In fact, at roughly 1,400 basis points of tracking error, the implied
information ratio for the active portfolio exceeds the Sharpe ratio for the underly-
ing asset classes.8

Of course, investors cannot simply scale up the active risk in each asset class
linearly. In active strategies such as U.S. Large Cap, constraints such as the no net
short constraint become binding at higher risk levels. By contrast, strategies such as
active overlay are typically not subject to the same constraint. The implication is
that at higher risk levels, we should start to anticipate some deterioration in the in-
formation ratio for more constrained strategies. Consequently, at higher risk levels
we would want to analyze confidence levels on the basis of differences in the net in-
formation ratio.9

In addition to the overall level of active risk, investors are also interested in the
efficient allocation of active risk (i.e., an optimal active risk budget). To see the im-
pact on the risk budget and associated implied confidence levels, let’s work through
the following example.

Suppose that we triple the allocation of active risk to the Overlay strategies,
and shift 10 percent of the portfolio from active U.S. Large Cap to U.S. Small Cap.
The results of these shifts are shown in Table 13.11. As we can see, the confidence
on active U.S. Small Cap and Overlay strategies relative to U.S. Large Cap has in-
creased. As well, the allocation of active risk has shifted away from U.S. Large Cap
and into the other two strategies (as illustrated by the change in the relative risk al-
location columns). In fact, the rebalanced active risk budget appears to be more di-
versified. This example illustrates a basic idea, which is that there is a very close
correspondence between the allocation of active risk and the relative confidence
placed on views.

Why would an investor choose to assign more confidence to the active returns
in one asset class versus another? Given that most investors have access to the same
data and would share the same basic ranking of the historical information ratios,
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TABLE 13.10 Impact of Increasing Active Risk

Total Tracking Total Portfolio Contribution of Implied Implied
Scaling Factor Error (bps) Volatility Active Risk Alpha (bps) IR

0.5 70 11.0 0.4% 1 0.01
1 140 11.1 1.6 4 0.03
2 280 11.3 6.2 15 0.05
5 700 13.0 29.1 95 0.14

10 1,400 17.8 62.2 380 0.27

8Assuming that we hold the relative confidence levels roughly fixed, improving the Sharpe ra-
tio by increasing the level of active risk relative to the risk on the underlying asset classes
means, as a first approximation, that the investor is also increasing the implied level of τ, or
the weight on views. One interpretation would be that the investor believes that markets
take a long time to correct to equilibrium.
9Higher costs at higher risk levels could also cause information ratio deterioriation.



our view is that investors gain more insight into the investment process by focusing
on factors that would set their relative confidence levels. Here is a partial list of fac-
tors that could guide setting relative confidence levels for active risk at the asset
class level.

� Is the source of the historical alpha a one-time event that all market partici-
pants shared? If the historical alpha represents a one-time event that is not
likely to repeat itself, then the confidence level should be lowered relative to
other sources of active risk. Consequently, less of the active risk budget would
be allocated to these strategies. An example of such a phenomenon is the his-
torical performance of international managers relative to EAFE, where most
managers were underweight Japan.

� Is the source of the historical alpha a function of benchmark anomalies? Poor
benchmark construction (e.g., benchmarks where index arbitrage is difficult)
give rise to an embedded ability for active managers to add value. To the extent
that the investor thought that benchmark construction was unlikely to change,
a higher relative confidence could be assigned to the active strategies, and more
of the active risk budget allocated to them. Two examples of such sources of al-
pha include the EAFE benchmark and the Russell 2000 benchmark.

� Does the source of the historical alpha represent a structural inefficiency?
Structural inefficiencies can occur when one (or more) market participant
has an objective function that is other than mean-variance optimization. In
these cases, mean-variance optimizers have the ability to generate alpha.
Consequently, relatively more confidence could be placed in these strategies,
and more of the risk budget allocated to them. An example of a structural
inefficiency is the currency market, where central banks have macroeco-
nomic policy objectives that cannot be easily represented in a mean-variance
framework.

So far, we’ve focused on the allocation of portfolio risk between active and
asset class risk, and on allocating active risk across portfolios of active strategies
(e.g., a portfolio of active U.S. Large Cap managers versus a portfolio of active
U.S. Small Cap managers. The same analysis can be easily extended to the
manager-specific level. In that case, we would be calculating the allocation of ac-
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TABLE 13.11 Implied Confidence Levels after Rebalancing

Confidence Relative to U.S. Large Cap
Active

Historical IR Constant IR Risk Budget

U.S. Large Cap Equity 1.00 1.00 21.7
U.S. Small Cap Equity 0.47 1.05 24.0
International Equity 0.55 1.19 30.6
Emerging Markets Equity 0.14 0.17 0.7
Core+ Fixed Income 46.59 0.27 1.7
High Yield 0.04 0.12 0.3
Overlay 0.48 0.98 21.0



tive risk assigned to a specific manager, the implied alpha to that manager, and
the confidence in that manager relative to a numeraire manager.

For example, suppose that we have a portfolio of three International Equity
managers. Furthermore, suppose that the correlation of excess returns between the
managers is .38 (from Table 13.2), and that the tracking error target for the portfo-
lio of managers is 460 basis points (from Table 13.3). Table 13.12 shows the track-
ing error targets for each manager, their allocations, and the risk budget for this
portfolio of managers.

In Table 13.5, International Equity was allocated roughly 40 percent of the to-
tal active risk budget, under the assumption that the portfolio of managers had a
target tracking error of 460 basis points. Implicit in this decision was the view that
in the aggregate, International Equity managers were more likely to add value in
line with the historical performance than managers in other asset classes.

Table 13.12 is telling us that the third manager has been allocated around 50
percent of the active risk in International Equity. Now our question is, what does
this allocation of risk imply about our confidence in any particular manager’s abil-
ity to deliver alpha?

The confidence levels for each manager, normalized to manager 2, are shown
in Table 13.13. These have been calculated using two sets of views. The first view
is that the information ratio for each manager is the median information ratio.
The second view is that managers have different information ratios. More specifi-
cally, we’ve assumed that the first manager’s expected information ratio is .25,
while expected information ratios for the second and third managers are .57 and
.75 respectively.

As expected, the risk budget reveals quite different information about our confi-
dence in each manager’s ability to deliver alpha, depending on the view. When we as-
sume an equal information ratio for each manager, then the risk budget is effectively
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TABLE 13.12 International Manager Weights

Tracking Risk
Allocation Error (bps) Budget

Manager 1 20.0% 500 14.4%
Manager 2 35.0 575 35.3
Manager 3 45.0 675 50.3
Total 100.0 450 100.0

TABLE 13.13 Relative Confidence Levels

Confidence Relative to Manager 2

Constant IR Differential IR

Manager 1 0.5 1.6
Manager 2 1.0 1.0
Manager 3 1.5 1.1



telling us that we are 50 percent as confident in the ability of the first manager to
achieve the median information ratio as the second manager.

From a practical perspective, if we truly believed that we could not differentiate
between managers, then the lower confidence on manager 1 and higher confidence
on manager 3 is indicating that we should reallocate risk away from manager 3 and
into manager 1.

Now let’s look at the case when we have views that the information ratios dif-
fer by manager. In this example, the confidence levels are the same across managers.
More specifically, in this example we are confident in the ability of each manager to
hit its respective expected alphas.

Separating out the impact of confidence levels and views is an important step to
take in understanding the risk budget. Just as in the previous example, where we al-
located active risk at the asset class level (e.g., U.S. Large Cap equity versus Core+
Fixed Income), we can start to identify factors that affect views, and those that af-
fect confidence levels at the individual manager level.

For example, suppose that we take as our starting view that each manager in an
asset class will earn the median information ratio. We would change that view for a
particular manager if there were structural factors that made us believe that they
could outperform the median. An example would be the impact of no net short con-
straints: Lower tracking error managers are usually less susceptible to these con-
straints, suggesting that their expected information ratios should be higher.

What would influence our choice of confidence in one manager versus another?
One factor that we could consider is the length of the track record. All else being
equal, we might be more confident in managers with longer track records than
those with shorter histories. We might then believe that more risk should be allo-
cated to those managers with longer track records.

A second factor that might influence our confidence in one manager versus an-
other is the stability of the team. Investment managers with less stable teams might
cause us to dampen the degree of confidence, and consequently take more risk with
other, more stable teams.

Third, we might consider the risk “footprint” of one manager versus another.
Consider, for example, two managers with the same information ratios and histori-
cal tracking errors. However, suppose that one manager seems to switch (for no ap-
parent reason) between low and high tracking error regimes, while the other does
not. Because the reasons for the switch between regimes are not evident, we might
be less confident in the first manager.

CONCLUSIONS

Developing an allocation of active risk is an important part of the design of any in-
vestment policy. The allocation of active risk across strategies sets the framework
for the ongoing evaluation of specific active strategies and specific investment man-
agers. In this chapter, we have illustrated how active risk budgeting can be used to
approach this issue.

The predictions of asset pricing theory are quite clear about the return to active
risk: in equilibrium it is zero. Nonetheless, because active risk is uncorrelated with
market risk and because markets over the short term are not in equilibrium, in-

190 RISK BUDGETING



vestors have a natural demand for active risk. Thus, the real issue is how to effi-
ciently structure an active portfolio.

In this chapter, we have shown how risk budgeting can be used to approach
this problem. We have focused on risk budgeting because we believe that risk char-
acteristics are more easily estimated than expected returns. By exploiting the prop-
erties of portfolio optimality, we have shown that risk budgets can be interpreted as
return expectations.

By using the Black-Litterman model and the assumption that active returns are
zero in equilibrium, we have shown that any active risk budget maps into a set of
views about active returns and confidences in those views. Furthermore, we have
shown how investors can begin to apply this framework to their portfolios. More
specifically, we have shown that investors need to focus on whether issues relate to
their views or to their confidences in those views.
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CHAPTER 14
Budgeting Risk along 

the Active Risk Spectrum
Andrew Alford, Robert Jones, and Kurt Winkelmann

The preceding chapter introduced the idea of an active risk budget, and showed
how investors could develop such a risk budget at the asset class level. That

chapter also briefly discussed how risk budgeting could be applied to develop a ros-
ter of specific investment managers. At some point in the implementation process,
most investors must eventually face the following issue: What is the best blend of
active and passive managers in their equity portfolios? Some investors implement
fully passive portfolios. Others use the passive alternative to dilute the risk in their
active program by “barbelling”—that is, hiring a roster of traditional active man-
agers at one end of the risk spectrum, and mixing in index funds at the other, to hit
an active risk target that lies somewhere in the middle.

We believe that investors who follow a barbell strategy are missing a valuable
opportunity to put their passive exposure to work. This lost opportunity is analo-
gous to the opportunity that investors miss when they include cash in their strategic
asset allocations. In our view, investors can improve the expected risk-adjusted per-
formance of their active portfolios by substituting structured equity managers for
their passive positions.

It is now commonplace to categorize active managers by their level of active
risk, with structured managers usually taking less active risk than traditional
managers.1 In our view, most investors should allocate risk across the entire ac-
tive risk spectrum—that is, most equity programs should contain a blend of pas-
sive, structured, and traditional equity management. We call this approach the
“spectrum strategy.”

Why are investors better off using a spectrum strategy rather than a barbell? We
believe there are four principal reasons. First, on average, the historical risk-adjusted
performance of structured managers has exceeded that of traditional managers. Sec-
ond, we believe these performance differences are the result of inherent methodolog-
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1In this chapter, structured refers to low tracking error managers, who are often called 
enhanced-index or benchmark-sensitive managers. Traditional refers to concentrated active
managers who usually have higher tracking errors and are less benchmark sensitive.



ical differences. Third, to the extent that active management can add value, investors
with significant passive exposures are effectively creating drag on their overall port-
folio performance. Finally, because the spectrum strategy diversifies the active risk
budget, we believe that investors can achieve a higher return per unit of active risk
by including structured equity products in their portfolios.

These themes will be explored in detail. We’ll first examine the historical track
records of structured and traditional active equity managers. We’ll then explore
the methodological differences that drive these performance differences. Later,
we’ll show how investors can apply these findings, together with active risk bud-
geting techniques, to their large-cap U.S. equity portfolios and reach some more
general conclusions.

COMPARING STRUCTURED AND TRADITIONAL MANAGERS

Many investors implement their long-term asset allocations to large-cap U.S. equi-
ties by combining passive and traditional active management. Because we believe
that investors should also include structured equity in the mix, let’s review the his-
torical risk and performance characteristics of traditional and structured managers.
Viewing these historical results will motivate further discussion of the methodolog-
ical differences that distinguish these two management styles.

For our analysis, we will use historical tracking errors to segregate managers,
classifying lower tracking error managers as structured, and higher tracking error
managers as traditional. Market conventions place structured equity managers in a
target tracking error range of 100 to 250 basis points. Given that realized (or his-
torical) tracking errors could exceed targets, we identify structured managers as
those with realized tracking error levels between 100 and 300 basis points.

Market convention also suggests that traditional (or concentrated) managers
have tracking error targets—to the extent they are benchmark sensitive and have
tracking error targets—in excess of 600 basis points. Of course, realized tracking
error levels can also undershoot targets. Hence, we define traditional managers as
those with realized tracking errors in excess of 500 basis points, but below 1,500
basis points. (The upper bound is meant to exclude managers who may have signif-
icant holdings in other asset classes, such as small-cap equities, international equi-
ties, or bonds.) We judged it too difficult to classify managers with realized tracking
errors between 300 and 500 basis points; such managers were thus omitted from
further analysis. However, our results are not sensitive to omitting these managers.

Table 14.1 summarizes our results. Using the Plan Sponsor Network (PSN)
database,2 we constructed a set of quarterly time-series returns for 1,052 large-cap
U.S. equity managers. The returns, which are gross of fees, cover the period 1989 to
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2The Plan Sponsor Network is a database of institutional manager returns. These returns are
gross of fees and contain both self-selection and survivor bias. That is, only managers who
choose to submit are included (presumably those with better returns), and managers who fail
or merge are dropped. Thus, our median results may actually be closer to the 55th percentile
results. Nonetheless, despite these biases (which affect both manager styles), we believe the
comparisons between structured and traditional managers are valid.



2001, inclusive. We included all managers with at least 24 quarters of performance
history. As discussed earlier, we reduced the number of managers in our database
further by restricting our attention to low and high tracking error managers.

Of course, our methodology might misclassify some managers. For example, a
manager could intentionally switch between low and high tracking error regimes as
part of the active decision-making process. If the tracking error levels in each
regime are sufficiently different, and the manager spends an insufficient amount of
time in the high tracking error regime, then we could mistakenly classify the man-
ager as “structured.” Unfortunately, we do not have sufficient data to easily discern
such regime-switching behavior. This caveat notwithstanding, we do feel that our
database is rich enough both to classify managers and to produce historical differ-
ences that are sufficiently interesting for further discussion.

Table 14.1 shows the summary performance and risk characteristics for each
group of managers. The table shows the historical average, median, top-quartile,
and bottom-quartile figures for four performance and risk characteristics: active re-
turn, tracking error, information ratio, and pairwise correlation. We independently
calculated these quartile cutoff points for each risk or performance characteristic.
For example, the structured manager with the median active return may not be the
same as the manager with the median tracking error.

The performance and risk figures in Table 14.1 are quite revealing, and indicate
why selection among different types of managers is such a challenge for institu-
tional investors. Let’s look at the performance record first, and then consider the
differences in risk.

Historically, the average active return was quite similar for structured and tra-
ditional managers. On average, traditional managers had an active return of 53 ba-
sis points, while the active return for structured managers was slightly smaller at 43
basis points. The median active returns were even closer at 52 basis points for
structured managers and 53 basis points for traditional managers—despite signifi-
cantly lower risk of the structured managers. Given that traditional managers usu-
ally charge higher fees, it would be hard to argue that, on average, traditional
managers have provided higher risk-adjusted excess returns net of fees.
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TABLE 14.1 Historical Performance (1989–2001)

Top Bottom
Average Median Quartile Quartile

Structured Managers (64 Managers)
Active return (bps) 43 52 92 –4
Tracking error (bps) 209 221 266 147
Information ratio 0.26 0.28 0.44 –0.02
Pairwise correlation 0.08 0.08 0.27 –0.1

Traditional Managers (561 Managers)
Active return (bps) 53 53 201 –120
Tracking error (bps) 821 769 971 619
Information ratio 0.05 0.07 0.27 –0.16
Pairwise correlation 0.13 0.14 0.36 –0.1



More interesting, though, is the dispersion in performance. The top-quartile
structured manager had an active return of 92 basis points, while the bottom-quar-
tile manager had an active return of negative 4 basis points. Consistent with the dif-
ferences in risk taking, the top-quartile traditional manager had an active return of
201 basis points, while the bottom-quartile manager underperformed the bench-
mark by 120 basis points. Thus, the historical performance record seems to indi-
cate that, on average, structured and traditional managers outperformed by
roughly the same amount. However, manager selection is much more important for
traditional managers because the spread in results is much wider.

Historical returns alone provide an incomplete comparison between manager
styles; to complete the picture, we should also look at risk. For this reason, Table
14.1 also includes a summary of the distribution of historical tracking errors for
structured and traditional managers.

Given that we intentionally classified managers using realized tracking errors,
we shouldn’t be surprised that the tracking errors for structured managers are
lower than those for traditional managers. For example, the median tracking errors
are 221 and 769 basis points, respectively, for the structured and traditional man-
agers. At the extremes, the top-quartile structured manager had an historical track-
ing error of 266 basis points, while the bottom-quartile manager had a realized
tracking error of 147 basis points. By contrast, the top-quartile traditional manager
had a tracking error of 971 basis points, while the bottom-quartile manager had a
tracking error of 619 basis points. Thus, consistent with the way we’ve defined our
sample, investors were likely to see higher realized active risk levels from their tra-
ditional managers than from their structured managers.

A useful way to assess the risk/reward trade-off is with the information ratio,
defined as active return per unit of active risk (or active return divided by tracking
error). Table 14.1 also shows information ratios. These figures are perhaps the
most interesting, as they suggest significant differences between these active man-
agement styles. That is, the historical information ratios for structured managers
are higher than those for traditional managers at all skill levels. For example, the
median structured manager had an information ratio of 0.28, while the median tra-
ditional manager had a realized information ratio of 0.07.

Table 14.1 also shows that the dispersion of information ratios was more pro-
nounced for traditional managers. The top-quartile information ratio for tradi-
tional managers was almost four times greater than the median. For structured
managers, the top-quartile information ratio is only 57 percent higher than the me-
dian. Taken together, these figures suggest that structured managers added more ac-
tive return per unit of active risk,3 and further that manager selection would have
been incredibly important in developing a portfolio of traditional managers.

Table 14.1 also explores the level of pairwise correlations between active re-
turns. For the most part, these figures show no difference by active management
style. The median correlation between structured managers was 0.08, while for
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3These results are consistent with the study of mutual funds by Brown and Harlow (2002),
which shows a clear connection between consistency of investment style, active risk levels,
and persistence of performance. Generally, a high level of consistency corresponds to lower
active risk levels and more persistent benchmark outperformance.



traditional managers the median correlation was 0.14. These figures are comfort-
ing, since they suggest that, within each management style, managers are not
loading up on the same risks. In other words, managers seem to be expressing dif-
ferent views or using different portfolio construction techniques (or both!) in
their active decisions.

The figures in Table 14.1 provide evidence on the ex post performance of indi-
vidual managers. On the basis of this evidence, investors may wonder whether it
makes sense to include traditional managers in the mix at all. The reason for in-
cluding traditional managers is straightforward: Most institutional investors hold
portfolios of managers. Thus, the choice is not between a structured manager and a
traditional manager, but between alternative portfolios of managers. What happens
if we view the historical experience in this light?

To assess the differences between structured and traditional strategies at the
portfolio level, we created composites of structured and traditional active managers
for the period between 1992 and 2001. As with our earlier analysis, we distin-
guished between the different manager types using realized tracking errors—but
this time we used the prior three years to classify managers for the next three-year
holding period (i.e., an investable strategy). We continue to measure performance
against the S&P 500.

For each three-year time period, we filtered the data into two groups: struc-
tured equity managers (1 to 3 percent tracking error) and traditional active man-
agers (5 to 15 percent tracking error). Within each group, we next created 100
randomly selected composite portfolios of two and four managers (equally
weighted), and then calculated average buy-and-hold returns for each subsequent
three-year period.

In Table 14.2, we show the active returns, tracking errors, and information ra-
tios for various cutoff points in the sample. For example, the top quartile represents
the 25th best portfolio of managers in the sample according to the indicated statis-
tic. Thus, we can think of these cutoff points as representing an investor’s skill level
in developing a portfolio of managers.

The results in Table 14.2 are consistent with those in Table 14.1: Compared to
portfolios of traditional managers, the portfolios of structured managers have
higher median excess returns (with less risk), and higher information ratios at all
levels. For example, comparing the results with four managers, the median infor-
mation ratio for portfolios of structured managers is 0.24 compared to –0.12 for
portfolios of traditional managers. Not surprisingly, the portfolios of structured
managers also have lower average tracking errors and less dispersion in tracking er-
rors and excess returns. Thus, skill at manager selection is much more important
when developing a portfolio of traditional managers.

While this is a compelling first cut at an investable strategy, comparing core
S&P structured and traditional managers may be a naive way of approaching
the issue of optimal manager combinations. Many institutional investors choose
traditional managers on the basis of a particular expertise: for example, growth
and value. How would the results look if we created portfolios of growth and
value managers? Table 14.3 shows the results achieved by composite portfolios
of growth and value managers over the period from 1992 through 2001, where
active returns, tracking errors, and information ratios are measured relative to
the S&P 500.
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Clearly, taking style into account makes a difference: The median information
ratio for a portfolio of traditional growth managers is slightly higher than that for
the portfolio of structured managers, while the relation is reversed for traditional
value managers. We believe, however, that this result is time period dependent:
Growth managers did quite well, on average, over the latter part of the 1990s.
Thus, we are still left with a puzzle: Why did structured managers perform so well
(on a risk-adjusted basis) relative to their traditional counterparts? To answer this
question, we must dig deeper into the underlying investment methodologies of
structured and traditional managers.
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TABLE 14.2 Results of S&P 500 Managers (1992–2001)

Two Managers Four Managers

AR (bps) TE (bps) IR AR (bps) TE (bps) IR

Structured Managers
Bottom quartile –54 178 –0.26 –29 141 –0.21
Median 61 234 0.21 49 176 0.24
Top quartile 155 297 0.66 123 217 0.63

Traditional Managers
Bottom quartile –247 430 –0.51 –180 366 –0.46
Median –23 572 –0.09 –14 461 –0.12
Top quartile 240 784 0.37 170 589 0.28

AR—Active return.
TE—Tracking error.
IR—Information ratio.

TABLE 14.3 Results of Growth/Value Traditional Active Managers (1992–2001)

Two Managers Four Managers

AR (bps) TE (bps) IR AR (bps) TE (bps) IR

Traditional Growth 
Managers

Bottom quartile 39 635 –0.05 82 639 0.02
Median 246 800 0.22 253 775 0.24
Top quartile 481 1,010 0.50 438 932 0.44

Traditional Value 
Managers

Bottom quartile –200 512 –0.36 –163 486 –0.29
Median –32 605 –0.05 –50 567 –0.05
Top quartile 121 714 0.25 64 647 0.18

AR—Active return.
TE—Tracking error.
IR—Information ratio.



STRUCTURED AND TRADITIONAL 
APPROACHES TO INVESTING

The primary difference between structured and traditional managers lies in their
approach to risk and benchmarks. Structured managers are highly benchmark sen-
sitive and tend to target relatively low levels of tracking error. Further, structured
managers usually attempt to hit their lower targets by relying on a relatively large
number of small active deviations (i.e., overweights and underweights).

By contrast, traditional active managers usually target high ex ante excess re-
turns. Although most do not explicitly target tracking error, their quest for excess
returns often results in high ex post active risk. This is because traditional man-
agers usually restrict their active decision making to a small number of relatively
large positions. The difference in the magnitude of active positions is key to under-
standing the risk and performance differences between traditional and structured
managers.

One major consequence is that traditional managers are less able to achieve
symmetry between their bullish and bearish views. Why? Because of the no-short
constraint that most institutional investors face. That is, managers can generally
overweight a stock by as much as they’d like, but they can only underweight a
stock up to its weight in the benchmark. Since traditional managers usually want to
implement relatively large active deviations, this constraint is often binding.
Whereas they can theoretically overweight their favorite names by as much as
they’d like, they can only fully underweight their least favorite names in a few cases
(i.e., those where the benchmark weight is large enough to accommodate the de-
sired underweighting). As a result, because overweights and underweights must
sum to zero, the no-short constraint effectively hinders a manager’s ability to ex-
press bullish views. Consequently, the no-short constraint and related lack of sym-
metry will reduce a traditional manager’s potential information ratio.

Structured managers, in contrast, can take greater advantage of both their bull-
ish and bearish views. They are able to more fully exploit their views because of
their relatively low tracking error targets and their propensity to take a large num-
ber of relatively small active deviations. Thus, the no-short constraint is less bind-
ing because their desired underweights exceed the benchmark weights less often.

A second difference between structured and traditional managers is the em-
phasis on risk management. With tight tracking error targets, structured man-
agers spend a great deal of time and effort managing risk and eliminating
unintended bets—just as a household on a tight budget will be more frugal. Tra-
ditional managers, in contrast, feel less constrained by tracking error concerns
and spend commensurately less time on risk management. As a result, unintended
and uncompensated risks can creep into their portfolios.

For example, many traditional managers roughly equal-weight the names in
their portfolios. This can produce large overweights in small-cap names and smaller
overweights (or even underweights) in large-cap names. The resulting small-cap
bias adds uncompensated risk to the portfolio. That is, the overweight in smaller
names is driven by the manager’s inattention to risk rather than a strong belief that
small-cap stocks (as a class) will outperform large-cap stocks. By adding noise to
the denominator (tracking error) without increasing the numerator (alpha), this
practice reduces the information ratios of traditional managers.
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In summary, the empirical information ratio advantage for structured man-
agers reflects two methodological advantages: (1) their relative freedom from the
no-short constraint (due to smaller intended active deviations) and (2) their greater
focus on risk management (and the related reduction in noise in the information ra-
tio’s denominator). If these conventions persist in the future, then we would expect
the information ratio advantage to persist as well.

Given the historical information ratio advantage of structured managers, in-
vestors might conclude from our discussion that they should allocate little, if
any, of their active risk budgets to traditional active strategies. This is not neces-
sarily the case. There are at least two good reasons to include traditional man-
agers in the mix.

First, despite the reasons noted, the information ratio advantage for structured
managers may not persist. Historical information ratios are poor predictors of fu-
ture performance, and especially so for comparatively small samples such as ours.
Our sample uses quarterly data and has a relatively small number of structured
managers. Consequently, we should regard our statistical results as suggestive
rather than definitive.4 Prudent diversification, then, argues for using managers at
both ends of the active risk spectrum.

Second, at least some traditional managers have added value historically, and
their performances were relatively uncorrelated with structured managers, suggest-
ing that investors can improve their expected information ratios by allocating at
least some of their active risk budgets to traditional strategies. Thus, the real issue
is the size of the allocation to each active strategy, both relative to one another and
relative to the passive allocation.

FINDING THE RIGHT MANAGER MIX

How should investors allocate assets between active and passive strategies? Should
they adopt a barbell approach or take risk across the entire active risk spectrum?
Whatever approach they ultimately adopt, investors should carefully evaluate the
trade-offs that accompany each key decision. As discussed in the preceding chapter,
we believe the best way to assess these trade-offs is through an analysis of the active
risk budget.5

There are three important concepts to clarify about active risk budgeting: (1)
the active risk budget, (2) the optimal active risk budget, and (3) the active risk
budgeting process. An active risk budget is simply an attribution of active risk to its
constituent parts. Suppose, for example, that an investor has six domestic equity
managers with different levels of active risk. Armed with estimates of the correla-
tions between managers, it is quite straightforward to calculate the tracking error
of the portfolio of managers relative to the combined benchmark, and then at-
tribute the total equity tracking error to each of the six managers. This decomposi-
tion is the active risk budget.
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4The t-statistic on the difference between median information ratios for portfolios of four
structured and traditional managers is 1.72, which is significant at the 11 percent level.
5The active risk budget analyzes the effects of deviations from the strategic benchmark.



Because the active risk budget identifies the sources of active risk, it also pro-
vides important information about the structure of an investor’s active equity port-
folio. In fact, there is a direct relation between the active risk budget and an
investor’s views about active returns: In the absence of constraints, the total portfo-
lio information ratio is maximized when active risk is allocated so that the marginal
contribution to active performance equals the marginal contribution to active risk
for all active investments. Constraints can alter this ideal relation, but any alloca-
tion of active risk that maximizes the information ratio (for a given level of active
risk) is called an optimal active risk budget.6 The process of finding this optimal ac-
tive risk budget is the risk budgeting process.

A simple example may help illustrate these points. Suppose an investor has two
sources of active performance: a portfolio of two structured managers and a port-
folio of four traditional managers. To simplify our discussion, we’ll assume that ac-
tive returns—the returns over the benchmark—are uncorrelated across all
managers, an assumption that we’ll relax later on. (As shown in Table 14.1, tradi-
tional and structured managers are unlikely to have completely uncorrelated excess
returns.) Reflecting the results of our historical analysis, we’ll also assume that each
structured manager has a tracking error of 215 basis points, while each traditional
manager has a tracking error of 800 basis points. Finally, we’ll assume that each
manager is equally weighted within its type—namely, each structured manager in-
vests 50 percent of the structured portfolio and each traditional manager invests 25
percent of the traditional portfolio. In this simple example, risk budgeting means
deciding how much of the active risk budget to allocate to each group of managers.

To make this decision, we must first calculate the active risk level for each port-
folio of managers. Under our simple assumptions, the tracking error for the portfo-
lio of structured managers is around 150 basis points, while the tracking error for
the portfolio of traditional managers is 400 basis points.7 (These calculations as-
sume each portfolio of managers has a beta of 1.0 relative to the benchmark index.)

Recall that when there are no constraints, we should allocate active risk such that
the marginal contribution to active risk equals the marginal contribution to active 
return for all investments (or managers). Thus, the next step is to estimate active re-
turns for groups of managers.

For simplicity, let’s assume that structured managers have expected informa-
tion ratios of 0.45, while traditional managers have expected information ratios of
0.30. These assumptions roughly correspond to the top or first-quartile figures in
Table 14.1, and imply that the investor has some skill in manager selection. Using
these assumptions, the expected information ratio and active return for the group
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6Of course, this works only if we assume that active risk is uncorrelated with the underlying
strategic asset allocation. If the active returns are negatively correlated with the underlying
assets, then the total portfolio information ratio could be improved by using a suboptimal
active portfolio. In practice, the correlation between active risk and the strategic asset alloca-
tion is quite low.
7The tracking error of 150 basis points for the portfolio of two structured managers is calcu-
lated as the square root of the following sum: (1/2 × 215)2 + 2 × 1/2 × 1/2 × 0 × 215 × 215 + (1/2 ×
215)2. The zero in the middle term represents the correlation assumption. A similar ap-
proach applies to the portfolio of four traditional managers.



of two structured managers are 0.64 and 97 basis points, while the expected infor-
mation ratio and active return for the group of four traditional active managers are
0.60 and 240 basis points.8 The information ratios for the portfolios of managers
are higher than for any individual manager because we’ve assumed the excess re-
turns are uncorrelated.9 Table 14.4 summarizes our assumptions.

How should we build a portfolio that combines the structured and traditional
equity products? A simple way to approach this problem is to vary the proportion
invested with the two equity programs and assess the impact on the total informa-
tion ratio and tracking error, as shown in Table 14.5.

An interesting pattern emerges in Table 14.5: The information ratio hits its
maximum when the investor blends structured and traditional managers. Under
our assumptions, the optimal portfolio allocates 70 percent to structured managers
and 30 percent to traditional strategies.10 Of course, the optimal proportions will
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8These information ratios differ from the top-quartile information ratios in Table 14.2 be-
cause here we are building a portfolio of top-quartile managers, whereas in Table 14.2 we
are analyzing a top-quartile portfolio of managers. Thus, here we are assuming considerably
more skill at manager selection.
9The median correlation between excess returns for the structured and traditional portfolios
is 0.07.
10Table 14.5 assumes the allocation of active risk is being considered independently from the
strategic asset allocation. Put differently, Table 14.5 assumes the investor first develops a tar-
get for total active risk in the U.S. equity portfolio and then optimizes the manager structure.

TABLE 14.4 Illustrative Risk and Return Assumptions

Number Active Tracking
of Information Return Error 

Managers Ratio (bps) (bps)

Structured equity 2 0.64 97 152
Traditional equity 4 0.60 240 400

TABLE 14.5 Information Ratios and Tracking Errors

Traditional Structured Active Tracking Information
Allocation Allocation Return (bps) Error (bps) Ratio

0% 100% 97 152 0.64
10 90 111 143 0.78
20 80 125 146 0.86
30 70 140 160 0.87
40 60 154 184 0.84
50 50 168 214 0.79
60 40 183 248 0.74
70 30 197 284 0.69
80 20 211 321 0.66
90 10 226 360 0.63

100 0 240 400 0.60



vary depending on the underlying information ratio assumptions. However, the
central point remains the same: As long as the expected information ratios for each
strategy are positive and uncorrelated, investors achieve a higher information ratio
by combining strategies rather than relying on either strategy exclusively.

So far, we have focused on the split between structured and active equity
products, without discussing passive management. The reason is that, in active
risk budgeting, passive management is both a risk-free and return-free strategy,
while we have been focused on the allocation of active risk between the two ac-
tive return-generating (i.e., risk-taking) strategies. How does passive management
fit into the mix?

The risk-free nature of passive management means that investors can use it to
dampen the total active risk of their equity portfolios. As discussed in the preceding
chapter, the first step is to decide on an appropriate level of total active risk (ex-
pressed in tracking error terms), and then to blend the optimal portfolio of active
strategies with passive management to hit this target.

For example, suppose an investor decides that the tracking error target for a
domestic equity program should be 200 basis points. Suppose further that the in-
vestor estimates that the portfolio of traditional managers has a tracking error of
400 basis points (as shown earlier) and an information ratio of 0.60. If the in-
vestor allocates 50 percent of the total portfolio to a passive manager and 50 per-
cent to the portfolio of traditional managers, the combined tracking error would
hit its target of 200 basis points. Under our assumptions, the expected information
ratio for the total domestic equity portfolio would be 0.60. This, in essence, is the
barbell strategy.

With a spectrum strategy, however, investors can do better. In Table 14.5, a
70/30 mix of structured and traditional managers achieves the highest information
ratio (0.87). However, the tracking error of this mix is 160 basis points, which is less
than the target of 200 basis points. Assuming the investor can’t lever the optimal in-
formation ratio portfolio, the next best solution is to pick the mix in Table 14.5 that
has a tracking error closest to the target. This portfolio has roughly 55 percent in-
vested in structured strategies and the remaining 45 percent invested with traditional
managers. The new information ratio of 0.81 is almost 7 percent lower than the op-
timal information ratio. This shortfall amounts to about 12 basis points in expected
excess return,11 which equals the efficiency cost of the no-leverage constraint.

Relative to the barbell strategy, however, this new mix represents a 35 percent
improvement in efficiency (i.e., 0.81 versus 0.60), and an improvement in expected
excess return of 42 basis points. Importantly, the source of this efficiency gain is
moving from passive to structured management. In fact, in this example, for any
tracking error target above 160 basis points, investors should have no passive ex-
posure, and should instead allocate all of their equity assets to the structured and
traditional programs.

Next, let’s look at an active risk target that is below 160 basis points. Suppose
the targeted tracking error is 100 basis points for the total U.S. equity portfolio. We
know from Table 14.5 that a mix of 70 percent invested in structured equity and 30
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percent invested with traditional managers has the highest information ratio. This
portfolio has a tracking error of 160 basis points. If we construct a portfolio that
has 38 percent invested passively and 62 percent invested in the optimal blend port-
folio, the total portfolio will hit the tracking error target of 100 basis points. Thus,
the passive position effectively dilutes the active risk in the optimal blend portfolio
without reducing the total portfolio’s information ratio. The total portfolio now
has an information ratio of 0.87 and an expected excess return of 87 basis points,
with 38 percent invested passively, 43 percent invested with structured managers,
and 19 percent invested in traditional strategies. Thus, this portfolio clearly takes
risk across the spectrum.

How does this optimal portfolio compare to the barbell strategy? To achieve a
targeted tracking error of 100 basis points in the barbell strategy, the investor
would need to allocate 25 percent to the traditional portfolio and 75 percent to the
passive portfolio. This portfolio would have an information ratio of 0.60. More-
over, we can easily see that the structured equity allocation comes almost entirely
from the passive position: By putting more of the passive assets to work in a struc-
tured equity program, the information ratio for the total U.S. equity portfolio in-
creases from 0.60 to 0.87, or almost 45 percent!

Table 14.6 summarizes these two examples and provides the strategy split and
information ratios for other tracking error targets. This table contrasts these figures
with the barbell strategy: The information ratio increases as risk is taken along the
active risk spectrum. What is more striking, though, is that for the most part fund-
ing for the structured equity position comes out of the passive allocation.

So far, our analysis has assumed that excess returns are uncorrelated across
managers within an active management type, and across active management types.
This assumption has been roughly consistent with the observed median correlation,
as shown in Table 14.6. What happens to the information ratio if we assume the
correlations are higher?

For example, suppose the pairwise correlations are close to the first quartile
level in Table 14.6. That is, the average excess return correlation among structured
managers is 0.25, and the average correlation among traditional managers is 0.35.
We’ll continue to assume that each prospective manager in each strategy can gener-
ate first quartile risk-adjusted performance.

In the two-manager structured equity program, the tracking error increases by
about 12 percent, going from 152 basis points to 170 basis points. This increase in
tracking error reduces the information ratio for the structured portfolio from 0.64
to 0.57. For the traditional equity program, the higher correlations increase the
overall tracking error by 44 percent, from 400 basis points (with four managers) to
around 575 basis points. As with the structured program, the information ratio de-
clines, going from 0.60 to 0.42. Thus, the larger increase in correlation among tra-
ditional managers produces more significant deterioration in their total tracking
error and information ratio.

Suppose an investor decides to improve the efficiency of the traditional pro-
gram by doubling the number of managers. The tracking error for the traditional
program would fall from 575 to 525 basis points. Correspondingly, the informa-
tion ratio would increase from 0.42 to 0.46. Thus, the higher correlation of ex-
cess returns among traditional managers may produce an incentive to hold more
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traditional managers in a portfolio.12 This higher correlation does not mean,
however, that investors should allocate more assets to traditional managers. In
fact, the opposite is true: When the correlations among traditional managers in-
crease, investors should allocate more assets (i.e., more of the active risk budget)
to the structured equity program.

We can see the impact on the active risk budget as follows. Suppose an investor
has a tracking error target for the overall active program of 200 basis points. When
the correlation of excess returns is zero, we determined that a 55/45 blend of struc-
tured and traditional managers achieved the target tracking error. This blend has an
expected information ratio of 0.81, as shown in Table 14.7.

Now let’s consider what happens when we assume higher correlations among
excess returns. Table 14.7 shows the results. All else being equal, higher correlations
mean higher tracking errors and lower information ratios for both active programs.
Because the correlation increases more for the traditional program, however, its
tracking error also increases more (and its information ratio falls more). Conse-
quently, investors should allocate more assets to the structured program in order to
neutralize the impact of higher active risk in the traditional program. In fact, it now
takes a 70/30 mix to hit the risk target of 200 basis points. The information ratio for
the combined program is now 0.67, which amounts to a decline in expected return
of 28 basis points relative to the zero-correlation case. This example highlights the
importance of finding managers with independent and uncorrelated sources of ex-
cess return.

Of course, the expected information ratio for the U.S. equity program will also
vary with the investor’s views about manager performance. Since we have used
first-quartile information ratios for both structured and traditional managers, our
examples have implicitly assumed skill in manager selection. Suppose that we are
less confident in our ability to pick managers, and instead decide to use median in-
formation ratios in our analysis. What happens to the mix of passive, structured,
and traditional managers?

Clearly, the information ratio for the total U.S. equity portfolio will decline at
all tracking error levels. Table 14.8 illustrates this point by showing the active re-
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12Of course, the diversification benefit of adding more managers must be balanced against
the real cost of potentially higher fees. Adding more managers at what are likely to be lower
allocations per manager makes it likely that investors will be unable to achieve fee breaks.
Selection and monitoring costs are also likely to rise as the investor adds more managers.

TABLE 14.7 Equity Allocations and Correlation Levels

Structured Traditional Number of Number of
Manager Manager Structured Traditional Structured Traditional Information

Correlation Correlation Managers Managers Allocation Allocation Ratio

0.00 0.00 2 4 55% 45% 0.81
0.25 0.35 2 4 70 30 0.67
0.25 0.35 2 8 70 30 0.71



turn, tracking error, and information ratio at alternative splits between structured
and traditional active managers. As with Table 14.5, we have assumed portfolios of
two structured managers and four active managers.

Consistent with the median values in Table 14.1, we have assumed that each
structured manager has an expected information ratio of 0.30, and each traditional
manager has an expected information ratio of 0.10. If we further assume that there
is no correlation between manager alphas, then the portfolio of two structured
managers has an expected information ratio of 0.42, while the portfolio of four tra-
ditional managers has an expected information ratio of 0.20.

Notice in Table 14.8 that the maximum information ratio is achieved when the
portfolio has between 80 percent and 90 percent allocated to structured equities
and 10 percent to 20 percent allocated to traditional strategies. This portfolio has
an expected information ratio around 0.46, and a tracking error between 143 basis
points and 146 basis points. In comparison with Table 14.5, the tracking error for
the optimal mix is lower, while the allocation to structured equity strategies is
higher. This result should not be surprising given the relative declines in informa-
tion ratios (from top-quartile to median) for the two strategies.

Now, let’s suppose the tracking error target for the total U.S. equity program is
200 basis points. Since this target is greater than the tracking error for the optimal
portfolio, we know that risk considerations will determine the optimal split be-
tween structured and traditional strategies. That is, the allocation to structured
strategies will be exactly the same as when we used first-quartile manager informa-
tion ratios. As Table 14.8 suggests, we will still allocate 55 percent to structured eq-
uities and 45 percent to traditional strategies. However, the expected information
ratio is now much lower at 0.36, versus 0.81 when we assumed greater skill at
manager selection.

For a more interesting case, suppose the tracking error target is 100 basis
points. Since this target is less than the tracking error of the optimal blend portfo-
lio, we know that we will need to dilute the active risk with passive managers.
Table 14.9 contrasts the mix among passive, structured, and traditional managers
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TABLE 14.8 Strategy Split with Median Information Ratios

Active Tracking
Traditional Structured Return Error Information
Allocation Allocation (bps) (bps) Ratio

0% 100% 65 152 0.42
10 90 66 143 0.46
20 80 68 146 0.46
30 70 69 160 0.43
40 60 71 184 0.38
50 50 72 214 0.34
60 40 74 248 0.30
70 30 75 284 0.27
80 20 77 321 0.24
90 10 78 360 0.22

100 0 80 400 0.20



at the 100 basis point tracking error target under our two assumptions for manager
information ratios.

The results in Table 14.9 are quite interesting. When investors use the median
information ratios (i.e., no particular skill in manager selection), the allocation to
structured equity increases. Moreover, while the allocation to structured equity is
funded out of both the passive and traditional strategies, the impact is more pro-
nounced on the passive program.

The assumptions underlying the analysis of Tables 14.5 and 14.6 are that there
are differences between structured and traditional managers, and that investors are
skilled in manager selection. In Tables 14.8 and 14.9, we assumed that investors are
neutral in their abilities to pick managers, but that the differences between struc-
tured and traditional managers are expected to continue. The implication for port-
folio strategy in both cases is that investors should move away from a barbell
strategy and take active risk across the active risk spectrum. They should do so by
reducing their passive positions and adding structured active equity programs.
There is a final possibility that deserves consideration: Suppose investors believe
there are no long-term performance differences between structured and traditional
managers and that they are not skilled in manager selection.

An easy way to reflect the assumption of no difference between structured and
traditional managers is to assume that the median information ratio for all man-
agers is 0.20—that is, approximately halfway between the median information ra-
tios shown in Table 14.1. (Of course, we could have taken a value-weighted
average, but the portfolio structuring implication would be the same.) Under this
assumption, portfolios of two structured managers and four traditional managers
will have information ratios of 0.28 and 0.40, respectively. The optimal informa-
tion ratio portfolio has 60 percent allocated to the structured program and 40 per-
cent allocated to the traditional program, with an overall tracking error of 184
basis points and an overall information ratio of 0.49.

Suppose the total tracking error target is 200 basis points. As in our earlier ex-
amples, the allocations to each strategy are driven by risk rather than information
ratio considerations. Consequently, 55 percent of the portfolio is allocated to the
portfolio of structured strategies and 45 percent is allocated to the portfolio of tra-
ditional strategies.

Now, let’s see what happens at a lower tracking error target. Continuing with
our previous examples, suppose the tracking error target is 100 basis points. In this
case, the proper strategy is to make allocations to the optimal information ratio
portfolio and the passive strategy. The optimal blend is now 46 percent allocated to
passive, 32 percent allocated to the structured portfolio, and 22 percent allocated
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TABLE 14.9 Strategy Split for Median and Top-Quartile Information Ratios

Manager 
Information Tracking Active
Ratio Passive Structured Traditional Error Return Information
Assumption Allocation Allocation Allocation (bps) (bps) Ratio

Top quartile 38% 44% 18% 100 87 0.87
Median 32 54 14 100 46 0.46



to traditional strategies. This allocation produces an expected information ratio of
0.49. So, even when investors believe that they are unable to differentiate between
the structured and traditional strategies and are neutral in their manager selection
abilities, it is still optimal to follow the spectrum strategy.

So far, we have developed allocations to hypothetical managers whose expected
outperformance (as measured by the information ratio) resembles that of the top-
quartile manager in each strategy, and whose tracking error resembles that of the
median manager. Additionally, we have explored the investment implications of
changing assumptions about the correlations among managers (Table 14.7) and the
assumed information ratios (Tables 14.8 and 14.9). To complete the analysis, we
will now develop optimal active risk budgets using results from the composite port-
folio analysis shown in Tables 14.2 and 14.3. Table 14.10 shows these allocations.

In Table 14.10, we continue to assume some skill in manager selection, but the
bar is a bit lower. That is, we assume that the investor can develop a top-quartile
portfolio of managers, rather than a portfolio consisting of only top-quartile man-
agers. We also include growth and value managers in the analysis. We will abstract
from style effects by assuming that the two style benchmarks have the same ex-
pected returns, and that the investor can select a top-quartile portfolio of managers
(as measured by the information ratio) in each style group. As in our earlier analy-
sis, we again see that it is always beneficial to include a healthy allocation to struc-
tured equity managers.

For ease of comparison, let’s focus on the 200 basis point tracking error target.
Table 14.10 shows that an investor can hit this tracking error target with an alloca-
tion of 58 percent to structured managers and 42 percent to traditional managers.
These allocations compare quite favorably with the figures in Table 14.6.

Irrespective of whether our analysis develops optimal portfolios using histori-
cal results from individual managers or uses results from composite portfolios, the
conclusions are the same: As long as the expected information ratios are positive,
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TABLE 14.10 Optimal Strategy Mix at Various Tracking Error 
Targets (1992–2001)

Tracking Traditional Active
Error Large Traditional Traditional Return Information
Level Passive Structured Cap Growth Value (bps) Ratio

0.0% 100.0% 0.0% 0.0% 0.0% 0.0% 0 N/A
0.5 72.0 21.0 0.0 5.2 1.8 60 1.20
1.0 43.9 42.1 0.0 10.5 3.5 120 1.20
1.5 15.9 63.1 0.0 15.7 5.3 180 1.20
1.8 0.0 75.0 0.0 18.7 6.3 214 1.20
2.0 0.0 58.2 0.7 26.4 14.7 234 1.17
2.5 0.0 31.6 10.4 33.7 24.3 269 1.08
3.0 0.0 9.6 17.4 41.4 31.6 300 1.00
3.2 0.0 0.0 23.1 41.9 35.0 312 0.98
3.5 0.0 0.0 34.1 40.6 25.3 328 0.93
4.0 0.0 0.0 45.2 39.1 15.7 344 0.86
4.5 0.0 0.0 56.2 37.8 6.0 360 0.80



every institutional U.S. equity portfolio should include structured equities, with the
allocation coming primarily from the passive portfolio. Investors should allocate
significant amounts to passive products only when their tracking error targets are
quite low. In our examples, a large allocation to passive management is appropriate
only when the tracking error target for the entire U.S. equity portfolio is less than
100 basis points.13

CONCLUSIONS

A basic issue that most institutional investors face is how to allocate assets between
active and passive strategies. Many investors adopt a barbell approach in which
they achieve their active risk targets by blending traditional, high-tracking-error ac-
tive managers with passive index funds. However, by including passive manage-
ment, investors are forgoing excess returns on what may be a significant portion of
their portfolios.

Most investors would benefit from putting this capital to work in structured
equity programs; that is, most investors can achieve potentially significant improve-
ments in excess returns and information ratios by reducing their passive allocations
and replacing them with allocations to structured equity. By allocating risk across
the active risk spectrum, investors can significantly enhance the expected active per-
formance of their U.S. equity portfolios.

The actual optimal risk allocations will depend on investor assumptions about
the ability of active managers to outperform their benchmarks.14 Using historical
separate account data, we have shown that the median and top-quartile informa-
tion ratios for structured managers have exceeded those of traditional managers.
This result is not surprising: Given their lower tracking error objectives and relative
freedom from the no-short constraint, we expect realized information ratios to be
higher for structured managers. (This result is consistent with the emerging litera-
ture that explores performance differences in mutual funds.)

Thus, investors should not be alarmed by the relative differences in historical
information ratios. If these differences persist, then the practical implication is that
investors will continue to need traditional managers within their active manager
rosters—although possibly with somewhat smaller allocations. Our analysis also
shows that manager selection is extremely important among traditional managers.
Thus, when developing a portfolio of traditional managers, investors should bal-
ance the benefits of diversification against the higher fees and monitoring costs that
come with manager proliferation.

Our main conclusion, however, is that investors should allocate risks across the
entire active risk spectrum. Moreover, when moving from a barbell approach to a
spectrum strategy, the allocation to structured managers is more likely to come

Budgeting Risk along the Active Risk Spectrum 209

13Note that 100 basis points of tracking error should have little impact on the risk of the
overall plan, given the small amount of active risk vis-à-vis the total risk in equities.
14Software has been developed that can help clients determine optimal risk allocations based
on their own assumptions for risks, correlations, and expected returns across various man-
agers and management styles.



from the passive side than from the traditional active side. Finally, this conclusion is
reasonably insensitive to different assumptions about manager information ratios
and correlations. Given reasonable expectations based on historical experience,
most investors can benefit from adding a healthy percentage of structured manage-
ment to their active equity programs.

SUMMARY

We believe investors can achieve better results by including low-tracking-error
structured managers (also known as enhanced-index or benchmark-sensitive man-
agers) in their mix of managers. We call this approach the “spectrum strategy” be-
cause it allocates risk across the entire active risk spectrum.

Historical analysis shows structured managers have generally achieved higher
risk-adjusted returns (that is, information ratios) than traditional managers. We be-
lieve the relative performance advantage of structured managers is due to their fo-
cus on risk management and their relative freedom from the no-short constraint.

Importantly, and perhaps surprisingly, given the expected information ratio ad-
vantage, we find that allocations to structured managers should come primarily
from the plan’s passive allocation rather than from traditional managers.
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CHAPTER 15
Risk Management and Risk 

Budgeting at the Total Fund Level
Jason Gottlieb

P lan sponsors are often faced with the challenges of evaluating the efficacy of their
investment programs. A common methodology centers on the excess returns of

their investment managers. However, there are inherent problems with focusing
solely on performance. First, the mean is a very imprecise statistic and it can poten-
tially take several years before any distinction between luck and skill of an invest-
ment manager can be made. Second, it is widely recognized that what matters to
investors is not simply return, but risk-adjusted return, as measured, for example,
by the information ratio.

Knowing investment programs have a limited capacity for active risk helps crys-
tallize the importance of generating as much return per unit of risk as possible.
Good practices of plan management require not only constructing diagnostic risk
tools but also effective and careful monitoring. This chapter will highlight, among
other things: the importance of risk and risk-adjusted measures, the setting of track-
ing error targets for monitoring purposes, the process around monitoring plan risk,
and how to use the Green Sheet and risk budget as tools in an effective risk moni-
toring program. These tools are paramount in determining whether an investment
program is being adequately compensated for the associated risks.

Chapter 13 explained the process of building a risk budget and Chapter 21
deals with the subject of manager selection. The focus of this chapter, rather, is on
building a framework to monitor whether a plan is on track. The building of a risk-
monitoring framework also means incorporating a set of assumptions about returns
and volatility behavior, among other things. The task of monitoring is partly verify-
ing that these assumptions are consistent with publicly available data. Should this
not be the case, the deviations will have to be investigated. This feedback process is
critical to measuring the efficacy of the investment program.

Chapter 3 on risk measurement highlighted the important choices that need to
be made as part of risk budgeting implementation. It is important from this to rec-
ognize that there isn’t a one-size-fits-all active risk budget that plan sponsors can
implement. Rather, plan sponsors need to answer several questions before determin-
ing the appropriate level of active risk to be taken. Most appropriately, plan spon-
sors need to fully understand what their appetite for risk is and to know at what

211



level of active risk the total plan volatility becomes unacceptably high. A plan’s ap-
petite for active risk must be weighed against several factors, including its ability to
sustain losses in excess of its strategic benchmark. Just as a household needs to im-
pose a budget that constrains spending to levels not exceeding income earned, so
does a plan sponsor need to budget a realistic level of active risk commensurate
with its ability to tolerate persistent active manager underperformance.

Once a level of active risk at each asset class and at the plan level has been
agreed upon and managers have been selected to implement their strategies, it is
then up to the risk oversight team to ensure effective implementation of the risk
program. Effectiveness begins with understanding both individual manager and as-
set class level active risk characteristics and setting targets commensurate with ex-
pectations. Implementation of a risk program at the total fund can be a simple yet
effective way of determining the efficacy of the investment program. The tools and
techniques described in this chapter will provide insights into how a risk program
can be executed.

Clearly, the goal of an active investment manager is to outperform a bench-
mark. However, we suggest that there is an additional dimension that ought to be
used to measure investment manager skill. Investment managers should also be
managing to a targeted level of risk, and in particular, managing the range within
which the tracking error of their portfolio fluctuates.1 It is our belief that most in-
vestment managers look to produce consistent, risk-adjusted performance relative
to a benchmark. What this suggests is that investment managers must first develop
the skills necessary to understand and manage their tracking error.

For example, just because a domestic equity manager is able to beat the Russell
3000 index, we shouldn’t automatically assume that a plan sponsor should want to
continue to retain the manager’s services. Suppose the manager’s outperformance is
being derived with unacceptably high levels of tracking error, thus degrading the
manager’s realized information ratio. Clearly, not knowing how much risk is being
taken at the manager level unduly handicaps a plan sponsor’s ability to make sound
investment decisions. These manager-specific issues can also exaggerate the amount
and quality of risk2 being taken at the total plan level.

An effective risk monitoring program is simple to put in place, however, and
empowers the plan sponsor to evaluate not only the level of active risk at the man-
ager and plan levels, but also the sources and the quality of active risk being gener-
ated in the investment program.

Fortunately, for plan sponsors there are alternatives as to how their investment
plans can be implemented. First and foremost, a plan sponsor can choose to imple-
ment a strategic asset allocation through low-cost passive index alternatives that at-
tempt to replicate the return and risk characteristics of an asset class. In doing so,
plan sponsors would be making a determination that active managers do not have
the skills required to beat the relevant asset class benchmark by enough to cover
their fees and transaction costs (implicit and explicit) plus the costs associated with
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1For more information, please see “The Green Zone . . . Assessing the Quality of Returns”
(March 2000) by Robert Litterman et al. of Goldman Sachs & Co.
2We typically think of quality of risk as the percentage of active variance not explained via
systematic factors, such as market, style, industry, or sector factors.



managing and monitoring an active program. Alternatively, plan sponsors can
choose to allocate capital across both active and passive strategies, thus implement-
ing their views where they believe value in excess of the benchmark can be added.
The addition of active managers to the plan creates the need to manage and moni-
tor the associated risks.

However, before allocating active risk, a plan sponsor will need to better un-
derstand the return, risk, and diversification characteristics of active managers
within each asset class. These characteristics are essential in defining in what areas
of the market it pays to have assets actively managed. We would suggest the usage
of a robust universe of institutional manager data.

Peer universe data provides key insights into determining the potential for ex-
cess returns above respective benchmarks, associated tracking errors, and diversifi-
cation or correlation benefits present in the asset class. Table 15.1 highlights the
characteristics for various asset classes. We can draw some easy conclusions from
the analysis. First, historically international developed and small-cap growth man-
agers have been able to achieve superior risk-adjusted performance, as evidenced by
their high information ratios. Second, domestic large-cap equities have historically
had difficulty adding value above their benchmark and have been experiencing ap-
proximately 600 to 700 basis points of tracking error. Last, it is clear from the cor-
relation analysis that in the international developed and emerging markets active
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TABLE 15.1 Peer Universe Data for Different Asset Classes

Annualized 10-Year Median

Peer Universe Statistics ER (bps) TE (bps) IR

U.S. Large Cap Growth (LCG) 113 715 0.16
U.S. Large Cap Value (LCV) 124 628 0.20
U.S. Small Cap Growth (SCG) 805 1,280 0.63
U.S. Small Cap Value (SCV) 282 918 0.31
International Equities (EAFE) 346 661 0.52
Emerging Equities (EMER) 425 832 0.48
Core Plus (CORE+) 57 126 0.43

ER—Excess return.
TE—Tracking error.
IR—Information ratio.

Correlation
Matrix LCG LCV SCG SCV EAFE EMER CORE+

LCG 0.07
LCV 0.01 0.24
SCG 0.00 0.05 0.27
SCV 0.01 0.01 0.00 0.25
EAFE 0.00 0.05 0.06 0.10 0.30
EMER 0.05 0.00 0.07 0.11 0.04 0.32
CORE+ 0.02 0.06 0.00 0.03 0.03 0.08 0.22



managers tend to show similar characteristics. Thus, it is more difficult to diversify
within the asset class as exhibited by the higher intra–asset class correlation.

It should be clear that the ability of investment managers to understand and
manage the risk in their portfolios is of direct benefit to the client. Arguably man-
agers’ ability to quantify portfolio risks is a strong indication of skill and should
positively correlate with their ability to consistently outperform the market. The
foundation of successful portfolio construction is predicated on a manager’s ability
to understand and quantify sources of risk in a portfolio, to size intended exposures
appropriately, and to avoid unintended exposures.

Risk managers can implement a simple approach to measuring the success or
failure of their investment manager’s ability to size their risk appropriately. We call
this approach the “green zone.” The idea is to define three levels of outcomes for
tracking error. The first range of outcomes represents those that are close enough to
a manager’s targeted realized tracking error to be considered a successful event.
This is the green zone. The second range of outcomes, the yellow zone, represents
outcomes that are not successful, but that are close enough to target to be expected
to happen on occasion. While the yellow zone is deemed to be unsuccessful, we
should nonetheless expect even the most skilled investment managers to operate oc-
casionally in the yellow zone simply because realized tracking error isn’t fully con-
trollable. Yellow zone outcomes should be viewed as warning signals to the risk
manager. However, there may be a reasonable explanation for the event. Finally, we
will define bad tracking error outcomes as the red zone. Events in this zone should
occur rarely, if at all, for an investment manager who understands the sources of
risk in their portfolio. Red zone events should be thought of not only as warnings,
but as likely indications of a lack of control in the portfolio construction process.

This green zone discussion brings us back to our earlier example of the domes-
tic equity manager who was able to beat the Russell 3000 index. Clearly, we are
delighted that one of our managers is able to generate performance in excess of the
benchmark. However, the manager was using higher levels of risk than we ex-
pected in order to generate positive performance. These unsuccessful tracking er-
ror outcomes not only are warnings for the risk manager but are likely indications
of a lack of control in the manager’s portfolio construction process. A thorough
review of this manager should be conducted to ensure that inclusion in the total
plan is wise. The manager analysis should also take into account not only the
amount of risk being taken by the manager, but the manager’s impact at the asset
class and plan level as well. We say this because if our manager is taking on larger
unintended exposures in the portfolio, it will typically mean that our domestic eq-
uity asset class will have a higher tracking error and contribution to total plan risk
than budgeted.

It’s worthwhile to spend time describing the process of setting manager level
tracking error targets. The process entails the use of a manager’s performance his-
tory or track record and the benchmark to which our manager’s portfolio is com-
pared. It is not uncommon for managers to have daily track records in the case of
mutual funds; however, some institutional managers produce composite perfor-
mance only on a monthly basis. In either case, data frequency should not present a
major hurdle as long as the managers with monthly performance data have long
enough track records. The objective is to compute rolling tracking error over vari-
ous periods of time (i.e., rolling 20- and 60-day with daily performance data and
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rolling 24- and 36-month with monthly performance data). The tracking error of a
manager can be computed as:3

(15.1)

where n = Number of observations
rt,P = Return of the portfolio at time t
rt,B = Return of the benchmark at time t

Once the rolling analysis (Figure 15.1) has been completed, we can draw con-
clusions from the data with the use of simple statistics. By calculating the mean of
our rolling tracking error analysis, we can see that on average our international
manager has achieved 700 basis points of tracking error over the respective
benchmark prior to hiring. We should reasonably expect that future tracking er-
ror observations should fall somewhere near the mean. By plotting the rolling
analysis, we can graphically see our manager’s historical “risk footprint.” The
graphical analysis should serve as the basis for discussing tracking error expecta-
tions with managers.

One of the most difficult questions that arises when attempting to set a range of
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3There are other measures of tracking error, such as residual tracking error, which aims at re-
moving directional or beta biases embedded in a manager’s return series.

FIGURE 15.1 Rolling 60-Day Tracking Error (Annualized) International Manager O
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acceptable outcomes is how large to make the range. Clearly, the larger the targeted
range, the easier it is for the manager to stay within it. Also, with a larger target
range or green zone, a departure from the range clearly represents a stronger signal.
Thus, there will always be a tension that needs to be balanced in setting the size of
the target range. These issues in the target setting process need to be recognized
when budgeting active risk at the asset class and plan levels as well. Obviously, if
we give managers a longer tracking error leash, it impacts our ability to manage
targeted levels of asset class and plan risk. These issues will be highlighted later in
our discussion.

When determining the exact boundaries for the targeted green, yellow, and red
zones, we would suggest using the following framework. Earlier, we defined the yel-
low zone as an “unsuccessful” outcome. Unsuccessful in this context is somewhat
arbitrary, however, so we suggest defining it as something that in normal markets
should be expected to happen no more than one or two times per year on either the
downside or the upside. Put another way, we would expect to set the targeted green
zone wide enough such that it would cause the realized tracking error to exit the
targeted zone no more than twice per year. We also defined the red zone to be a set
of “bad” or “rare” outcomes. Again, in a somewhat arbitrary fashion, however, we
can build the red zones by appropriately setting the upper and lower boundaries for
our yellow zones. In the case of the red zone, we define “rare” as an event that goes
beyond the yellow zone on the upside or the downside no more than one or two
times in five years.

It is important to note that while we are introducing a relatively simple color-
coded approach to managing tracking error, we also recognize that the simplicity of
this approach may be deceiving. The random influences of environmental factors in
different markets, as well as the complexities of portfolio construction, statistical
estimation, and so on, lead quickly to a thicket of complicated issues when one at-
tempts to apply this approach in practice. Nonetheless, as yellow and red warnings
occur, such issues are very relevant to the risk manager in interpreting the cause and
implications of the signal.

While the use of either daily or monthly data in the target-setting process is
appropriate, we would strongly advocate the use of daily data for tracking error
computations after managers are hired for an assignment. Daily performance data
coming in the form of manager feeds or performance attribution systems will help
investors in identifying tracking error issues before they impact performance. Un-
derstandably, rolling 20-day and 60-day tracking error estimates can at times be
noisy, yet they provide a reasonably accurate depiction of what is going on in the
portfolio at the time. Therefore, we believe that shorter estimation periods can
also be a leading indicator and highlight potential issues in a manager’s portfolio.
Finding out relatively quickly allows a risk manager to react equally as fast. For
example, if our international equity manager’s targeted tracking error is 550 to
1,000 basis points and we compute the most recent 60-day tracking error of his
portfolio to be 400 basis points, then clearly this is an indication to the risk man-
ager that further analysis is required to better understand the associated exposures
that are leading to the unexpectedly low tracking error. Low tracking error is of as
much concern as high tracking error because it makes achieving return targets
more difficult.

If we were constrained by the frequency of monthly data for our risk analysis,
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we would have the unavoidable disadvantage of not being able to react as quickly
to changes in realized tracking error as we are able to do with daily estimation. Po-
tentially, two years would have to elapse before we had a reasonable estimate of the
portfolio’s realized tracking error. Needless to say, a lot can happen in two years.
Let’s say for argument’s sake that monthly data was all we had access to. If we ran
a rolling analysis after two years and found the realized tracking error to be well in
excess of our expectation of 550 to 1,000 basis points, chances are it would be too
late to react to the signals. Potential unidentified flaws in the investment process
would be caught too late and could have the unfortunate ability to detract from
plan value.

The framework of setting tracking error bands is a combination of both art
and science. In areas of the market where the valuation transparency is low and
market liquidity constrains a manager’s ability to react, there needs to be an even
greater emphasis on judgment. Emerging equity and high-yield debt markets are
two examples that readily come to mind. High-yield markets are typically illiquid,
which at times makes the costs of trading prohibitively expensive. If market condi-
tions were such that managers could not trade their portfolios efficiently, then we
would expect larger, uncontrolled deviations from the benchmarks. In these cases,
we would suggest using wider bands to accommodate the need for a smooth port-
folio transition when market volatilities are changing.

GREEN SHEET

One of the tools risk managers can deploy when managing a large portfolio of in-
vestment managers is what we call the “Green Sheet.” The Green Sheet is a diag-
nostic tool developed to help risk managers better understand the active
performance and risk drivers at the total plan level. In doing so the Green Sheet al-
lows risk managers to focus their attention on managers and asset classes that are
exhibiting performance or risk out of line with expectations.

In looking at the sample Green Sheet shown in Table 15.2, we notice that ABC
pension fund’s tracking error over the past 60 days is 128 basis points, which is far
in excess of its 65 to 110 basis point target. As expected, this puts the plan’s track-
ing error in the upper yellow zone. On a stand-alone basis, knowing that ABC’s
plan has exceeded risk expectations doesn’t shed much light for the risk manager
about what the potential risk drivers may be. However, the Green Sheet is quick to
highlight for the risk manager that most active large and small cap managers are
experiencing tracking errors that exceed expectations. For example, small cap
growth manager G has a 60-day tracking error two times expectations.

In fact, at the asset class level both large caps and small caps are exhibiting
large deviations from their targets. Further investigation through the use of a sec-
ond tool, the risk budget (Table 15.3), shows that our large cap managers are ex-
hibiting higher correlations to one another than expected. We will be talking more
about the practical applications of the risk budget in the next section.

It is the risk manager’s responsibility to spend time understanding the market
and portfolio dynamics before initiating a conversation with a portfolio manager.
Many times the risk management team will be able to attribute the deviations in ac-
tive risk away from targets without manager discussions. Factors such as changes
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in market volatility or changing correlations and volatilities of the stocks within the
portfolio or benchmark can often help explain a manager’s deviation from target.
Other times there will be clear signals within the portfolio such as significant active
over- or underweights that largely contribute to the sizable deviation. If it is deter-
mined through internal analysis and research that systematic or market factors
aren’t sufficient in helping explain a portfolio’s deviations from target, then we
would suggest immediately initiating contact with the portfolio manager.

Manager conversations should focus on two specific areas: (1) gaining a better
understanding of what decision factors and exposures have led to the deviations
from target and (2) gaining a clear understanding of near-term and long-term ex-
pectations regarding the portfolio’s tracking error.

The decisions that led to the deviation from target help us to better evaluate
whether the portfolio manager’s exposures are intended exposures, which are more
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TABLE 15.2 ABC Pension Plan Green Sheet

Annualized Tracking Error

Normalized Return Last Last Last Last Last Last Month to Date

20D 60D 12M 20D/ 60D/ 12M/ ER
Portfolio Benchmark MTD YTD SI (bps) (bps) (bps) Target Target Target P (%) B (%) (bps)

US Equity— R1000 95 1301 101 1.06 1.441 1.12 4.22 4.11 11
Total LC

Passive R1000 0 0 12 4.11 4.11 (0)

US Equity— R1000 221 185 178 4.27 4.11 16
Active LC

Manager A R1000V (0.58) (1.69) (0.11) 2272 2332 2412 0.652 0.662 0.692 4.32 4.73 (41)
Manager B R1000G 1.08 0.26 1.02 1,235 1,3021 1,162 1.30 1.371 1.22 6.71 3.46 325
Manager C R1000G 0.41 (0.85) 0.23 5801 956 919 0.771 1.27 1.23 4.60 3.46 114
Manager D R1000G 1.01 (0.59) (1.38) 1,7452 1,6542 1,5011 1.942 1.842 1.671 6.33 3.46 288
Manager E R1000 (1.40) (0.62) (0.21) 162 175 - 0.81 0.88 - 3.45 4.11 (66)
Manager F S&P 500 0.58 0.60 (0.09) 85 90 - 0.85 0.90 - 4.00 3.76 24

US Equity— R2000 6921 8512 556 1.491 1.832 1.20 11.13 8.03 310
Total SC

US Equity— R2000G 987 1,013 911 10.78 8.69 209
SCG

Manager G R2000G 0.52 (0.69) 0.26 1,350 1,8902 1,100 1.50 2.102 1.22 10.34 8.69 165
Manager K R2000G 0.76 - (0.87) 936 1,5001 925 0.94 1.501 0.93 11.22 8.69 252
US Equity— R2000V 544 580 503 11.32 7.48 384

SCV
Manager L R2000V 1.57 (0.26) 0.64 3192 4052 4251 0.532 0.682 0.711 10.33 7.48 285
Manager M R2000V 2.23 1.37 0.75 1,4231 1,350 - 1.421 1.35 - 14.04 7.48 656

Int’l—Total EAFE 50% 271 265 248 0.96 0.94 0.88 4.76 4.94 (19)
Dev Hdgd

Passive EAFE - 28 69 5.35 5.41 (6)

Int’l—Active EAFE 302 304 332 5.46 5.41 6
Dev

Manager N EAFE (0.46) (0.66) (0.40) 560 575 675 1.02 1.05 1.23 4.96 5.41 (45)
Manager O EAFE 0.28 0.65 (0.51) 3852 3902 3862 0.552 0.562 0.552 6.01 5.41 60
Manager P EAFE (0.09) 0.19 1.01 456 650 587 0.91 1.30 1.17 5.52 5.41 11

Non-US— EMF 3851 409 564 0.761 0.81 1.11 6.39 6.01 39
Emerg

Manager Q EMF 0.14 0.38 0.20 402 415 424 0.80 0.83 0.85 6.37 6.01 36
Manager R EMF 0.02 (0.16) (1.63) 725 800 896 0.81 0.89 1.00 6.46 6.01 45

Global FI Leh Agg 78 71 85 1.13 1.03 1.23 (1.73) (1.66) (7)
Manager S Leh Agg (0.96) (0.60) (0.58) 110 951 120 0.88 0.761 0.96 (1.92) (1.66) (26)
Manager T Leh Agg (1.62) (0.79) (0.72) 1521 135 140 1.521 1.35 1.40 (2.05) (1.66) (39)
Passive Leh Agg - 3 12 (1.56) (1.66) 10

Total Fund Strategic 0.37 (0.17) (0.16) 100 1281 105 1.25 1.601 1.31 2.99 2.78 21

1Yellow zone.
2Red zone.



palatable than unintended exposures. This brings us back to a point made earlier
regarding the correlation between managers’ ability to quantify risks in their port-
folios and their ability to generate returns in excess of their benchmarks. Managers
who don’t fully understand the risks in their portfolios will over time find it more
difficult to add value after fees for their clients.

Setting near-term expectations is also important because it allows for more ef-
fective ongoing oversight of the portfolio. Risk managers can monitor the specific
decisions and milestones that should ultimately bring the portfolio manager’s risk
back in line with expectations. For example, suppose that through conversations it
is determined that the portfolio manager believes several near-term catalysts in the
technology sector will significantly enhance the prices of stocks in the portfolio.
Further, suppose the portfolio manager states the intent to reduce exposure to
those stocks as the rise occurs, or subsequently, if the sector’s news isn’t as posi-
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Annualized Gross Targets Downside Zone Upside Zone
YTD Thru March 28, 2002 SI Thru March 28, 2002

ER TE Red TE2 Yellow TE1 Yellow TE1 Red TE2

P (%) B (%) ER (bps) P (%) B (%) ER (bps) (bps) (bps) IR (bps) (bps) (bps) (bps)

0.38 0.74 (36) (3.82) (4.48) 66 45 90 0.50 63 72 126 162

0.78 0.74 4 (4.41) (4.48) 7

0.08 0.74 (65) (0.57) (3.51) 294

1.62 4.09 (248) 4.79 3.16 163 200 350 0.57 245 280 500 650
(0.21) (2.59) 238 0.79 (13.42) 1,421 450 950 0.47 665 760 1,250 1,500
(4.90) (2.59) (232) (8.22) (13.42) 519 350 750 0.47 525 600 1,050 1,600
(4.27) (2.59) (168) (26.98) (18.60) (838) 400 900 0.44 630 720 1,250 1,600
0.52 0.74 (22) (4.26) (5.11) 85 160 200 0.80 140 160 300 400
0.83 0.27 56 (3.00) (3.64) 64 100 100 1.00 70 80 150 200

5.39 3.98 141 14.29 8.58 571 232 465 0.50 326 372 652 838

(4.46) (1.96) (250) 0.89 (4.38) 527

(4.04) (1.96) (208) 2.14 (4.38) 652 415 900 0.40 630 720 1,350 1,600
(1.02) 1.66 (267) 500 1,000 0.50 700 800 1,400 1,700

11.47 9.58 189 23.42 21.25 217

9.40 9.58 (18) 27.48 21.25 623 240 600 0.40 420 480 850 1,050
17.36 9.58 778 21.94 13.39 856 350 1,000 0.35 700 800 1,400 1,650

1.87 1.23 64 (5.69) (8.53) 284 141 283 0.50 198 226 396 509

0.49 0.51 (1) (10.28) (10.65) 37

1.37 0.51 86 (4.85) (8.98) 413

(0.51) 0.51 (102) (7.92) (8.98) 106 325 550 0.59 385 440 750 950
2.78 0.51 227 (9.04) (8.98) (6) 350 700 0.50 475 550 1,000 1,250
2.08 0.51 157 1.60 (8.98) 1,057 250 500 0.50 350 400 700 950

13.00 11.81 119 (6.56) (3.11) (346) 254 508 0.50 356 407 711 915

13.27 11.81 147 (3.72) (6.72) 301 200 500 0.40 350 400 700 800
12.33 11.81 52 (1.19) 8.49 (967) 500 900 0.56 630 720 1,300 1,600

0.22 0.10 13 7.78 7.89 (11) 35 69 0.50 48 55 97 124
(0.02) 0.10 (12) 8.16 7.89 27 100 125 0.80 88 100 165 200
(0.10) 0.10 (20) 8.46 8.39 8 80 100 0.80 70 80 150 200
0.36 0.10 26 10.19 9.18 101

1.82 1.53 29 3.03 1.74 130 145 80 1.81 55 65 110 140
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tive, to reduce exposures as well. This is powerful information for the risk man-
ager. Now, based on the specific information gleaned from conversations with the
portfolio manager, the risk manager can more effectively monitor changes and risk
levels in the portfolio.

RISK BUDGET

Understanding the nature and the sources of risks taken in the investment program
is essential. Ultimately, intelligent placing of portfolio exposures will result in a
more consistent alpha generation process. The risk budget (Table 15.3) is the diag-
nostic tool of risk decomposition: Its aim is to identify the sources and magnitudes
of risk taken in the aggregate portfolio. Before plan sponsors prescribe changes to
the composition or implementation of the investment program, they can make use
of the risk budget to obtain a diagnosis of the situation.

Suppose that when risk targets are set, it is with the paradigm in mind that
the bulk of active plan risk should come from security selection rather than other
deviations from the given benchmark. Security selection resulting from in-depth
investment research is typically considered an area where active managers can
add value. If we think of risk management as resource allocation in a scarce or
budgeted environment, the risk budget will hopefully streamline that process by
giving the sponsors signals about realized risks. If these signals are not congruent
to expectations, this tool allows tracing the misalignment to three areas: asset al-
location, beta or market leverage, and individual security selection. Furthermore,
the risk budgeting tool provides relevant information at the manager, asset class,
and fund level.

At the asset class or manager level, plan sponsors will have a target allocation
set as a percentage of the total fund. To the extent managers are over/underfunded
an asset allocation risk is generated: The fund is over/underexposed to this asset
class. This can occur, for example, as a result of market drifts between asset classes.
In the example summarized in Table 15.3, the U.S. equity asset class is above target
weight, and this accounts for 2.3 percent of the total plan risk. U.S. equities have
outperformed their international counterpart, which has created a 1.6 percent over-
weight in U.S. equities. In order to correct this situation, plan sponsors often em-
ploy completion strategies. Completion managers will utilize futures, long and
short, to bring the asset class over/underweights back to strategic targets. Comple-
tion strategies are discussed further in Chapter 25. Completion strategies remove
the need to frequently move capital in and out of active strategies, thus alleviating
undue transaction costs for the aggregate portfolio.

An additional source of risk can come from the sensitivity of a manager’s port-
folio to the swings of its underlying benchmark. The statistical measure of this
sensitivity is known as beta. When beta is greater than 1.0, the portfolio exhibits a
form of market leverage: It can be expected to outperform in up markets and un-
derperform in down markets. In Table 15.3, the international equity asset class
has a beta of 0.98. This implies that the intended asset allocation is somewhat dis-
torted. The low beta can translate into the fund being underexposed to interna-
tional equity. In this particular case, one of the managers in the international
roster is systematically tilted toward the value side of the benchmark, investing in
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undervalued stocks. This results in a low beta against the benchmark. Note, how-
ever, that being underexposed due to a low beta and being overexposed due to
overallocation can run counter to one another.

Finally, the stock selection risk represents the tracking error incurred after ad-
justing for beta effects in the relative movements of the portfolio vis-à-vis the
benchmark, sector, and style exposures. A high ratio of security selection risk to to-
tal risk is typically a sign of high-quality risk taking. The underlying presumption is
that managers can add value in security selection but that timing markets or mak-
ing substantial sector or style bets is a much harder game to play. Therefore, high
beta risk, sector, or style exposures can often bode ill for the plan’s performance.

The assumptions underlying the risk budget will invariably be tested and rean-
alyzed during the life of a plan. Understanding the differences in return and risk
characteristics of the individual managers and how these compare with outside
peers is also a key component of the process. Plans have a only finite capacity to
take active risk. Given that active risk is seen as a scarce resource, the importance
of monitoring the budget should not be underestimated.

We highlighted throughout this discussion the need for plan sponsors to focus
more attention on risk-adjusted measures as we believe risk-adjusted measures pro-
vide a much more robust framework than a performance-only based analysis. Also,
a well defined and carefully thought out risk monitoring program predicated on
risk-adjusted measures is a simple yet highly effective way to determine the efficacy
of an investment program. While tools such as the Green Sheet and risk budget are
samples of many available, the two combined can provide a powerful framework
for monitoring aggregate plan risks.

SUMMARY

Plan risk should be thought of as a finite commodity to be used or spent intelli-
gently across the spectrum of managers in the investment program as a means to
maximizing expected return.

The importance of risk-adjusted returns becomes more relevant in a risk bud-
geting framework since its underlying tools help us understand whether a program
is being adequately rewarded for its active risks.

These tools include the setting of tracking error zones for each manager and/or
asset class in the program. This approach, known as the Green Zone, represents an
alternative to monitor relative risk behavior, market conditions, and the level of
control in the portfolio construction process.

A related approach, known as the Green Sheet, summarizes tracking error and
performance outcomes at the manager, asset class, and plan level on a 20-day, 60-
day, and 12-month basis. These tools will unearth areas of risk taking that need
further analysis or exploration while potentially triggering conversations with port-
folio managers. They will also provide indirect feedback to the validity and sound-
ness of the initial target-setting process.

In a third approach, the risk budget decomposes the active risk incurred in the
program, tracing it to mainly three sources: asset allocation, beta, and manager-
specific risk. This tool streamlines the process of risk allocation by contrasting tar-
gets against realized risks. The attribution of risk is important given the paradigm
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that most of the active risk should come from security selection as opposed to mar-
ket timing and asset class bets. Like the other tools, an indirect feedback emerges
from the risk budget, as the assumptions associated with the budget will invariably
be tested once the investment program is implemented.

The array of risk monitoring tools presented in this chapter highlights the im-
portance of focusing more time and resources on risk-adjusted measures, as we be-
lieve they provide a more robust framework to determine the efficacy of an
investment program.
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CHAPTER 16
Covariance Matrix Estimation

Giorgio De Santis, Bob Litterman, 
Adrien Vesval, and Kurt Winkelmann

INTRODUCTION

A large number of applications in finance require measures of volatilities and corre-
lations. A well-known example is the portfolio optimization problem originally de-
veloped by Markowitz (1952), in which an investor forms a portfolio of assets
from a given universe by maximizing the expected return on the portfolio subject to
a risk constraint. Risk in this case is measured by a weighted sum of the variances
and covariances of all assets. More generally, risk measures are needed to solve
problems such as optimal hedging, pricing of derivative securities, decomposition
of risk for a given portfolio, and so on.

When dealing with multiple assets, measures of risk are typically organized in a
variance-covariance matrix, which is a square array of numbers that contains vari-
ances along its main diagonal and covariances between all pairs of assets in the off-
diagonal positions. Unfortunately, although it is a necessary input to many
problems in finance, the true covariance matrix of asset returns is not observed
and, therefore, must be estimated using statistical techniques.

Having established the need for estimation, one may still be skeptical about the
need for an entire chapter on this topic. After all, variances and covariances can of-
ten be estimated using fairly basic methods. For example, suppose that our objec-
tive is to estimate the variance-covariance matrix of monthly returns for a given set
of assets, and assume that we have access to 10 years of monthly data (120
monthly observations). We could estimate variances and covariances using the
well-known formulas for sample moments:

and
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where ri,t(m) denotes the return on asset i between month t – 1 and month t, and
–ri(m) indicates its sample mean.

This estimator is easy to compute and update at the end of each month. Unfor-
tunately, it also has a number of limitations. For example, it assigns the same
weight to all the observations in the sample. This makes sense if the distribution
that generates the monthly returns does not change over the 10-year period. How-
ever, if market volatility increased (decreased) significantly over the last part of the
sample, this simple estimator would take a long time (often too long) to capture
this change, because each new observation added to the sample has a small weight.
In addition, the estimator uses only monthly data and, therefore, is not able to ac-
commodate changes in market conditions that may be reflected in data at higher
frequency, for example daily. The natural question to ask at this point is whether
these limitations are relevant in practice. More specifically, are we likely to change
our investment decisions due to the choice of a particular covariance matrix estima-
tor? To answer this question, we present two scenarios in which the covariance ma-
trix estimator plays an important role, and discuss the sensitivity of our conclusions
to the use of two alternative estimators.

In the first example, we consider two specifications of a $100 million portfolio
invested in 18 developed equity markets: a market capitalization weighted portfo-
lio, with the weights measured at the end of May 2002, and an equally weighted
portfolio. For each portfolio, we want to estimate the risk contribution from each
individual position, and the Value at Risk (VaR), which we identify with the
amount of capital that would be expected to be lost once in 100 months. The two
covariance matrix estimators that we use are both based on standard techniques
followed by investment professionals.1 The first estimator (risk model A) uses 10
years of daily data and assigns a larger weight to more recent observations, starting
from a weight of 1 and reducing it by approximately 25 percent on a monthly ba-
sis. The second estimator (risk model B) uses nine years of monthly data and as-
signs the same weight to all observations.

The left part of Table 16.1 shows that the two estimators generate different val-
ues in the risk decomposition of the value-weighted portfolio. Not surprisingly, the
differences are more pronounced for the largest positions in the portfolio (United
States, United Kingdom, and Japan). The estimated VaR also increases by more
than 7 percent when using estimator A instead of B.

The right part of Table 16.1 contains similar statistics for the equally weighted
portfolio. The effect on risk decomposition is even more striking. For example,
Hong Kong and Singapore are among the bottom contributors to risk when using
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1At this point, we do not discuss which estimator is more desirable. We leave that analysis
for the main section of this chapter.



estimator A, but become two of the top four contributors when using estimator B.
In this case, the estimated VaR declines by more than 21 percent when switching
from estimator B to estimator A.

Another typical problem that uses the covariance matrix as an input is the asset
allocation problem. We focus on this example because it is often argued that the
main driver behind the construction of an optimal portfolio is a good set of ex-
pected returns, and that the risk model plays only a secondary role. The evidence
from our examples suggests that this is clearly a misconception.

We consider two portfolio managers who rebalance their assets at the end of
each quarter, and attempt to maximize their expected returns subject to a tracking
error constraint of 1 percent per quarter, relative to the same cash benchmark. We
follow both managers from the first quarter of 1982 to the first quarter of 2002, for
a total of 81 quarters. As in the previous example, the managers can form their op-
timal portfolios from a menu of 18 developed equity markets. They share the same
views on the market in terms of expected returns, but use different models to esti-
mate the covariance matrix.

To provide direct evidence on the claim that a good forecasting model is likely
to overcome any weakness of the risk model, we assume that the expected returns
for each quarter are equal to the realized returns for that quarter. This is a model
with perfect foresight and, therefore, superior to any realistic forecasting model
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TABLE 16.1 Risk Decomposition and Value at Risk Sensitivity to Different Covariance
Matrix Estimators

Market Capitalization Weights (May 2002) Equal Weights

Risk Risk Risk Risk
Model A Model B Model A Model B

Weights Risk Risk Weights Risk Risk

Australia 1.75% 0.28% 1.18% 5.56% 1.45% 3.68%
Austria 0.07 0.01 0.05 5.56 1.65 4.76
Belgium 0.49 0.28 0.35 5.56 4.74 3.97
Canada 2.31 1.87 2.46 5.56 4.86 5.13
Denmark 0.36 0.16 0.32 5.56 4.23 5.15
France 4.51 4.35 5.09 5.56 8.01 6.23
Germany 3.31 3.94 3.95 5.56 8.90 6.57
Hong Kong 0.85 0.23 1.21 5.56 3.40 8.02
Italy 1.80 1.59 1.86 5.56 7.23 6.17
Japan 9.99 5.56 7.89 5.56 3.88 3.82
Netherlands 2.62 2.51 2.83 5.56 8.15 5.90
Norway 0.24 0.12 0.25 5.56 4.58 6.10
Singapore 0.41 0.17 0.50 5.56 4.23 6.75
Spain 1.39 1.40 1.68 5.56 8.35 6.84
Sweden 0.88 1.01 1.19 5.56 9.78 7.49
Switzerland 3.54 2.18 3.31 5.56 5.43 5.02
United Kingdom 10.74 7.55 8.46 5.56 5.60 4.07
United States 54.73 66.80 57.43 5.56 5.50 4.33
Sum/VaR 100.00% $9.06 million $8.44 million 100.00% $7.37 million $9.36 million



that uses only available data at any point in time. The two covariance matrices are
estimated as follows: Portfolio manager A uses only daily data from the upcoming
quarter, whereas manager B uses daily data from a rolling window of 10 years. Ob-
viously, the risk forecasts for manager A are based on information that would not
be available at the time of rebalancing. However, this risk model is a good bench-
mark because it is updated frequently and captures, by construction, any changes in
volatilities and correlations that occur in the quarter following each rebalance. The
risk model used by manager B, on the other hand, is updated very slowly. If market
risk varies over time, this model may capture volatilities and correlations correctly
on average, but is likely to underestimate/overestimate risk over shorter periods.
Based on this setup, we should expect both managers to do equally well if their per-
formance is mostly driven by their forecasting model for expected returns. If,
though, the risk model is also relevant, then we may expect manager A to outper-
form manager B, due to the superiority of manager A’s risk model.

Over the 20 years in the sample, manager A’s average excess return is equal to
5.52 percent per quarter, whereas manager B outperforms the cash benchmark by
an average of 4.97 percent per quarter.2 In terms of realized risk, both managers ex-
perience a higher risk relative to their target. However, the quarterly volatility for
manager A is equal to 1.78 percent, which is considerably lower than the 2.59 per-
cent realized by manager B. Since investors like excess returns and dislike volatility,
manager A outperforms manager B in both dimensions. In fact, the information ra-
tio (the annualized excess return per unit of risk) of manager A is 60 percent higher
than that of manager B. This result is quite striking, considering that it is driven
only by differences in the covariance matrix estimators used by the two managers.

Our two examples indicate that investment decisions and performance may be
significantly affected by the choice of the covariance matrix estimator. Therefore, in
the remainder of this chapter we discuss estimation techniques that can be used to
produce covariance matrices with desirable statistical properties. Given the exten-
sive literature on this topic, any attempt to provide a complete summary of the var-
ious methodologies proposed over the past few decades would be doomed to fail.
We prefer to take a more practical approach. First, we identify some empirical reg-
ularities of financial data that should be captured by any covariance matrix estima-
tor. Next, we discuss some relatively simple techniques that can be used to produce
covariance matrix estimators with desirable statistical properties. Third, we discuss
some data problems that are often faced by practitioners when building risk mod-
els, and we provide solutions for those problems. Finally, we discuss potential ex-
tensions and alternatives to our approach.

SOME INTERESTING PROPERTIES OF FINANCIAL DATA

The normal distribution is often used to characterize the uncertain outcome of an ex-
periment. Finance is no exception to this tendency, and therefore in many applica-
tions the returns on sets of financial assets are assumed to follow a multivariate
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2These numbers are considerably higher than those observed for actual portfolio managers. This
is because our forecasting model uses data that are not observable at the time of rebalancing.



normal distribution. Sometimes, it is also assumed that this distribution is stationary
over time, which implies that means, volatilities, and correlations do not change over
time. Here, we argue that these assumptions are usually incorrect and, therefore,
should not be maintained when constructing a covariance matrix estimator.

As a first step, we analyze the distribution of realized daily returns for the eq-
uity indexes of four of the largest markets in the MSCI universe: the United
States, Japan, the United Kingdom, and Germany. We focus on daily returns from
January 1997 to December 2001, for a total of 1,935 observations. A well-
known property of the normal distribution is that, relative to its mean, 95.4 per-
cent of the observations are within a two standard deviation interval, and 68.3
percent of the observations are within a one standard deviation interval. Given
the size of our sample, if the returns for each market were normally distributed,
then we should expect only 89 observations to fall outside a two standard devia-
tion range relative to the long-term average return, and 1,322 observations to be
within one standard deviation of that average. Table 16.2 shows that neither con-
dition is satisfied by the data. In fact, for all the countries in our set, we find that
the number of observations outside the two standard deviation range is consider-
ably larger than what is predicted by a normal distribution, and so is the number
of observations concentrated around the long-term average. Although this is not
a formal test of the hypothesis of normality, the consistency of the evidence
across the four markets suggests that daily returns follow a distribution with
heavier tails than the normal (so-called leptokurtic distribution).

Next, we address the issue of stationarity. Again, we use daily data for the
United States, Japan, the United Kingdom, and Germany. The sample starts in Jan-
uary 1980 and ends in May 2002, for a total of 5,850 observations. We use two
different estimators for the covariance matrix. The first estimator assumes that the
moments of the distribution are constant throughout the sample, and therefore uses
the entire history of data and assigns the same weight to each observation. The sec-
ond estimator is based on a popular technique used by many practitioners to cap-
ture time variation in second moments. At each point in time, volatilities and
correlations are estimated using only the most recent data, contained in a moving
window of prespecified length. In our case, the window contains the most recent
100 observations. Each day, we update the estimates by adding the most recent re-
turn observations and deleting the observations that are now 101 days old.

We start with an analysis of the volatilities. Figure 16.1 displays the estimates
obtained from the two methodologies for each of the four equity markets. Visual
inspection suggests that the estimates obtained from a rolling window of data oscil-
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TABLE 16.2 Empirical Distribution of Daily Equity Returns

Sample Period January 1997 to December 2001
Sample Size 1,935

N(0,1) Germany Japan U.K. U.S.

Number of returns > 2std 89 162 132 127 128
Number of returns < 1std 1,322 1,330 1,375 1,407 1,404



late significantly around the constant estimate. For example, the annualized con-
stant volatility for the U.S. equity market is equal to 16.06 percent in our sample.
However, over the same period, the time-varying estimate oscillates between a max-
imum of 48.49 percent and a minimum of 6.51 percent. The evidence is similar for
the other three markets.

The question is whether the fluctuations generated by the second estimator
reflect actual variations in market volatility or are the consequence of noise in
the data. In fact, one could argue that the rolling window is too short and, there-
fore, too sensitive to the addition/deletion of a single large observation. To ad-
dress this issue, we perform a simple exercise based on a technique known as
Monte Carlo simulation.

A typical Monte Carlo simulation is performed as follows. Start by postulating
a null hypothesis to be tested. In our case, we postulate that the annual volatility of
the U.S. market between 1980 and 2002 is constant and equal to 16.06 percent.
Second, generate a large number of histories (time series of data) assuming that the
null hypothesis is true. For our exercise, we generated 1,000 histories, each con-
taining 5,850 observations, assuming that the data were drawn from a normal dis-
tribution with an annual volatility of 16.06 percent. For each history, we
constructed the time series of volatilities based on the rolling window technique,
and computed the average absolute deviation (aad) between those volatilities and
the postulated true volatility. Since we generated 1,000 histories, we were able to
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FIGURE 16.1 Annualized Volatilities: Comparison between Constant and 
Time-Varying Estimates



compute 1,000 aad’s and calculate their mean and standard deviation. The average
aad for the U.S. market was equal to 0.91 percent, with a standard deviation of
0.07 percent. The largest aad was equal to 1.18 percent.

How does the evidence from the observed data compare to the simulated histo-
ries? The aad for the United States in our sample is equal to 4.46 percent, well out-
side two standard deviations of the simulated mean aad and, even more striking,
well above the largest simulated aad. Considering that we simulated 1,000 histo-
ries, one must conclude that there is less than a 0.001 probability of observing the
time variation in volatilities that we observe in our sample, if the data were actually
generated by a normal distribution with a constant volatility of 16.06 percent.

The summary statistics in Table 16.3 confirm that our findings are just as con-
vincing for the other three countries in the sample. Therefore, it is hard not to reject
the hypothesis of a constant volatility, at least within our sampling period.

Next, we analyze the history of correlations over time. Since we focus on four
different markets, we have a total of six correlations. Also in this case, we use both
estimators to compute two alternative measures of correlations: One is constant
throughout the sample, whereas the other captures time variation through a rolling
window of 100 days. Figure 16.2 displays the differences between the two estima-
tors for the six correlations.

Following the same approach as in the volatility analysis, we performed a
Monte Carlo simulation to determine whether the observed aad’s from the constant
correlations are a legitimate sign of time-variation in the correlations. The experi-
ment reveals that the observed aad’s are larger than the maximum aad’s simulated
in 1,000 Monte Carlo histories assuming a constant correlation. The summary sta-
tistics for this experiment are reported in Table 16.4.

To summarize, the evidence from our sample suggests that:

� Daily returns appear to be generated by a distribution with heavier tails (a
higher probability of extreme events) than the normal distribution.

� Volatilities and correlations vary over time.

These properties of the distribution of daily returns must be kept in mind as we
embark in our main task: the identification of a desirable estimator of the covari-
ance matrix. The next challenge is to find an estimator that strikes a balanced com-
promise between statistical sophistication and parsimony. In fact, on one hand we
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TABLE 16.3 Test of Time Variation in Volatilities

Observed Data

Standard
Monte Carlo Data

Constant Deviation of Standard
Volatility Observed Time Varying Average Deviation Maximum
Estimate aad Estimates aad of aad aad

United States 16.1% 4.46% 4.30% 0.91% 0.07% 1.18%
Japan 18.4 5.63 4.03 1.04 0.08 1.36
United Kingdom 15.4 3.53 3.35 0.87 0.07 1.14
Germany 18.9 6.29 4.11 1.07 0.08 1.40



want to construct an estimator that can capture as many empirical regularities as
possible. On the other hand, we must keep in mind that most practitioners need to
estimate covariance matrices of large dimensions, for hundreds or even thousands
of assets. A model that is excessively parameterized may be impossible to estimate
when applied to large sets of assets, and therefore its flexibility may become the
cause of its practical irrelevance.
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FIGURE 16.2 Correlations: Comparison between Constant and Time-Varying Estimates

TABLE 16.4 Test of Time Variation in Correlations

Observed Data

Standard
Monte Carlo Data

Constant Deviation of Standard
Volatility Observed Time Varying Average Deviation Maximum
Estimate aad Estimates aad of aad aad

U.S.-Japan 0.1150 0.0965 0.0729 0.0788 0.0062 0.1033
U.S.-U.K. 0.3514 0.1201 0.0907 0.0703 0.0056 0.0883
U.S.-Germany 0.2654 0.1728 0.1080 0.0744 0.0057 0.0919
Japan-U.K. 0.2478 0.1184 0.0859 0.0753 0.0059 0.0956
Japan-Germany 0.2569 0.1196 0.0813 0.0747 0.0056 0.0986
U.K.-Germany 0.4684 0.1927 0.1221 0.0627 0.0048 0.0771



COVARIANCE MATRIX ESTIMATION: THEORY

We start this section by quoting an important result for anybody interested in the
estimation of variances and covariances. Under rather general conditions, the accu-
racy of second moment estimators improves with the ability to sample data at
higher frequency within a given period, rather than by extending the sampling pe-
riod while keeping the sampling frequency constant. The intuition behind this re-
sult, unlike its mathematical derivation, is rather simple. If market volatilities and
correlations move over time, focusing on shorter horizons and high-frequency data
increases the probability of using observations from the same volatility regime. Go-
ing too far back in history would contaminate the sample with data from a differ-
ent regime, thus biasing the risk estimates.3

Using Daily Data to Estimate a Monthly Covariance Matrix

In the discussion that follows, we assume that we are interested in estimating a
covariance matrix to forecast risk with a one-month horizon, and we propose an
estimator that uses daily returns. Obviously, our estimator can be generalized to
any horizon (quarter, year, etc.), but we will focus on one month to keep the no-
tation simple.

Let ri,t(d) be the daily return on asset i computed from the close of day t – 1 to
the close of day t. If returns are continuously compounded, then time aggregation
for any horizon can be performed by simply adding returns at higher frequency.
For example, if a month contains p business days, then the monthly return on as-
set i, which we denote with ri(m), can be computed by adding the daily returns for
that month:

(16.1)

Since the covariance between two sums of random variables is equal to the
sum of the covariances between each pair of random variables in the sums, the co-
variance between the monthly returns on two generic assets i and j can be com-
puted as:4

(16.2)

It is useful to rewrite equation (16.2) in a more disaggregate form, to better un-
derstand all the components involved in the calculation of the monthly covariance:
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3See Merton (1980) for a formal discussion of this result.
4In our discussion, we focus on the covariance between two generic assets. However, the
same arguments apply to variances. In fact, the variance of the return on any asset can be ob-
tained as a special case in which i = j.



(16.2�)

The expression in equation (16.2�) is more intuitive than it looks. To compute
the monthly covariance between the two assets, one must estimate several covari-
ances between daily returns, including the covariances between returns that occur
on different days within the month. The covariances between returns that occur on
the same day have a larger weight, because we observe p simultaneous daily returns
each month. Returns that are farther apart within the month are observed less of-
ten, and therefore their covariances have a smaller weight.

To use a slightly more technical terminology, equation (16.2�) indicates that
when dealing with high-frequency data (e.g., daily data), one must take into ac-
count the serial correlation between returns to construct a covariance estimator for
a longer horizon (e.g., one month). This is an interesting result, because it warns us
against the temptation to estimate the monthly covariance by simply multiplying
the daily covariance between the two assets by the number of business days within
a month. Such a procedure is correct only when daily returns are identically and in-
dependently distributed (iid) because, in this case, all the covariances between re-
turns observed on different days are equal to zero.

The natural question at this point is: What degree of serial correlation
should one assume when dealing with daily data? Unfortunately, there is not a
simple answer that fits all scenarios. If we had a very large sample of data, then
we could simply apply equation (16.2�). For example, if the true covariance 
between returns with two or more day lags were zero, the sample covariances of
those returns would probably be very close to zero as well. However, if the sam-
ple of available data is not sufficiently large, then the estimated sample covari-
ances are likely to reflect noise (spurious correlation) rather than a real statistical
link between returns.

To get a sense of how serious the role of noise can be in small samples, we per-
formed a simple experiment. We generated 1,000 observations from a bivariate
distribution, assuming zero correlation between the two random variables. Next,
we tested how the sample estimates of the correlation change when using only a
subset of the observations. To do this, we constructed two different estimators:
The first one used only 50 random observations from the sample; the second one
used 100 random observations. We computed each estimator 100 times. Not sur-
prisingly, both estimators were on average very close to zero. However, as docu-
mented in Table 16.5, the dispersion around the mean (standard deviation) for the
first estimator was almost double the dispersion for the second estimator. The
largest estimated correlation when using 50 observations was equal to 0.48, and
the smallest was –0.36—quite a large variation when one is trying to estimate the
risk of a portfolio. The extreme values were reduced to half the size when we used
100 observations.
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In practice, it is advisable to use a parsimonious version of the estimator by in-
cluding only as many lags as suggested by economic intuition and/or empirical evi-
dence. For example, daily returns in international equity markets are likely to
display some form of serial correlation because markets in different countries are
open at different times. Suppose that new information becomes available at time t,
when the U.S. market is open and the Japanese market is closed. Also assume that
the news is expected to have a positive effect on all equity markets around the
globe. The U.S. market will presumably incorporate the new information at time t,
whereas prices in Japan can adjust only at time t + 1. This suggests that one should
expect to observe nonnegligible correlation between returns that are one day apart.
Of course, if the information is not immediately incorporated into prices (for exam-
ple, because of lack of liquidity in parts of the market) then one may have to incor-
porate a higher order of serial correlation into the estimator. A formal analysis of
the serial correlation of daily data can be useful at this stage.5

Estimation is performed by replacing the covariances in equation (16.2�) with
their sample counterparts:6

(16.3)

At this point, it is convenient to introduce some matrix algebra to write the es-
timator in a more compact form. If T daily return observations are available for N
assets, then we can organize them in a matrix R(d). Each column in the matrix con-
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TABLE 16.5 Correlation Estimation in 
Small Samples

Observations Used in Estimation

50 100

Mean 0.006 –0.009
Standard deviation 0.154 0.087
Maximum 0.477 0.240
Minimum –0.364 –0.189

5A description of techniques for the detection of serial correlation is beyond the scope of this
chapter. The interested reader can find a discussion of this topic in any time-series textbook.
Hamilton (1994) is a very thorough reference.
6In the formulas we assume that daily returns have a mean equal to zero. Although this is not
necessarily the case, Merton (1980) points out that this approximation is often innocuous
when dealing with high-frequency data, considering the amount of estimation error that
characterizes average returns. If necessary the formula is easily generalized to incorporate the
estimated mean of the returns.



tains T returns for one of the assets, and the matrix contains N columns. Applying
the rules of matrix multiplication, it is easy to verify that the daily covariance ma-
trix of asset returns can be computed as S0(d)=R(d)�R(d)/T. However, as we know
from our earlier discussion, in order to compute the monthly covariance matrix we
must also estimate the covariances between returns observed on different days. This
can easily be done in matrix form by introducing a new matrix R–k(d) which con-
tains zeros in the first k rows, and the first T – k rows of R(d) in its last T – k rows.
Again, one can verify that the matrix product Sk(d) = R(d)�R–k(d)/T provides sample
estimates of the daily covariances between returns observed k days apart. If daily
returns display a serial correlation of order q, the monthly covariance matrix esti-
mator can be written as:

(16.3�)

The more technically inclined reader will note that this estimator has the desir-
able feature of generating a monthly covariance matrix that is guaranteed to be
positive semidefinite. Loosely speaking, this is the matrix equivalent of requiring
that an estimator of the variance should be non-negative. In practice, this property
guarantees that whenever it is used to estimate the risk of a portfolio, this estimator
will generate a non-negative value.7

Weighting the Observations

A common criticism of the estimator discussed in the previous section is that it as-
signs the same weight to each observation, no matter when the observation oc-
curred. Obviously, this would not be a problem if daily returns were iid, because
in that case all returns would be drawn from the same distribution. However,
when the iid assumption becomes questionable, it might be desirable to associate a
larger weight with recent observations. In the discussion that follows, we propose
a simple way of incorporating this feature within the estimation framework devel-
oped so far.

An intuitive weighting scheme assigns a weight of 1 to the most recent observa-
tion and discounts previous observations at a prespecified rate δ. Formally, if wt is
the weight assigned to the observation at time t, then the sequence of weights can
be computed in a recursive fashion from wt–1 = (1 – δ)wt. Intuitively, the larger the
rate δ, the faster the decay process, or equivalently, the larger the relative weight as-
signed to recent observations.
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7De Santis and Tavel (1999) provide a more technical discussion of this estimator. They show
that the same estimator would be obtained by estimating a daily covariance matrix using the
serial correlation correction proposed by Newey and West (1987), and then scaling the daily
covariance matrix by the number of trading days in one month. They also show that this es-
timator provides a formal justification for the common practice of adjusting for serial corre-
lation by averaging returns over several days (so-called overlapping).



Typically, a specific weighting scheme is identified by the decay rate applied on
a monthly basis and the half-life associated with it. The half-life is an interesting
measure because it identifies how many months one must go back in the history of
the data to find an observation with a weight equal to 0.5. For example, assume 21
business days in a month and a daily decay rate of 0.5 percent. Applying the recur-
sive weighting formula, it is easy to verify that this corresponds to a monthly decay
rate of approximately 10 percent and a half-life of 6.6 months.

Since we are working with second moments, our weights will be assigned to
squared returns and cross products between returns on different assets, so that the
standard covariance formula is modified as:8

(16.4)

More generally, to incorporate a weighting scheme into the monthly covariance
estimator defined in equation (16.3�), we can proceed in steps: First, assign weights
to the original return data; then apply the expression in (16.3�) to the modified
data. Formally, define the matrix of weighted daily returns as:

(16.5)

where the symbol * indicates that each element in the vector of weights w must be
multiplied by all the elements in the corresponding row of R(d). Once the daily re-
turns have been adjusted by the weighting scheme, the modified formula for the co-
variance matrix estimator is

(16.6)
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8Obviously assigning a weight wt to the cross product is equivalent to assigning the square
root of that weight to each of the components of the cross product. As it will become clear
later, the latter specification is easier to implement when working with matrices.



This estimator has the three features that we identified earlier as desirable
properties of a covariance matrix estimator:

1. It uses high-frequency data (daily) to estimate volatilities and covariances over
a longer horizon (monthly).

2. It accommodates a correction for the existence of serial correlation in high-
frequency data.

3. It accommodates a weighting scheme that assigns a larger weight to recent
observations.

The estimator that we have developed is very general. In fact, the interested
reader can verify that simple estimators that assume that daily returns are iid (and
therefore do not adjust for correlation in daily data, and do assign equal weight to
all observations) can be obtained as a special case from (16.6) by setting q = 0 and
all the elements in w equal to 1.

COVARIANCE MATRIX ESTIMATION: PRACTICE

So far we have identified some important regularities of financial data and provided
a theoretical framework to take those regularities into account when building a risk
model. In this section, we discuss how to approach the problem of covariance ma-
trix estimation in practice.

Assuming that the researcher has access to a complete set of daily returns for a
sufficiently long period,9 there are at least two parameters that must be estimated to
produce a covariance matrix: the order of serial correlation (q in our notation) and
the decay parameter for the weighting scheme (δ in our notation).

As mentioned earlier, a thorough analysis of the correlation structure of the
data is probably the best way to identify the appropriate value of q. However, a dis-
cussion of the time-series methodologies that accomplish this task is beyond the
scope of this chapter and the interested reader should refer to a more specialized
treatment of this topic.10 Here, we want to focus on the intuition behind the choice
of q. How are the serial correlation components going to affect the estimated
volatility? To get an insight, let us look at a special case of equation (16.2�) in
which the variance of the returns on asset i is estimated assuming q = 1:
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9A scenario in which a shorter history is available for some of the data is an important one.
For this reason, we dedicate an entire section to that problem later in this chapter.
10See, for example, Hamilton (1994).



If daily returns were iid, then we would simply estimate the daily variance and
scale it by the number of business days in the month (p in our notation). However,
suppose that positive returns tend to be followed by negative returns (and vice
versa), so that daily returns display first order negative correlation. Equation (16.7)
suggests that our monthly volatility estimate would be lower than the estimate ob-
tained assuming iid returns. On the other hand, if positive (negative) daily returns
tend to be followed by more positive (negative) returns, so that they display first or-
der positive correlation, then equation (16.7) indicates that our monthly volatility
estimate would be higher than the estimate under the iid assumption.

In Figure 16.3, we plot estimates of the (annualized) monthly volatility for the
U.S. equity market using a five-year window of daily data. We consider three alter-
native estimators that assume a serial correlation correction of 0, 10, and 21 re-
spectively. The plots indicate that the three estimators follow very similar
dynamics. However, for the past 15 years in the sample, including a significant cor-
rection for serial correlation would have reduced the volatility estimates. Interest-
ingly, as the value of q increases, the estimates display more oscillations around
their trends. This is due to the fact that the covariances between returns that are 21
days apart are based on a relatively small number of observations (only approxi-
mately 60 observations in a five-year window) and, therefore, are more sensitive to
a few extreme observations. As argued earlier, these oscillations often reflect noise
rather than real economic signals, and therefore parsimonious corrections for serial
correlation are preferable.
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FIGURE 16.3 Annualized U.S. Equity Volatility with Different Corrections for 
Serial Correlation
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For our purposes, we have found that when dealing with daily data on interna-
tional equity markets, a correction for serial correlation of relatively low order (one
or two) is often sufficient. This is in line with our expectations, given the way infor-
mation is likely to be transmitted across markets that are open at different times
during the day. In the discussion that follows, we maintain the hypothesis that q = 2
and proceed to estimating the optimal decay rate.

For a decay rate to be considered optimal, we must define an objective function
whose value changes as δ changes, and then select a value of δ that maximizes that
function. This is a standard technique in econometrics known as maximum likeli-
hood estimation. In our case, the problem can be approached as follows. The re-
turns in our sample are generated by some distribution. Assume for the moment
that the distribution is a multivariate normal with mean zero and unknown covari-
ance matrix, which is fully characterized by the decay parameter δ.11 The likelihood
function measures the probability that the data in our sample are generated by a
multivariate normal distribution with mean zero and a covariance matrix that
varies with δ. Our objective is to find the value of δ that maximizes the likelihood
function or, equivalently, the probability of observing the data in our sample.

In performing the optimization of the likelihood function, we use daily data
from January 1980 through May 2002. The sample includes 18 equity markets:
Australia, Austria, Belgium, Canada, Denmark, France, Germany, Hong Kong,
Italy, Japan, Netherlands, Norway, Singapore, Spain, Sweden, Switzerland, United
Kingdom, and United States. Therefore, the covariance matrix contains a total of
18 variances and 153 different covariances.12 Our results indicate that, when as-
suming a serial correlation of order two, the estimated optimal decay rate is 0.10
per month, which implies a half-life of slightly more than six months.

Figures 16.4 shows how the maximum likelihood estimates of the U.S. volatil-
ity and U.S.-Japan correlation compare to their constant counterparts. Not surpris-
ingly, our findings indicate that there exists significant variation in both volatilities
and correlations.

COVARIANCE MATRIX ESTIMATION: GENERALIZATIONS

The covariance matrix estimator discussed so far has many desirable properties.
However, it still fails to address a number of relevant issues. First, it assumes mul-
tivariate normality for the joint distribution of international equity returns. As
we have argued earlier, this assumption does not appear to be supported by the
data. Second, it imposes the same decay rate to all assets and to both volatilities
and correlations. One can easily envision scenarios when this assumption is too
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11Later in this section we relax the assumption of normality. The assumption of zero mean
can also be relaxed, and the unknown means can be estimated using maximum likeli-
hood. However, in our case this assumption is fairly innocuous since we are working with
daily data.
12The covariance matrix contains all the variances along its main diagonal. The covariances
are located off the main diagonal and, since cov(x,y) = cov(y,x), the total number of different
covariances in our example is equal to (18 × 17)/2 = 153.



restrictive. For example, when building covariance matrices that include different
asset classes (e.g., equity and fixed income) it may be desirable to allow for a dif-
ferent weighting scheme for each asset class. In addition, even when working with
a single asset class, it may be desirable to use different decay rates for volatilities
and correlations. In fact, it is often argued that although volatilities tend to
change quickly, correlations are more likely to move slowly over time. In this sec-
tion, we discuss how to generalize our covariance matrix estimator to incorporate
these desirable features.

Mixture of Normal Distributions

The evidence of heavy tails in the return distribution suggests that extremely large
(positive or negative) returns occur more often than predicted by a multivariate
normal distribution. Therefore, assuming normality when writing the likelihood
function can be problematic. In fact, the maximum likelihood approach tries to
find a value of the decay parameter that maximizes the probability of observing the
data in our sample, while maintaining the hypothesis that the data are generated by
a normal distribution. If the sample contains enough extreme observations, the esti-
mate of the decay parameter will be affected by the need to accommodate those ex-
treme observations within a normal distribution.

To capture the heavy tails, we assume that at each point in time returns can
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FIGURE 16.4 Volatility and Correlations: Comparison betweem Constant and 
Maximum Likelihood



be drawn from one of two different normal distributions. The two distributions
have the same mean and correlation structure, but different volatilities.13 Most of
the time returns are associated with a low-volatility regime, but every so often
volatilities spike up and returns are drawn from a high-volatility regime. Vari-
ances in the high-volatility regime are a constant multiple of the variances in the
low-volatility regime.

In this case, the likelihood function measures the probability of our data be-
ing generated by a mixture of normal distributions. In addition to the decay rate,
we now need to estimate the ratio between the volatilities in the two regimes, and
the probability of being in one of the two volatility regimes. Using our sample, we
find that with a mixture of normal distributions the optimal decay rate on a
monthly basis is equal to 9 percent, which corresponds to a half-life of 7.3
months. We also find that the ratio between volatilities in the high and low
regimes is equal to 3.23, and that the probability of being in the low-volatility
regime is equal to 84 percent.

One may ask whether the difference in decay rates between the likelihood that
assumes normality (10 percent) and the likelihood that assumes a mixture of nor-
mal distributions (9 percent) is actually meaningful or, to use a more technical term,
statistically significant. Econometricians use a simple technique to answer this ques-
tion. They measure the likelihood function in the more general case (mixture of
normal distributions in our exercise) and in the restricted case (normal distribution
in our exercise) and then ask whether the change in the value of the likelihood
function is sufficiently large to claim that the difference in the estimated parameters
is significant from a statistical point of view. The intuition behind this procedure is
relatively simple. The model with a normal distribution is obviously a special case
of the model with a mixture of normal distributions. In fact, if the data were gener-
ated by a single volatility regime, then the estimated parameters when using a mix-
ture of normal distributions would indicate that the ratio between volatilities in the
two regimes is one and that the probability of being in the low-volatility regime is
one. In other words, the likelihood functions in the two different specifications
would coincide. However, if the model with two regimes is a better description of
the data generating process, then the value of the likelihood function associated
with it will be higher. In our case, the difference between the two likelihood func-
tions leads to a strong rejection of the hypothesis that the data are generated by a
normal distribution with a single volatility regime.

Do Volatilities and Correlations Move at a Different Speed?

Although there is a widespread consensus among academics and practitioners
that volatilities and correlations change over time, opinions are less uniform
when looking at the speed at which volatilities and correlations change through
time. More specifically, volatility displays interesting regularities: First, it changes
rather quickly in response to market shocks; second, it occurs in clusters so that
periods of high (low) volatility tend to be followed by more periods of high (low)
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those extensions to future research.



volatility.14 The evidence on correlations is arguably different. In fact, although
correlations may spike during periods of extreme market distress, they appear to
move considerably more slowly than volatilities over time.15 Therefore, it would
be useful to construct a covariance matrix estimator that can accommodate the
different dynamics in volatilities and correlations. Luckily, this task is easily ac-
complished within our framework.

We start from the relationship between covariance and correlation for a generic
pair of daily returns:

cov[ri(d),rj(d)] = corr[ri(d),rj(d)] × std[ri(d)] × std[rj(d)]

In words, the covariance between the two daily returns is equal to the correlation
between those returns, multiplied by the product of their volatilities, as measured
by the standard deviations. Since a covariance matrix is nothing else than a collec-
tion of covariances and variances (squared volatilities), we can apply the same de-
composition to the entire covariance matrix. If Σ is a covariance matrix for a set of
N assets, then we can write:

Σ = DΩD� (16.8)

where D is a diagonal matrix of return volatilities (and so is D�), and Ω is a corre-
lation matrix with 1s along its main diagonal, and all pairs of return correlations
off the diagonal.

The covariance matrix decomposition in equation (16.8) may appear obvious.
However, it has a powerful implication for our task: One can estimate volatilities
and correlations using different assumptions on their dynamics, and still preserve
the positive semidefinite nature of the covariance matrix. For example, the follow-
ing specification allows for a different weighting scheme (decay rate) for volatilities
relative to correlations:
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14These features of volatility have been extensively documented since the work of Engle
(1982).
15See, for example, De Santis and Gerard (1997).



where the weights w and v indicate that different decay rates are used when esti-
mating volatilities and correlations.16

We applied this approach to our sample of 18 equity markets and found interest-
ing results. Assuming, as before, a correction of order two for the serial correlation in
the data, and a mixture of normal distributions, the maximum likelihood estimates
for the decay parameters are equal to 47 percent for volatilities and 4 percent for cor-
relations. This suggests that volatilities are mostly affected by very recent observa-
tions, since the half-life of the volatility estimator is only slightly longer than one
month. However, correlation estimates use a considerably longer history of data,
with a half-life of almost 17 months. Since individual observations have a much
larger weight in the estimation of volatilities relative to correlations, the implication
is that volatilities tend to respond much faster than correlations to market surprises.

Next, we compare the values of the likelihood functions for the two different
specifications of the risk model. Clearly, the model with two different decay para-
meters is less constrained. If the evidence supported the model with a single decay
parameter, then we should expect the two likelihood functions to be very close in
value. Otherwise, the model with two different decay parameters should generate a
larger value of the likelihood. The difference in our case leads to a strong rejection
of the model with a single decay parameter.

We conclude this section by pointing out the strong potential of this last speci-
fication of the covariance matrix estimator. For example, when working with dif-
ferent asset classes, as we do, one can accommodate different decay rates for the
volatilities in different asset classes, and a different decay rate for the correlation
matrix. Even more generally, one could specify a different volatility process for
each asset, and estimate those processes separately, and then estimate the correla-
tion matrix for all the assets using a different model.17

ESTIMATING COVARIANCE MATRICES WITH 
HISTORIES OF DIFFERENT LENGTHS

So far we have worked in a fairly ideal scenario in terms of data availability. In fact,
in all our examples we assume that daily data are available for the entire sampling
period for all the assets in our universe. Although this may be true in some applica-
tions, most practitioners know too well that this is not usually the case. Even for
such widely used data as daily equity returns in developed markets, the available
history can be considerably shorter for some of the smaller markets. The problem
becomes even more extreme when dealing with data from emerging markets.

How should we deal with histories of different lengths?18 One easy but definitely
suboptimal answer is to disregard part of the longer series and start the analysis at a
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16We use the symbol ^ to identify estimators that use the weights w, and the symbol ~ to
identify estimators that use the weight v.
17For some interesting applications of this approach, see Engle (2002).
18This section requires familiarity with regression analysis and some tolerance for rather
heavy formal notation. However, in our opinion, the benefits for the researcher who faces
this kind of problem outweigh the cost of reading through this section.



date when a long enough history is available for all the assets of interest 
(so-called truncated-sample estimation). A more appealing alternative was pro-
posed in a paper by Stambaugh (1997). Since his approach requires several tech-
nical steps, we start by describing the method in words and then proceed to a
formal description:

1. Estimate the truncated-sample moments for both sets of assets.
2. Estimate a regression of each of the assets with a shorter history on all the as-

sets with a longer history (use the truncated sample for this step). The regres-
sion coefficients identify the statistical relationship between the two sets of
data.

3. For the assets with a longer history:
a. Estimate the moments for the entire sample.
b. Measure the difference between the moments computed over the entire sam-

ple and the moments computed using the truncated sample. If the difference
is positive, this means that the moments computed over the shorter sample
underestimate the more precise estimates obtained using the entire sample
(and vice versa).

4. Using the results from the regressions and the measures from step 3b, adjust
the moment estimates for the series with a shorter history.

The method proposed by Stambaugh was not originally developed to accom-
modate some of the features that we have incorporated into our estimator (serial
correlation correction and a weighting scheme that assigns more weight to more re-
cent observations). However, since the case of no serial correlation and constant
weight is a special case of our estimator, we proceed to a formal presentation of
Stambaugh’s method using our notation, which is more general.

Start by defining two sets of assets, and group them into two matrices R
^

A(d)
and R

^

B(d). The first matrix contains T observations on NA assets, whereas the sec-
ond matrix contains S observations on NB assets. If S < T, then the second matrix
contains the assets with a shorter history. Assuming that the assets have already
been premultiplied by a vector of weights, we proceed according to the steps de-
scribed earlier.

First, estimate the truncated-sample moments for both groups of assets using
the estimator in equation (16.6). Let S

^

AA,S (m) and S
^

BB,S (m) be the covariance matri-
ces for the two sets of data, based on the truncated sample.

Second, run a regression for each of the assets in R
^

B(d) on the entire set of assets
in R

^

A(d). For each regression, use the truncated sample (i.e., the last S observations).
Since the parameters of a regression can be estimated using variances and covari-
ances, this is easily accomplished using the covariance matrix estimator proposed in
(16.6) and selecting the appropriate components:

(16.9)

where S
^

AB,S (m) is the covariance matrix between the returns in R
^

A(d) and the returns
in R

^

B(d), estimated using the last S observations.

B S m S mS AA S AB S= −ˆ ( ) ˆ ( ), ,
1
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In addition, compute the covariance matrix of the regression residuals from the
truncated sample:

Third, compute the covariance matrix for the assets with the longer history, us-
ing their entire history. Again, this can be done by applying equation (16.6) to the
first set of assets. Let S

^

AA,T (m) indicate the estimator that uses the entire history.
Fourth, construct all the covariance estimates by exploiting the information

collected so far:

(16.10)

When the researcher faces more than two subsets of assets with histories of dif-
ferent lengths, the same methodology can be applied recursively, starting from the
shortest history common to all assets and moving back in steps until the entire set
of available data is used.

ALTERNATIVE COVARIANCE MATRIX ESTIMATION METHODS

The estimation technique that we have described in the previous sections has the
appealing feature of capturing most of the empirical regularities of financial data,
while being easy to implement when applied to large sets of assets. In this section,
we briefly review some alternative covariance matrix estimators that have been pro-
posed in the literature and discuss how they relate to our framework.

GARCH Processes

Since the work of Engle (1982) and Bollerslev (1986), generalized autoregressive
conditionally heteroscedastic (GARCH) processes have become one of the most
popular methods to estimate volatility in financial markets. These processes were
originally designed to capture the tendency for volatility to cluster over time: Peri-
ods of high (low) volatility tend to be followed by more periods of high (low)
volatility. Formally, a univariate GARCH(1,1) process for the daily volatility on a
generic asset can be written as:

(16.11)

In words, the volatility for the asset at time T + 1 depends on the volatility of the
asset at time T and on the squared return on the asset at time T. The coefficient α
captures persistence in volatility; the closer α is to 1, the larger the persistence.
The coefficient β reflects the tendency for volatility to adjust in reaction to market
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surprises. If β is positive, then a large market return at time T induces an upward
revision in the forecast of volatility for time T + 1.

Does the GARCH estimator share any similarities with our variance estimator,
which uses a set of decaying weights on the return data? The answer to this ques-
tion is easily found by rearranging equation (16.4) as follows:19

(16.11�)

Clearly, our estimator is a restricted version of a GARCH(1,1) process, in
which the parameter ω is set equal to zero, and α and β are restricted to add up to
1 (so-called integrated GARCH process). At first one may conclude that our specifi-
cation, although more parsimonious, is too restrictive. In practice, the benefit of
parsimony becomes apparent when dealing with multiple assets. In fact, the prolif-
eration of parameters in a multivariate GARCH process without restrictions makes
it often very hard if not impossible to estimate.

The covariance matrix decomposition in equation (16.8) provides a great op-
portunity to use relatively unrestricted GARCH processes even when dealing with
large sets of assets. In fact, as long as the specification of the correlation matrix is
kept simple (e.g., a slow-moving correlation matrix like the one proposed earlier in
this chapter), the volatility process for each asset can be modeled separately and es-
timated as a univariate process, without altering the positive semidefinite nature of
the covariance matrix.

Implied Volatilities

In recent years, with the increasing popularity of derivatives markets, researchers
have focused their interest on volatility measures implied by traded options. This is
essentially an exercise in reverse engineering. Since volatility is one of the key inputs
into the Black-Scholes option pricing model (and its variations), one can infer the
volatility perceived by market participants by using option prices and recovering
the implied volatility from a standard option pricing model. These estimates are
based on prevailing market prices rather than on the past history of returns and,
therefore, they are forward-looking measures of volatility.

Unfortunately, although the idea sounds appealing, this approach has some
limitations. First, the number of liquid markets on derivatives products is still very
limited compared to the number of assets for which we may be interested in build-
ing a risk model. Second, most derivatives can be used to infer implied volatilities,
but very few products exist whose price depends on the correlation between two
assets. This means that, for most assets, we are still far from being able to estimate
implied correlations from observed market prices.

For the time being, we believe that the evidence from implied volatilities can
be used in a productive way under special circumstances. For example, in the
presence of extreme events, one may want to measure the change in implied

var ( ) ( )var ( )T T T T Tr d w r d w r+ [ ] = − [ ] +1
21
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19Although equation (16.4) defines the covariance between two assets, the formula for the
variance is obtained by assuming that assets i and j coincide.



volatilities on some of the major market indexes. This information can then be
used to update volatility estimates that use only historical data. In fact, tradi-
tional volatility estimators may be too slow in incorporating extreme events.
Once again, the covariance matrix decomposition in (16.8) provides an ideal
ground to implement these variations.

Factor Models

Linear factor models are an appealing alternative to the risk models described so
far. In addition to providing economic intuition on the forces that drive volatilities
and correlations for asset returns, they simplify the estimation process when deal-
ing with large sets of assets. For example, risk models for individual securities,
which often include thousands of assets, are often specified as factor models.

The basic assumption behind a factor model is that returns are driven by a
number of systematic factors common to all assets in the economy, plus an idiosyn-
cratic factor that reflects a random component specific to each asset. Formally, the
return on a generic asset i can be described as follows:

(16.12)

The idiosyncratic term εi,t has a mean of zero because, by assumption, it reflects
unpredictable changes in the return on asset i. The K systematic factors reflect eco-
nomic forces that are likely to affect all asset returns, and the coefficients bi,k, which
are often referred to as factor loadings, capture the effect of the common factors on
a specific asset. For example, in the case of equity markets the common factors may
represent measures of economic growth for the economy, indicators of future ex-
pected inflation, measures of recent market performance, and so on. Since the idio-
syncratic factor is asset specific, we assume that εi is uncorrelated with the
systematic factors, and with the idiosyncratic factor of any other asset.

Given a set of N assets, we can stack their returns at time t in a vector Rt(d) and
rewrite the factor model in matrix form:

(16.12�)

where a is a vector of constants with N elements, B is a matrix with N rows and K
columns (each row corresponds to the factor loadings for a specific asset), Ft is a
vector that contains the values of the K factors at time t, and εt is a vector that con-
tains the idiosyncratic factors for the N assets. If we indicate with ΣR the covariance
matrix for the N assets, then equation (16.12�) combined with our assumptions on
the lack of correlation between systematic and idiosyncratic factors implies the fol-
lowing covariance matrix decomposition:

(16.13)

where ΣF is a K × K covariance matrix for the K factors, and Σε is a diagonal matrix
whose elements represent the variances of the idiosyncratic components.
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In practice, the risk model can be estimated in stages. First, the factor loadings
in B are obtained from time-series regressions of the linear factor model in equation
(16.12). Then an estimator is constructed for the covariance matrix of the factors
and for the idiosyncratic variances. Finally, the entire covariance matrix for the N
assets is estimated using equation (16.13).

The parsimonious nature of this approach becomes apparent with an example.
Suppose we want to estimate a covariance matrix for the returns in the Russell
3000 universe. Given the symmetric nature of the variance-covariance matrix, we
would need to estimate a total of (3,000 × 3,001)/2 = 4,501,500 different parame-
ters. Assume, however, that a linear factor model with 50 factors satisfactorily de-
scribes the returns on the Russell 3000 universe. In this case, once we have
estimated the factor loadings in B, we have to estimate a covariance matrix with
(50 × 51)/2 = 1,275 different parameters, and the 3,000 volatilities in Σε. Clearly
this is a much easier task. In fact, one can apply the techniques described in this
chapter to estimate ΣF and Σε, and then construct the appropriate estimator for ΣR.

SUMMARY

Covariance matrices are a necessary input to many problems in finance, such as
construction of optimal portfolios, optimal hedging, monitoring and decomposi-
tion of portfolio risk, and pricing of derivative securities.

Investment decisions can be significantly affected by a choice of a particular
covariance matrix estimator. Therefore, it is important to identify the main fea-
tures of financial data that should be taken into account when selecting a covari-
ance matrix estimator:

� Volatilities and correlations vary over time. In addition, volatilities and corre-
lations may react with different speed to market news and may follow differ-
ent trends.

� Given the time-varying nature of second moments, it is preferable to use data
sampled at high frequency over a given period of time, rather than data sam-
pled at low frequency over a longer period of time.

� When working with data at relatively high frequencies, such as daily data, it is
important to take into account the potential for autocorrelation in returns, due
to different liquidity across assets and asynchroneity across markets.

� Daily returns appear to be generated by a distribution with heavier tails than
the normal distribution. A mixture of normal distributions often provides a
better description of the data-generating process.
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CHAPTER 17
Risk Monitoring and 

Performance Measurement
Jacob Rosengarten and Peter Zangari

OVERVIEW

The Oxford English Dictionary describes risk as:

a) the chance or hazard of commercial loss; also . . .
b) . . . the chance that is accepted in economic enterprise and considered the

source of (an entrepreneur’s) profit.

This definition asserts that risk reveals itself in the form of uncertainty. This un-
certainty of loss, which risk professionals quantify using the laws of probability,
represents the cost that businesses accept to produce profit. Loss potential (i.e.,
“risk”) represents the “shadow price” behind profit expectations. A willingness to
accept loss in order to generate profit suggests that a cost benefit process is present.
For a return to be deemed desirable, it should attain levels that compensate for the
risks incurred.

There are typically policy limits that constrain an organization’s willingness to
assume risk in order to generate profit. To manage this constraint, many organiza-
tions formally budget risk usage through asset allocation policies and methods (e.g.,
mean-variance optimization techniques). The result yields a blend of assets that will
produce a level of expected returns and risk consistent with policy guidelines.

Risk, in financial institutions, is frequently defined as Value at Risk (VaR). VaR
refers to the maximum dollar earnings/loss potential associated with a given level of
statistical confidence over a given period of time. VaR is alternatively expressed as
the number of standard deviations associated with a particular dollar earnings/loss
potential over a given period of time. If an asset’s returns (or those of an asset class)
are normally distributed, 67 percent of all outcomes lie within the asset’s average re-
turns plus or minus one standard deviation.

Asset managers use a concept analogous to VaR—called tracking error—to
gauge their risk profile relative to a benchmark. In the case of asset managers,
clients typically assign a benchmark and a projected risk and return target vis 
à vis that benchmark for all monies assigned to the asset manager’s steward-
ship. The risk budget is often referred to as tracking error, which is defined as the
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standard deviation of excess returns (the difference between the portfolio’s re-
turns and the benchmark’s returns). If excess returns are normally distributed,
67 percent of all outcomes lie within the benchmark’s returns plus or minus one
standard deviation.

VaR is sometimes expressed as dollar value at risk by multiplying the VaR by
assets under management. In this manner, the owner of the capital is able to esti-
mate the dollar impact of losses that could be incurred over a given period of time
and with a given confidence level. To achieve targeted levels of dollar VaR, owners
of capital allocate capital among asset classes (each of which has its own VaR). An
owner of capital who wishes to incur only the risks and returns of a particular asset
class might invest in an index fund type product that is designed to replicate a par-
ticular index with precision. To the extent that the owner wishes to enjoy some dis-
cretion around the composition of the index, he or she allows the investment
managers to hold views and positions that are somewhat different than the index.
The ability to take risks away from the index is often referred to as active manage-
ment. Tracking error is used to describe the extent to which the investment man-
ager is allowed latitude to differ from the index. For the owner of capital, the VaR
associated with any given asset class is based on the combination of the risks asso-
ciated with the asset class and the risks associated with active management.1 The
same premise holds for the VaR associated with any combination of asset classes
and active management related to such asset classes.

By now it is apparent that risk—whether expressed as VaR or tracking error—
is a scarce resource in the sense that individuals and organizations place limits on
their willingness to accept loss. For any given level of risk assumed, the objective is
to engage into as many intelligent profit-making opportunities as possible. If risk is
squandered or used unwisely, the ability of the organization to achieve its profit ob-
jectives is put at risk. If excessive levels of risk are taken vis à vis budget, the orga-
nization is risking unacceptably large losses in order to produce returns that it
neither expects nor desires. If too little risk is taken vis à vis budgeted levels, return
expectations will likely fall short of budget. The point here is that the ability of an
organization to achieve its risk and return targets may be put at risk anytime that
risk capital is used wastefully or in amounts inconsistent with the policies estab-
lished by such organization.

With the above as context, we now delve into the concepts and methods be-
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1More formally, the return of the portfolio (Rp) invested in a particular asset class can be de-
scribed as follows:

Rp = (Rp – Ra) + Ra

where Ra refers to the return of the index or benchmark. The term in parenthesis is often re-
ferred to as active or excess return. From this expression, one can see that the variance of the
portfolio’s return (Vp) can be reduced to:

Vp = Variance(Excess return) + Variance(Benchmark) 
+ 2(Covariance between excess return and benchmark return)

The standard deviation of the portfolio is of course the square root of the variance.



hind risk monitoring and performance measurement in greater depth. The chapter
is organized along five themes:

1. We emphasize that risk monitoring is a fundamental part of the internal con-
trol environment. It helps ensure that the organization is entering into transac-
tions that are authorized and properly scaled; it helps distinguish between
events that are unusual and those that should have been anticipated.

2. We show that there are three fundamental dimensions behind risk manage-
ment—planning, budgeting, and monitoring. We observe that these three di-
mensions are intimately related and that they can be more completely
understood by looking at their commonly used counterparts in the world of fi-
nancial accounting controls. We posit that there is a direct correspondence be-
tween financial planning, financial budgeting, and financial variance
monitoring and their risk management counterparts—namely, risk planning,
risk budgeting, and risk monitoring.

3. We introduce the concept of a risk management unit (RMU) and describe 
its role and placement within the organization. We discuss its objectives 
as well as the need for it to remain independent of portfolio management 
activities. As we will see, the existence of an independent RMU is a “best
practice” for all types of investors, including asset managers, pension funds,
and corporations.

4. We describe techniques the RMU uses to monitor exposures in portfolios and
provide samples of reports that might be used to deliver such information.

5. Last, we introduce tools that are commonly used in the world of perfor-
mance measurement. We observe that there is a duality between risk moni-
toring and performance measurement. Risk monitoring reports on risk that
is possible, whereas performance measurement reports on performance (and
so risk) that has materialized. We posit that performance measurement is a
form of model validation.

We would be remiss if we did not briefly observe that because the sources of
risk are many, the modern organization must have a multidisciplinary approach
to risk management. In their book, The Practice of Risk Management, Robert
Litterman and Robert Gumerlock identify at least six distinct sources of risk.2

These include market, credit, liquidity, settlement, operational, and legal risk.
Professional standards, quantitative tools, preemptive actions, internal control
systems, and dedicated management teams exist in the modern organization to
address each of these. Frequently, these risks overlap and various professional
disciplines are required to work together to creatively craft solutions. While in
this paper, our primary focus will be management and measurement of market
risk and performance, these other risks are ever present and material. Often,
stresses in market factors make these other risks more apparent and costly. 
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For this reason, all of these sources of risk are worthy of separate study and 
investigation.

THE THREE LEGS OF FINANCIAL ACCOUNTING CONTROL:
PLANNING, BUDGETING, AND VARIANCE MONITORING

In the world of financial accounting controls, the concepts of planning, budgeting,
and variance monitoring are intimately related. Each is one of the legs of a three-
legged stool that defines organizational structure and control. Each leg is funda-
mental to the success of the organization’s raison d’être.

As we will see, the risk management process also can be described as a three-
legged stool. Effective risk management processes also have planning, budgeting,
and variance monitoring dimensions. It is intuitive that there should exist such a
close correspondence between the models that support risk management and those
that support financial accounting controls. Remember that risk is the cost of re-
turns—the shadow price of returns. Hence, behind every number in a financial plan
or budget there must exist a corresponding risk dimension. This duality suggests
that risk management can be described, organized, and implemented using an ap-
proach that is already commonly used in the world of financial controls—namely,
planning, budgeting, and monitoring.

For a moment, let’s focus on the world of financial accounting to explore this
point further. Consider how the “financial controls stool” is constructed. The first
leg of this stool is a strategic plan or vision that describes earnings targets (e.g.,
return on equity, earnings per share, etc.) and other goals for the organization
(e.g., revenue diversification objectives, geographic location, new product devel-
opment, market penetration standards, etc.). The strategic plan is a policy state-
ment that broadly articulates bright lines that define points of organizational
success or failure.

Once a plan exists, the second leg of the financial controls stool—a financial
budget—is created to give form to the plan. The financial budget articulates how
assets are to be expended to achieve earnings and other objectives of the plan. The
budget represents a financial asset allocation plan that, in the opinion of manage-
ment, should be followed to best position the organization to achieve the goals laid
out in the strategic plan. The budget—a statement of expected revenues and ex-
penses by activity—is a numeric blueprint that quantifies how the strategic plan’s
broad vision is to be implemented.

The strategic plan and financial budget both presuppose scarcity. In a world of
unlimited resources, there is clearly no need for either a budget or a plan. Any mis-
take could easily be rectified. In a world of scarcity, however, it is apparent that a
variance monitoring process—the third leg of the stool—helps ensure that scarce
resources are spent wisely in accordance with the guidance offered by the plan and
the budget. Monitoring exists because material variances from financial budget put
the long-term strategic plan at risk.

In the world of risk management, these same three elements of control—plan-
ning, budgeting, and monitoring—apply as well. Although this paper focuses pri-
marily on risk monitoring, it is useful to step back and provide a more complete
context for risk monitoring.
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BUILDING THE THREE-LEGGED RISK MANAGEMENT STOOL:
THE RISK PLAN, THE RISK BUDGET, AND 
THE RISK MONITORING PROCESS

The Risk Plan

The following discussion of what constitutes a risk plan may at first blush seem
highly theoretical. But upon closer review, the reader will see that sound financial
planning standards already incorporate many of the elements that are discussed.
We expect many of the ideas referred to here already exist within the body of a
comprehensive strategic planning document. For example, most strategic plans in-
clude a strengths, weaknesses, opportunities, and threats (SWOT) section in which
major risks to the organization are discussed. By introducing the concept of a sepa-
rate risk plan, however, we are proposing an even greater degree of formality for
discussion of risk themes and issues.

We believe that the risk plan should be incorporated as a separate section of the
organization’s strategic planning document. As such, it should receive all of the vet-
ting and discussion that any other part of the planning document would receive.
When in final form, its main themes should be capable of being articulated to ana-
lysts, auditors, boards, actuaries, management teams, suppliers of capital, and
other interested constituencies.

The risk plan should include five guideposts:

1. The risk plan should set expected return and volatility (e.g., VaR and tracking
error) goals for the relevant time period and establish mileposts which would
let oversight bodies recognize points of success or failure. The risk plan should
use scenario analysis to explore those kinds of factors that could cause the
business plan to fail (e.g., identify unaffordable loss scenarios) and strategic re-
sponses in the event these factors actually occur. The risk plan helps ensure that
responses to events—be they probable or improbable—are planned and not
driven by emotion. Difficult business climates have happened before and they
will happen again. The planning process should explore the many “paths to the
long term” and prepare the organization, and its owners and managers, for the
bumps3 along the way. If any of these bumps are material, concrete contin-
gency plans should be developed and approved by the organization’s owners
and managers.4

2. The risk plan should define points of success or failure. Examples are accept-
able levels of return on equity (ROE) or returns on risk capital (RORC). For
the purposes of the planning document, risk capital might be defined using
Value at Risk (VaR) methods. Since organizations typically report and budget
results over various time horizons (monthly, quarterly, annually), separate VaR
measures for each time interval should be explored. The VaR (or risk capital)
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allocated to any activity should be sized in such a way that the exposures and
upside associated with the activity are at levels that are deemed appropriate by
the organization’s owners and managers. A second benefit of attempting to
measure the risk capital associated with each activity is that the process helps
management understand the uncertainty levels associated with each activity in
the plan. The greater the amount of uncertainty and the greater the cost associ-
ated with the downside of the VaR estimate actually materializing, the more in-
tensive must be the quality of contingency and remedial planning.

3. The risk plan should paint a vision of how risk capital will be deployed to meet
the organization’s objectives. For example, the plan should define minimum ac-
ceptable RORCs for each allocation of risk capital. In so doing, it helps ensure
that the return per unit of risk meets minimum standards for any activity pur-
sued by the organization. The plan should also explore the correlations among
each of these RORCs as well to ensure that the consolidated RORC yields an
expected ROE, and variability around such expectation, that is at acceptable
levels. Finally, the plan should also have a diversification or risk decomposition
policy. This policy should address how much of the organization’s risk capital
should be spent on any one theme.5

4. A risk plan helps organizations define the bright line between those events that
are merely disappointing and those that inflict serious damage. Strategic re-
sponses should exist for any franchise-threatening event—even if such events
are low-probability situations. The risk plan should identify those types of
losses that are so severe that insurance coverage (e.g., asset class puts) should
be sought to cover the downside. For example, every organization pays fire in-
surance premiums to insure against the unaffordable costs of a fire. Fire is one
of those events that are so potentially devastating that there is universal agree-
ment on the need to carry insurance protection. Now, consider a more complex
example from the world of investment portfolio policy. From an investment
standpoint, there may be losses of such magnitude—even if they are infrequent
and improbable—that they endanger the long-term viability of the investment
plan. For example, firms or plans with large equity holdings6 could face mater-
ial loss and earnings variability in the event of protracted and substantial stock
market losses. In this case, the risk plan should explore the potential merits of
financial insurance (e.g., options on broad market indexes). At a minimum, if
such insurance is not purchased, the decision to self-insure should be formally
discussed and agreed upon by the organization’s owners and management.

5. The risk plan should identify critical dependencies that exist inside and outside
the organization. The plan should describe the nature of the responses to be
followed if there are breakdowns in such dependencies. Examples of critical de-
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5Diversification policies are routinely included in strategic planning. Such policies take the
form of geographic diversification, product diversification, customer base diversification,
and so on. Just as organizations produce standards on how much revenue should come from
any one source, so too should they examine how much risk originates from any one theme
(asset class, portfolio manager, individual security, etc.).
6In this context, a “large” holding refers to one that can generate earnings exposures that are
deemed material vis à vis the business plan.



pendencies include reliance on key employees and important sources of financ-
ing capacity.

The risk plan should explore how key dependencies behave in good and
bad environments.7 Frequently, very good and or very bad events don’t occur in
a vacuum; they occur simultaneously with other material events. For example,
consider a possible challenge faced by a pension plan. It is conceivable that pe-
riods of economic downturn could coincide with lower investment perfor-
mance, acceleration of liabilities, and a decreased capacity of the contributing
organization to fund the plan. For this reason, scenario planning for the pen-
sion plan should explore what other factors affect the pension plan’s business
model in both good and bad environments and develop appropriate steps to
help the plan succeed.

An effective risk plan requires the active involvement of the organization’s most
senior leadership. This involvement creates a mechanism by which risk and return
issues are addressed, understood, and articulated to suppliers of capital (owners or
beneficiaries), management, and oversight boards. It helps describe the philosophi-
cal context for allocations of risk and financial capital and helps organizations en-
sure that such allocations reflect organizational strengths and underpinnings. It
helps organizations discuss and understand the shadow price that must be accepted
in order to generate returns.

The existence of a risk plan makes an important statement about how business
activities are to be managed. It indicates that owners and managers understand that
risk is the fuel that drives returns. It suggests that a higher standard of business ma-
turity is present. Indeed, its very existence demonstrates an understanding that the
downside consequences of risk—loss and disappointment—are not unusual. These
consequences are directly related to the chance that management and owners ac-
cept in seeking profit. This indicates that management aspires to understand the
source of profit. The risk plan also promotes an organizational risk awareness and
the development of a common language of risk. It demonstrates an intolerance for
mistakes/losses that are material, predictable, and avoidable.

The Risk Budget

The risk budget—often called asset allocation—should quantify the vision of the
plan. Once a plan is put into place, a formal budgeting process should exist to ex-
press exactly how risk capital will be allocated such that the organization’s strategic
vision is likely to be realized. The budget helps the organization stay on course with
respect to its risk plan. For each allocation of risk budget, there should be a corre-
sponding (and acceptable) return expectation. For each return expectation, some
sense of expected variability around that expectation should be explored. When all
of the expected returns, risks, and covariations among risk budgets are considered,
the expected return streams, and the variability of such, should be consistent with
the organization’s strategic objectives and risk tolerances.
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As noted earlier, there are many similarities between financial budgets and risk
budgets. Financial budgets calculate net income as the difference between revenue
and expenses. ROE is then estimated as net income divided by capital invested. In
the case of risk budgets, a risk “charge”—defined as VaR or some other proxy for
“risk expense”—can be associated with each line item of projected revenue and ex-
pense. Hence, a RORC can be associated with each activity as well as for the aggre-
gation of all activities.

In the case of both financial and risk budgets, presumably ROE and RORC
must exceed some minimum levels for them to be deemed acceptable. Both statis-
tics are concerned with whether the organization is sufficiently compensated—in
cost/benefit terms—for the expenses and/or risks associated with generating rev-
enues. Just as the financial budget allocates revenue and expense amounts across
activities to determine their profitability, so too should a risk budget exist for each
activity in order to estimate the risk-adjusted profitability of the activity. Just as fi-
nancial budgets show a contribution to ROE by activity, so too can risk budgets
show a contribution to overall risk capital usage by activity. For example, standard
mean-variance optimization methods produce estimates of weights to be assigned
to each asset class, in addition to overall estimates of portfolio standard deviation
and the marginal contribution to risk8 from each allocation.

Note that both RORC and ROE can and should be estimated over all time in-
tervals that are deemed relevant. For example, if investment boards meet monthly
and are likely to react to short-term performance, monthly RORC is relevant.
Hence, management must define the time horizons over which risk budget alloca-
tions are to be spent and over which RORC should be measured.9

An example at this point might be helpful. Assume that an organization has a
material investment portfolio. The organization is concerned about the impact of
the earnings volatility of this portfolio on reported earnings and, therefore, share
price. In constructing a risk budget for this portfolio, the organization might:

� From the risk and business plan, identify acceptable levels of RORC and ROE
over various time horizons.

� Using mean variance optimization or other techniques, determine appropriate
weights for each investment class.

� Simulate the performance of a portfolio (including the behavior of related lia-
bilities, if relevant) constructed with these weights over various time horizons,
and test the sensitivity of this performance to changes in return and covariance
assumptions.
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8The marginal contribution to risk from any asset is defined as the change in risk associated
with a small change in the underlying weight of that asset in the portfolio.
9We know that risk across different time dimensions does not simply scale by the square root
of time. The path to the long term may be much bumpier than a simple scaling might imply.
In fact, the long-term result may be entirely consistent with a fair number of short-term
anomalies. If so, management must ensure that risk allocations are sized in such a manner
that losses associated with short-term market difficulties can be negotiated effectively.
Hence, in a manner analogous to financial budgeting, the risk budget helps managers size the
bets in each revenue-producing area.



� Ensure that the levels of risk assumed at the individual asset class level as well
as for the portfolio taken as a whole are at appropriate levels vis à vis the busi-
ness and risk plan.

� Ensure that the expected variability around expected RORC is at acceptable
levels. If there is too much variability vis à vis a competitor’s ROE and RORC,
the earnings profile might be deemed to be low quality by the marketplace. Ac-
cordingly the risk budgeting process must concern itself with not only the ab-
solute magnitude of the RORC at the strategy and overall portfolio levels, but
also the variability in such magnitude.

� Explore the downside scenarios associated with each allocation over various
time horizons. Ensure that the plan’s owners and managers identify such down-
side as merely disappointing and not unacceptably large (i.e., lethal) given the
plan’s objectives.

� In each significant downside scenario, loop back to the planning process and
ensure that contingency steps exist to bring about a logical and measured re-
sponse. Ensure that owners, managers, and other outside constituencies (e.g.,
suppliers of capital) are aware and supportive of these responses.

Clearly, risk budgeting incorporates elements of mathematical modeling. At
this point, some readers may assert that quantitative models are prone to failure
at the worst possible moments and, as such, are not sufficiently reliable to be used
as a control tool. We do not agree. The reality is that budget variances are a fact
of life in both financial budgeting and risk budgeting. Variances from budget can
result from organization-specific factors (e.g., inefficiency) or completely unfore-
seen anomalies (e.g., macroeconomic events, wars, weather, etc.). Even though
such unforeseen events cause ROE variances, some of which may even be large,
most managers still find value in the process of financial budgeting. The existence
of a variance from budget, per se, is not a reason to condemn the financial bud-
geting exercise.

So, too, we believe that the existence of variances from risk budget by unfore-
seen factors does not mean that the risk budgeting process is irrelevant. To the con-
trary. Frequently the greatest value of the risk budget derives from the budgeting
process itself—from the discussions, vetting, arguments, and harmonies that are a
natural part of whatever budget is ultimately agreed to. Managers who perform
risk budgeting understand that variances from budget are a fact of life and are un-
avoidable, but are not a reason to avoid a formal risk budgeting process. To the
contrary, understanding the causes and extent of such variances and ensuring that
appropriate remedial responses exist make the budgeting and planning process
even more valuable.

Risk Monitoring

Variance monitoring is a basic financial control tool. Since revenue and expense
dollars are scarce, monitoring teams are established to identify material deviations
from target. Unusual deviations from target are routinely investigated and ex-
plained as part of this process.

If we accept the premise that risk capital is a scarce commodity, it follows that
monitoring controls should exist to ensure that risk capital is used in a manner
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consistent with the risk budget. Material variances from risk budget are threats
to the investment vehicle’s ability to meet its ROE and RORC targets. If exces-
sive risk is used, unacceptable levels of loss may result. If too little risk is spent,
unacceptable shortfalls in earnings may result. Risk monitoring is required to en-
sure that material deviations from risk budget are detected and addressed in a
timely fashion.

RISK MONITORING—RATIONALE AND ACTIVITIES

There is an increasing sense of risk consciousness among and within organizations.
This risk consciousness derives from several sources:

� Banks that lend to investors increasingly care about where assets are placed.
� Boards of investment clients, senior management, investors, and plan sponsors

are more knowledgeable of risk matters and have a greater awareness of their
oversight responsibilities. Especially as investments become more complicated,
there is an increasing focus to ensure that there is effective oversight over asset
management activities—whether such activities are managed directly by an or-
ganization or delegated to an outside asset manager.

� Investors themselves are expected to have more firsthand knowledge about
their investment choices. Perhaps this has been driven, in part, by the notoriety
of losses incurred by Procter & Gamble, Unilever, Gibson Greeting Cards, Or-
ange County (California), the Common Fund, and others. After these events,
organizations have become interested in stresses and the portfolio’s behavior in
more unusual environments. Further, in the asset management world, asset
managers increasingly must be able to explain, ex ante, how their products will
fare in stressful environments. This enhanced client dialogue disclosure is bene-
ficial from two perspectives: First, it raises the level of client confidence in the
manager. Second, it reduces the risk of return litigation arising from types of
events that were predictable on an ex ante basis.

In response to this heightened level of risk consciousness, many organizations
and asset managers have formed independent risk management units (RMUs) that
oversee the risk exposures of portfolios and ensure that such exposures are autho-
rized and in line with risk budgets. This trend was definitely spurred on by a highly
influential paper authored by the Working Group10 in 1996.
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10The Working Group was established in April 1996 by 11 individuals from the institutional
investment community. Its mission was: “To create a set of risk standards for institutional in-
vestment managers and institutional investors.” In drafting the final standards, opinions
were solicited from a wide range of participants in the financial community including asset
managers, academics, plan sponsors, custodians, and regulators. More recently, Paul Myn-
ers, in his report (dated March 6, 2001) addressed to the Chancellor of the Exchequer of the
United Kingdom entitled Institutional Investment in the United Kingdom—A Review, ar-
gued persuasively for the increased need for professional development and product under-
standing of those individuals charged with overseeing pension plans.



The Working Group suggested that the RMU’s reporting line should incorpo-
rate a segregation of duties—a fundamental element of an effective internal con-
trols environment. To be effective, the RMU should be independent in both fact
and appearance. This assertion is ratified by industry and professional guidance.
For example, the Third Standard produced by the Working Group reads in part:

Where possible, an independent internal group . . . should perform oversight. . . .
Functions checked independently should include:

� Oversight of investment activity
� Limits, monitoring, exception reports and action plans relating to excep-

tion reports
� Stress tests and back tests
� . . . Fiduciaries should verify that Managers conduct independent risk

oversight of their employees and activities.

In their book, The Practice of Risk Management, Robert Gumerlock and
Robert Litterman ratify this Standard by stating:

It is essential that the risk management function itself must be established in-
dependently from the business areas and operate as a controlling or monitor-
ing function. The role of the risk management function is to provide assurance
to senior management and the Board that the firm is assessing its risk effec-
tively, and is complying with its own risk management standards. This means
that the risk management function has to have an independent reporting line
to senior management.

The risk monitoring unit is a necessary part of the process that ensures best
practices and consistency of approach across the firm. It helps ensure that a process
exists by which risks are identified, measured, and reported to senior management
in a timely fashion. The function is part of an internal control framework designed
to safeguard assets and ensure that such assets are managed in accordance with
each organization’s expectations and management direction.

Objectives of an Independent Risk Management Unit

The objectives of the RMU are:

� The RMU gathers, monitors, analyzes, and distributes risk data to managers,
clients, and senior management in order to better understand and control risk.
This mission requires that the RMU deliver the right information to the right
constituency at the right time.

� The RMU helps the organization develop a disciplined process and framework
by which risk topics are identified and addressed. The RMU is part of the
process that ensures the adoption and implementation of best risk practices
and consistency/comparability of approach and risk consciousness across the
firm. As such it is a key promoter of an organization’s risk culture and internal
control environment.
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� To be vibrant, the RMU must be more than a publisher of periodic VaR infor-
mation. It must also proactively pursue topics and have a topical vein. The
RMU should be actively involved in setting and implementing the risk agenda
and related initiatives.

� The RMU watches trends in risk as they occur and identifies unusual events
to management in a timely fashion. While it is helpful to identify a risk once
it is present, it is more meaningful to identify a trend before it becomes a
large problem.

� The RMU is a catalyst for a comprehensive discussion of risk-related matters,
including those matters that do not easily lend themselves to measurement. For
example, the RMU should be actively involved in the identification of and or-
ganizational response to low-probability yet high-damage events. It should
promote discussion throughout the organization and encourage development
of a context by which risk data and issues are discussed and internalized.

� The RMU is an element of the risk culture. It should represent one of the
nodes of managerial convergence—a locus where risk topics are identified, dis-
cussed, and disseminated across the organization and clients. In so doing, it
helps promote enhanced risk awareness together with a common risk culture
and vocabulary.

� As a part of the internal control environment, the RMU helps ensure that
transactions are authorized in accordance with management direction and
client expectations. For example, the RMU should measure a portfolio’s poten-
tial (i.e., ex ante) tracking error and ensure that the risk profile is in consonance
with expectations.11

� Together with portfolio managers and senior management, the RMU identifies
and develops risk measurement and performance attribution analytical tools.
The RMU also assesses the quality of models used to measure risk. This task
involves back testing of models and proactive research into “model risk.”

� The RMU develops an inventory of risk data for use in evaluating portfolio
managers and market environments. This data, and the methodologies used
to create it, must be of a quality and credibility that it is both useful to and
accepted by the portfolio managers. This risk data should be synthesized, and
routinely circulated to the appropriate decision makers and members of se-
nior management.

� The RMU provides tools for both senior management and individual portfolio
management to better understand risk in individual portfolios and the source
of performance. It establishes risk reporting and performance attribution sys-
tems to portfolio managers and senior management. In the process, the RMU
promotes transparency of risk information.
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11For asset management firms, this oversight spans a different dimension of risk than the
function currently performed by compliance departments. In fact, the RMU forms a natural
complement to the efforts of the compliance department within asset management firms. By
definition, the matching of actual positions with guidelines by the compliance department in-
volves examining events that have already happened. In contrast, by stressing data and ex-
ploring both common and uncommon scenarios, the RMU explores the implications of what
might happen in the future.



� The RMU should not manage risk, which is the responsibility of the individual
portfolio managers, but rather measure risk for use by those with a vested in-
terest in the process. The RMU cannot reduce or replace the decision methods
and responsibilities of portfolio managers. It also cannot replace the activities
of quantitative and risk support professionals currently working for the portfo-
lio managers. Trading decisions and the related software and research that sup-
port these decisions should remain the responsibility of the portfolio managers
and their support staffs. The RMU measures the extent to which portfolio
managers trade in consonance with product objectives, management expecta-
tions, and client mandates. If the RMU finds what it deems to be unusual activ-
ities or risk profiles, it should be charged with bringing these to the attention of
the portfolio managers and senior management so that an appropriate response
can be developed and implemented.

Examples of the Risk Management Unit in Action

An effective internal control environment requires timely, meaningful, and accurate
information flows between senior management and the rest of the organization. In-
formation flows allow management to ask questions. Questions and the ability to
probe into the process by which the business operates are fundamental to loss
avoidance and profit maximization.

Risk monitoring is principally concerned with whether investment activities are
behaving as expected. This suggests that there should be clear direction as to what
results and risk profiles should be deemed normal versus abnormal. It is our experi-
ence that the very best managers in the world achieve success in no small part be-
cause they have a time-tested conviction and a philosophy that has a stable
footprint. For example, the best growth managers do not invest in value themes;
the best U.S. fixed income managers do not take most of their risk in non-U.S. in-
struments; and so on. In fact, the premier managers remain true to their time-tested
convictions, styles, and philosophies. Further, the best managers apply well-defined
limits—expressed both in absolute terms as well as in marginal contribution to risk
terms—on how they spend any given amount of risk budget. The result of this dis-
cipline is a portfolio that produces a return distribution that meets the following
world-class standards:

� It is consistent with client expectations. The risk capital consumed by the man-
ager approximates the amount of risk budget the client authorized the manager
to spend.

� It is derived from organizational or individual strengths (e.g., stock selec-
tion, sectors of the market like growth or value, portfolio construction tech-
niques, etc.).

� It is high-quality in the sense that it is not the result of luck, but rather of sound
organizational plans and decisions that have been executed in accordance with
philosophy and conviction.

� It is the result of a well-articulated and well-defined process and risk culture
whose major elements are understood and embodied by the organization.

� It is stable, consistent, and controlled. It produces results that can be explained
and repeated across time with a high degree of confidence.
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The RMU helps create systems to report risk information to interested con-
stituencies (senior management, control nodes, portfolio managers, etc.). This in-
formation should reveal several broad themes. In particular, it should allow the
user to be conclusive concerning:

� Whether the manager is generating a forecasted level of tracking error that is
consistent with the target established by the mandate.

� Whether, for each portfolio taken, individually and for the sum of all portfolios
taken as a whole, risk capital is spent in the expected themes.

� Whether the risk forecasting model is behaving as predicted.

Is the Forecasted Tracking Error Consistent with the Target? The forecasted
tracking error is an estimate of the potential risk that can be inferred from the po-
sitions held by the portfolio derived from statistical or other forward-looking esti-
mation techniques. An effective risk process requires that portfolio managers take
an appropriate level of risk (i.e., neither too high nor too low) vis à vis client ex-
pectations. This forecast should be run for each individual portfolio as well as for
the sum of all portfolios owned by the client. Tracking error forecasts should be
compared to tracking error budgets12 for reasonableness. Policy standards should
determine what magnitude of variance from target should be deemed so unusual
as to prompt a question and what magnitude is so material as to prompt immedi-
ate corrective action. In this manner, unusual deviations across accounts will be
easier to identify.

Figure 17.1 is an example of a tracking error forecast report for a sample U.S.
equity fund produced by Goldman Sachs Asset Management (GSAM) on its propri-
etary portfolio analysis and construction environment (PACE) platform. PACE is a
risk and return attribution system that we use to forecast risk across the spectrum
of equities managed by GSAM. Observe from the header of this report that the
forecasted tracking error for this account, as estimated by the PACE model, is 3.68
percent per annum. A second equity factor risk model, Barra, projects a tracking er-
ror forecast of 2.57 percent. Since each model uses different assumptions to fore-
cast risk, it is not surprising that two different models would produce different
results. What is comforting in this case is that both measures of risk are comparable
to the targeted risk level of 3.25 percent per annum.

This same report should be produced for each account that is supposed to be
managed in a parallel manner to ensure consistency of overall risk levels.

Is Risk Capital Spent in the Expected Themes for Each Portfolio? In financial vari-
ance monitoring, it is insufficient to know only that the overall expense levels are
in line with expectations. Each line item that makes up the total must also corre-
spond to expectations. If there are material variances among line items that tend
to offset each other, the person monitoring variances should be on notice that un-
usual activity may be present. As an example, if a department meets its overall ex-
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12Tracking error budgets should exist for each portfolio and be determined as part of the or-
ganization’s asset allocation process.



pense budget but is materially over budget in legal fees (with favorable offsets in
other areas), the reviewer might conclude that an event is present that might put
future returns at risk.

The same principle holds for risk monitoring. Managers should be able not
only to articulate overall tracking error expectations, but also to identify how such
tracking error is decomposed into its constituent parts. This will let the risk man-
ager opine on whether risk is being incurred in accordance with expectations both
in total as well as at the constituent level. If the risk decomposition is not in keeping
with expectations, the manager may not be investing in accordance with the stated
philosophy. This type of situation is often referred to as “style drift.” An example
of this might be a growth manager who is investing in consonance with the correct
overall tracking error target, but who is placing most of the risk in value themes. In
this case, the investor is acquiring the correct level of overall risk, but the wrong
style decomposition.

Examples of risk decomposition that a manager should be able to articulate
and which the RMU should monitor might include:

� The range of acceptable active weights (portfolio holdings less benchmark
holdings) at the stock, industry, sector, and country levels.

� The range of acceptable marginal contributions to risk at the stock, industry,
sector, and country levels.

Refer again to Figure 17.1. For this particular portfolio, we observe that
State Street Corp. represents an active weight of 1.95 percent of the total portfo-
lio and that its marginal contribution to tracking error is 5.96 percent. The risk
monitoring function should conclude as to whether this active weight and risk
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decomposition—which may alternatively be described as the portfolio’s diversifi-
cation footprint—is in line with expectations. What is being measured here is the
extent to which the manager is investing capital in accordance with stated poli-
cies. This report should be run at the manager level as well as at the consolidated
portfolio level to ensure that no undue (i.e., unacceptably large vis à vis budget)
concentrations of risk are present.

Figure 17.2 shows the largest active exposures and marginal contributions at
the industry level. The risk monitor should be able to opine on whether the levels of
risk concentration observed are in accordance with manager philosophy. Once
again, this report should be run at the manager level as well as at the consolidated
portfolio level to ensure that no undue (i.e., unacceptably large vis à vis budget)
concentrations of risk are present that might put either a strategy or the overall
plan at risk.

Is the Risk Forecasting Model Behaving as Predicted? As indicated earlier, the risk
forecasting model uses statistical methods to produce a forward-looking estimate
of tracking error. Accordingly, the risk monitor is charged with knowing whether
the model is producing meaningful estimates of risk.

For example, GSAM’s PACE tabulates the number of times that a portfolio’s
actual return is materially different from its risk forecasts. As an example of this
test, please refer to Figure 17.3. Note that if the model is behaving as expected, the
portfolio’s actual returns should exceed the tracking error forecast by approxi-
mately one day per month. Over the four months ended April 30, one therefore ex-
pects that there should be four occurrences where actual returns exceed forecast. In
fact, there are three. The risk monitor can conclude that the model is behaving ap-
propriately over the period. Had this result not been reached, some of the model’s
assumptions might have needed to be revisited.

Note from Figure 17.3 that this technique gives no guidance as to how much
the model might underestimate risk in the event that the actual result exceeds fore-
cast. It only explores the frequency with which this result occurs. The risk monitor-
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ing professional should also explore how tracking error might behave in more un-
usual circumstances.13

There are many ways to examine how a portfolio might behave during periods
of stress. One technique is historical simulation. To apply this approach, one takes
today’s positions and applies historical price changes to them to see what the earn-
ings impact would have been had such positions been held fixed over a period of
time. A shortfall of this method is that observed history produces only one set of
realized outcomes. A more robust approach would allow us to examine the myr-
iad outcomes that are probabilistically implied by the one set of outcomes that ac-
tually occurred. To examine these implied paths, Monte Carlo methods are
commonly applied.

Figure 17.4 graphs the results of a Monte Carlo simulation for a sample equity
portfolio that was prepared to study how tracking error forecasts fluctuate depend-
ing on the environment used to estimate the risk forecast.14 Note that as of April
26, 2002, for this portfolio, the PACE risk model projected a tracking error of 5.08
percent per annum. The tracking error target for this portfolio was 5 percent. So, at
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FIGURE 17.3 Model Validation
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13It is often true that a three standard deviation scenario is more draconian than that value
that is implied by multiplying a one standard deviation loss by three. This result occurs for
two reasons: (1) Many products have nonlinear payoff structures (i.e., embedded options);
and (2) the global stresses that are present in a three standard deviation scenario are qualita-
tively different than those which are present in a one standard deviation scenario. As an ex-
ample, counterparty credit risk increases in more unusual environments.
14It is beyond the scope of this chapter to delve in depth into the calculation methodology be-
hind Monte Carlo methods. Rather we present an output of a Monte Carlo analysis to give
the reader a sense as to the types of insights it might provide.



first blush, it seems as though the portfolio has an overall risk profile that is closely
aligned with the risk target. Common sense tells us, however, that the particular
combination of assets held in the portfolio might exhibit quite different tracking er-
ror characteristics in different environments.

The PACE forecast is derived by assuming that the underlying data have a half-
life of about half a year. When estimating the covariance matrix15 that is at the
heart of the risk forecast, data that are six months old are weighted half as much as
current data, and data that are one year old are weighted about one-quarter of cur-
rent data, and so on. So, more import is given to recent data than to aged data in
forecasting risk. This key assumption means that the covariance matrix itself fluctu-
ates over time not only because different data are used to estimate its components
but also because the passage of time causes the import of any particular element in
the matrix to have an ever smaller weight.

To examine how a tracking error forecast might fluctuate over time, Figure 17.4
simulates the frequency distribution of the tracking error of the positions held at
April 26, 2002, over the period from June 1998 until April 26, 2002. These posi-
tions, when introduced into the Monte Carlo engine, would have yielded an average
tracking error forecast that would have peaked at 6.5 percent in late 1998 and mid-
2000. At these times, the 98th percentile risk forecast reached levels of 7 percent.

The risk monitoring professional should consider whether these ranges of track-
ing error that might occur during periods of stress fall within acceptable levels vis à
vis the long-term target of 5 percent. If these levels of tracking error are deemed un-
acceptably large, an appropriate response might be to run the portfolio at a lower
risk profile (say, 4 percent) such that there is reason to believe that the tracking error
is less likely to reach unacceptably large levels during periods of stress.16
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FIGURE 17.4 Example of Monte Carlo Methods to Explore Tracking Error Stresses
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15Recall that the standard deviation (or tracking error) is calculated by the formula: Tracking
error = [W TΣW]1/2 where W is an N × 1 matrix of weights applied to particular factors (e.g.,
risk factors, or market value of stock holdings, etc.) and Σ represents the N × N covariance
matrix associated with the returns of these factors.
16Recall that tracking error is shorthand for the magnitude of earnings variability associated
with a certain degree of statistical confidence. If this variability is unacceptably large, it may
place the organization’s overall strategic plan and goals at risk.



Quantifying Illiquidity Concerns

Since a portfolio’s liquidity profile can change dramatically during difficult market
environments, tools that measure portfolio liquidity are an essential element of the
stress analysis. For example, investors must be aware if a partial redemption could
cause an illiquid asset to exceed some guideline.17 Since redemption risk can corre-
late with difficult markets, some illiquid situations (e.g., 144A securities, position
concentrations, etc.) can coincide with unanticipated redemptions of capital.18 The
risks associated with many of these situations are often apparent only if large
stresses are assumed. A tool we use at GSAM to assess the potential implications of
illiquidity is the “liquidity duration” statistic.

To calculate this statistic, begin by estimating the average number of days re-
quired to liquidate a portfolio assuming that the firm does not wish to exceed a
specified percent of the daily volume in any given security. The point here is that we
wish to estimate how long it would take to liquidate a portfolio’s holdings in an or-
derly fashion—that is, without material market impact. For example, suppose that
we do not wish to exceed more than 15 percent of the daily volume in any given se-
curity holding. The number of days required to liquidate any given security we
term the liquidity duration for that security. More precisely, the liquidity duration
for security i can be defined as:

LDi = Qi /(.15 · Vi)

where LDi = Liquidity duration statistic for security i, assuming that we do not
wish to exceed 15% of the daily volume in that security

Qi = Number of shares held in security i
Vi = Daily volume of security i

An estimate of liquidity duration for the portfolio taken as a whole can be de-
rived by weighting each security’s liquidity duration by that security’s weight in
the portfolio.

Liquidity duration is readily calculated for equity holdings, as volume 
data are easily available. In the case of fixed income securities, where volume in-
formation is not available, the estimate of the number of days required to liqui-
date a position—and an overall portfolio—in an orderly fashion (i.e., without a
material adverse earnings impact) will likely result from discussions with portfo-
lio managers.

Credit Risk Monitoring

For the purposes of this discussion, we assume that the credit risk of each instru-
ment is researched and understood by the portfolio manager. We further assume
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that through factor models or other techniques, the RMU professional can estimate
the VaR or tracking error consequences of credit exposures imbedded in the securi-
ties held by the portfolio.

In addition to quantifying security-specific and overall portfolio credit expo-
sure, it is important that the RMU understand the credit consequences of dealing
with brokers, custodians, execution counterparties, and the like. It is a truism that
credit risk is frequently the other side of the coin of market risk. Discussions on
market risk are often, at their heart, driven by credit matters. In certain asset classes
(e.g., emerging markets) credit risk and market risk may be virtually inseparable.
Further, since credit risk is an attribute of performance, it should also be an element
of the risk process. As an example, many global indexes (e.g., IFC) now include
emerging market countries. To the extent that financial systems in such countries
(e.g., Egypt and Russia) are evolving and immature, institutions face credit risk
when settling trades. The expected return on such transactions is a function not
only of issuer-specific risk, but of credit/settlement risk as well. For this reason, the
RMU should ensure that all counterparties used to execute and settle trades meet
credit policy criteria.

PERFORMANCE MEASUREMENT—
TOOLS AND THEORY

Until now, we have largely focused our attention on measuring potential risk—
an estimate of the risk and return that is possible. The other side of this coin is
measurement of realized outcomes. In theory, if the ex ante forecasts are mean-
ingful, they should be validated by the actual outcomes experienced. In this
sense, performance measurement might be thought of as a form of risk model
validation.

In general, the objectives of performance measurement tools are:

� To determine whether a manager generates consistent excess risk-adjusted per-
formance vis à vis a benchmark.

� To determine whether a manager generates superior risk-adjusted performance
vis à vis the peer group.

� To determine whether the returns achieved are sufficient to compensate for the
risk assumed in cost/benefit terms.

� To provide a basis for identifying those managers whose processes generate
high-quality excess risk-adjusted returns. We believe that consistently superior
risk-adjusted performance results suggest that a manager’s processes, and the
resulting performance, can be replicated in the future, making the returns
high-quality.

Reasons That Support Using Multiple 
Performance Measurement Tools

To calculate a risk-adjusted performance measure, two items must be known:
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1. Returns over the relevant time period.19

2. Risk incurred to achieve such returns.

Risk is ultimately a very human concept comprised of many human dimen-
sions (e.g., emotion, psychological response to uncertainty, fear of underperfor-
mance, etc.). Since no two human beings are identical, no two risk assessments are
identical. To measure risk and return most comprehensively, we have seen that a
panoply of tools (e.g., historical simulations, liquidity awareness, Monte Carlo
methods, etc.) can be helpful in order to gain the most complete understanding of
the risk present in a portfolio. If the tools yield materially different forecasts, the
onus is on the risk professional, working together with senior management and
portfolio managers, to apply judgment to determine the most appropriate forecast
under the circumstances.

How to Improve the Meaningfulness 
of Performance Measurement Tools

Performance tools are especially robust when they confirm a priori expectations
regarding the quality of returns. If we can identify a disciplined and effective
process, we should expect that the process will generate superior risk-adjusted re-
turns. The tools provide a means of measuring the extent of the process’s effective-
ness. The tools should confirm our belief that the process is indeed functioning the
way it was designed to. For example, risk decomposition analysis should show
that small cap managers are in fact taking most of their risk in small cap themes.
Similarly, a manager with a particular industry specialization should be able to
demonstrate that most of that risk budget is spent in securities in that industry.
And so on.

For a process to be present, one must be able to define “normal behavior.” If
normalcy is not identified, the process is likely to be too amorphous to be quanti-
fied. Simply put, a process cannot exist without well-defined expectations and deci-
sion rules.

Normal behavior suggests that behavior should be predictable. If a process is
effective, continued normal behavior (i.e., trading in a manner consistent with the
established process) should give us reason to conclude that high-quality returns ob-
served in the past are likely to replicate themselves in the future.

Later on in this chapter, we will introduce some commonly used performance
tools. Before discussing these, however, it is worth noting that performance tools,
while necessary, are not a substitute for timely management intervention when
there is an indication of abnormal behavior. By the time that abnormal behavior
manifests itself in the form of poor performance statistics, the damage might al-
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ready be irreversible. For this reason, we believe that performance tools must be
supplemented with:

� A clear articulation of management philosophy from each portfolio manager.
This philosophy statement should identify how the manager expects to extract
returns from the market. It should identify ways of knowing when the man-
ager’s process is successful and when it is unsuccessful.

� A routine position and style monitoring process designed to identify deviations
from philosophy or process. This is a type of early warning system.

Appendix A at the end of this chapter gives examples of the kinds of information
that might be obtained from each manager to help the RMU define and understand
each manager’s investment philosophy more completely. This list is not meant to be
exhaustive, nor is it appropriate for every organization and manager. We provide it
here as an example of techniques used in identifying and monitoring “normalcy.”

For quantitative portfolio measurement tools to be effective, we must have a
sufficient number of data points to form a conclusion with a certain level of statisti-
cal confidence. For the purposes of the remainder this chapter, we will assume away
this issue. In practice, however, the dearth of performance data often hinders the ef-
fectiveness of performance measurement tools. In such cases, the organization will
be even more dependent on measuring compliance with manager philosophy.20

At this point, we turn our focus to identifying some commonly used perfor-
mance tools and techniques. (Appendix B, for the reader’s reference, is a more
mathematical treatment of performance calculation methodologies.)

Tool #1—The Green Zone

Each portfolio manager should be evaluated not only on the basis of ability to pro-
duce a portfolio with potential (i.e., forecasted) risk characteristics comparable to
target, but also on the basis of being able to achieve actual risk levels that approxi-
mate target. A manager who can accomplish this task, and earn excess returns in
the process, has demonstrated the ability to anticipate, react to, and profit from
changing economic circumstances.
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20Even though an organization lacks sufficient data to measure the effectiveness of many man-
agers based on their historical results, it still has sufficient information to conclude whether:

� A manager’s philosophy and practices meet commonsense criteria and are likely to ex-
tract risk-adjusted performance from the market.

� Each manager’s portfolio is consistent with stated philosophy. For example, the RMU
should be able to determine that the current portfolio has overall risk levels and risk de-
composition characteristics that conform to the manager’s philosophy.

An administrative process that measures congruence between manager philosophy and ac-
tual trades, money management behavior, loss control, position sizing, and so on is also a
form of performance measurement, although not one that we intend to deal with in this pa-
per. If the manager cannot articulate his portfolio management techniques effectively, and if
adherence to stated techniques cannot be measured, it is difficult to conclude that a process
exists which can be replicated successfully in the future.



At GSAM, we have pioneered a concept called the green zone21 to identify in-
stances of performance or achieved tracking error that are outside of normal expec-
tations. The green zone concept embodies the following elements:

1. For the prior week, month, and rolling 12 months, we calculate the portfolio’s
normalized returns, which are defined as excess returns over the period minus
budgeted excess returns over such period, all divided by target tracking error
scaled for time.22 This statistic might be viewed as a test of the null hypothesis
that the achieved levels of excess returns are statistically different from the tar-
geted/budgeted excess returns.

2. For the prior 20- and 60-day periods, we calculate the ratio of annualized
tracking error to targeted tracking error. In this test, we examine whether the
variability in excess returns is statistically comparable to what was expected.23

Note that there is no one correct period of time over which to measure tracking
error. While for the purposes of this chapter we have selected a shorter-term
horizon, strong arguments can be made for including longer-term horizons as
well. The point here is that unusual blips in volatility may serve as filters for
identifying anomalous environments in which underlying risk dimensions may
be undergoing profound change. This tool is designed to help management and
portfolio managers ask better and timelier questions.

As an example of this point, consider Figure 17.5, which shows the time se-
ries of predicted tracking errors juxtaposed against rolling 20- and 60-day
tracking errors. Not surprisingly, the 20-day measure is more volatile than the
60-day measure and is therefore more responsive to changes in market behav-
ior. The challenge for the risk monitoring professional is to ascertain whether
the signal is anomalous or whether it carries information content that should
be acted upon. At GSAM, we use this signal as a basis for initiating dialogue
between the RMU and portfolio managers to better understand the causes be-
hind these two signals and their consequences.

3. For each of the calculations in (1) and (2) above, we form policy decisions
about what type of deviation from expectation is large enough, from a statisti-
cal standpoint, to say that it does not fall in the zone of reasonable expecta-
tions that we call the green zone. If an event is unusual, but still is expected to
occur with some regularity, we term it a yellow zone event. Finally, red zone
events are defined as truly unusual and requiring immediate follow-up. The de-
finition of when one zone ends and a second begins is a policy consideration
that is a function of how certain we would like to be that all truly unusual
events are detected in a timely fashion. For example, if the cost of an unusual
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Robert Litterman, Jacques Longerstaey, Jacob Rosengarten, and Kurt Winkelmann of Gold-
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22For example, in calculating the monthly normalized return, the denominator consists of the
annual tracking error target divided by the square root of 12.
23This test is analogous to ANOVA techniques (e.g., the “F” test) in which one looks at the
ratio of variances to determine whether they are statistically comparable. In this case, we are
examining the ratio of standard deviations.



event is very high, one would expect a very narrow green zone and quite wide
yellow and red zones. In this case, one would expect to find more false posi-
tives, which are by-products of the policy’s conservatism.

4. The results of the green zone analysis are summarized in a document of the
form shown in Figure 17.6. What follows is a brief description of this docu-
ment excerpted from the article entitled The Green Zone . . . Assessing the
Quality of Returns.

[In Figure 17.6] we show an example of a portion of one of our weekly
performance reports (using hypothetical products). This report, known in-
ternally as the “green sheet,” has columns that are color-coded for easy
recognition of signals of tracking error concerns. For example, we have de-
fined the green zone for a hypothetical set of U.S. equity portfolios, includ-
ing all ratios of realized 20-day tracking error to target between .7 and 1.4,
and have defined the red zone as ratios below .6 or above 2. For the 60-day
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FIGURE 17.5 Example of Rolling 20- and 60-Day Tracking Errors (Annualized)
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FIGURE 17.6 Representative Green Sheet
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tracking error we define the green zone as the range between .8 and 1.3.
The red zone is defined as ratios below .7 or above 1.8.

. . . the predefined green, yellow, and red zones provide clear expecta-
tions for the asset management division portfolio managers. When portfo-
lios move into the yellow or red zone, which will happen every so often, it
may be time for a discussion of what is going on. We never expect portfo-
lio management, or risk monitoring, to be reduced to a formula, but these
types of quantitative tools have proved to be useful in setting expectations
and in providing useful feedback which can foster better quality control of
the investment management process.

Tool #2—Attribution of Returns

A commonly used tool to measure the quality of returns is performance attribution.
This technique attributes the source of returns to individual securities and/or com-
mon factors. Recall that when analyzing the risk profile of a portfolio, we discussed
techniques (e.g., risk decomposition) to measure the extent to which the implied
risks in a portfolio are consistent with expectations and manager philosophy. So,
too, when examining the actual returns of a portfolio, we are concerned that the re-
turns were sourced from those themes where the manager intended to take risk and
that such returns are consistent with the risks implied by the ex ante risk analysis.

One form of attribution, commonly called variance analysis, shows the contri-
bution to overall performance for each security in the portfolio. Figure 17.7 is an
excerpt of this kind of analysis for a stock portfolio. This same kind of analysis can
be performed at the industry, sector, and country levels, essentially by combining
the performance of individual securities into the correct groupings. The RMU pro-
fessional can use this analysis to ascertain whether the portfolio tended to earn re-
turns in those securities, industries, sectors, and countries where the risk model
indicated that the risk budget was being spent.

To the extent that the manager thinks of risk in factor space as opposed to se-
curity-specific space, the attribution process can be performed on this basis.
Namely, the attribution process captures the weightings in various risk factors on a
periodic basis and also accumulates the returns to such factors in order to produce
a variance analysis expressed in factor terms.

As a general rule, it is most meaningful to attribute returns on the same basis
that ex ante risk for such returns is measured. For managers who think in factor
terms, factor risk analysis and factor attribution will likely be more meaningful.
For managers who think about risk in terms of individual securities, risk forecast-
ing and attribution at the security level will likely be more relevant. This is not to
say that risk should not be measured using a range of models. The point here is that
portfolio managers will likely find most meaningful those techniques that measure
and describe risk in the same manner that they internalize these issues. Once again,
this argues for having a range of risk and attribution models in order to achieve the
most robust understanding.

Tool #3—The Sharpe and Information Ratios

The Sharpe ratio divides a portfolio’s return in excess of the risk-free rate by the
portfolio’s standard deviation. The information ratio divides a portfolio’s excess
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returns (vis à vis the benchmark) by the portfolio’s tracking error. Both of these
tools are designed to produce estimates of risk-adjusted returns, where risk is de-
fined in standard deviation or tracking error space.

In theory, two different estimates of standard deviation (or tracking error) could
be used for these ratios—actual levels of standard deviation as well as forecasted lev-
els. In our judgment, both are relevant. There are occasions where the realized risk—
the risk actually observed by the investor—is materially different from the potential
risk forecasted by a risk model.24 In the Monte Carlo analysis in Figure 17.4 we saw
how stress tests can be used to provide a picture of how identical holdings can have
quite different return and risk characteristics depending on the environment. If the es-
timates of potential risk capture these stressed scenarios, potential risk might well ex-
ceed realized risk. A favorable Sharpe or information ratio calculated using realized
risk might be much less attractive when expressed in potential risk space. Over time,
if the risk model is accurate, the realized risk will center on the potential risk.

The Sharpe and information ratios incorporate the following strengths:

� They can be used to measure relative performance vis à vis the competition by
identifying managers who generate superior risk-adjusted excess returns vis à
vis a relevant peer group. RMUs and investors might specify some minimum
rate of acceptable risk-adjusted return when evaluating manager performance.

� They test whether the manager has generated sufficient excess returns to com-
pensate for the risk assumed.

� The statistics can be applied both at the portfolio level as well as for individual
industrial sectors and countries. For example, they can help determine which
managers have excess risk-adjusted performance at the sector or country level.

The Sharpe and information ratios incorporate the following weaknesses:

� They may require data that may not be available for either the manager or
many of his competitors. Often an insufficient history is present for one to be
conclusive about the attractiveness of the risk-adjusted returns.

� When one calculates the statistic based on achieved risk instead of potential
risk, the statistic’s relevance depends, to some degree, on whether the environ-
ment is friendly to the manager.

Tool #4—Alpha versus the Benchmark

This tool regresses the excess returns of the fund against the excess returns of the
benchmark.

The outputs of this regression are:

� An intercept, often referred to as “alpha,” or skill.
� A slope coefficient against the excess returns of the benchmark, often referred

to as “beta.”
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Standard confidence tests can be applied to the regression’s outputs. The alpha
term can be tested for statistical significance to see if it is both positive and statisti-
cally different from zero.

This performance tool incorporates the following strengths:

� It allows management to opine whether skill is truly present or excess returns
are happenstance. It tests whether the manager has generated excess returns vis
à vis the benchmark.

� It allows management to distinguish between excess returns due to leverage
and excess returns due to skill.

� The alpha and beta statistics, and tests of significance, are easy to calculate.
� The beta statistic shows if an element of the manager’s returns are derived from

being overweight or underweight the market (occurs if the beta is statistically
different from 1.0).

This performance tool incorporates the following weakness:

� There may not be a sufficient number of data points to permit a satisfactory
conclusion about the statistical significance of alpha.

Tool #5—Alpha versus the Peer Group

This tool regresses the manager’s excess returns against the excess returns of the
manager’s peer group. It is used to determine whether the manager demonstrates
skill over and above what is found in the peer group.

The peer group’s return is the capital-weighted average return of all managers
who trade comparable strategies. The peer group is basically the manager’s com-
petitors in his strategy.

The outputs of this regression are:

� An intercept, often referred to as “alpha,” or skill.
� A slope coefficient against the excess returns of peer group, often referred to

as “beta.”

The alpha term represents the manager’s excess return against the peer group.
The beta term measures the extent to which the manager employs greater or lesser
amounts of leverage than do competitors.

Standard confidence tests can be applied to the regression’s outputs. The alpha
term can be tested for statistical significance to see if it is both positive and statisti-
cally different from zero.

This performance tool incorporates the following strengths:

� It allows management to opine whether skill is truly present or excess returns
are happenstance. It tests whether the manager has generated excess returns vis
à vis the peer group.

� It allows management to distinguish between excess returns due to leverage
and excess returns due to skill.

� The alpha and beta statistics, and tests of significance, are easy to calculate.
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This performance tool incorporates the following weaknesses:

� There may not be a sufficient number of data points to permit a satisfactory
conclusion about the statistical significance of alpha or beta.

� Returns of the peer group are biased due to the existence of survivorship biases.
� There is often a wide divergence in the amount of money under management

among the peers. It is often easier to make larger risk-adjusted excess returns
with smaller sums under management than with larger sums.

SUMMARY

Risk represents a shadow cost that businesses accept in order to produce profit. For
a return to be deemed acceptable, expected returns must be adequate to compen-
sate for the risk assumed. Risk management therefore implies that cost benefit
process is at work.

Risk is a scarce resource in the sense that organizations place limits on their
willingness to accept loss. For any given level of risk assumed, the objective is to en-
gage into as many intelligent profit-making opportunities as possible. If risk is
squandered or used unwisely, the ability of the organization to achieve its profit ob-
jectives is put at risk. If excessive levels of risk are taken vis à vis budget, the organi-
zation is risking unacceptably large losses in order to produce returns that it neither
expects nor desires. If too little risk is taken vis à vis budgeted levels, return expecta-
tions will likely fall short of budget. The ability of an organization to achieve its risk
and return targets is put at risk anytime that risk capital is used wastefully or in
amounts inconsistent with the policies established by such organization.

There are three fundamental dimensions behind risk management—planning,
budgeting, and monitoring. We observe that these three dimensions are intimately
related and that they can be more completely understood by looking at their com-
monly used counterparts in the world of financial accounting controls. We posit
that there is a direct correspondence between financial planning, financial budget-
ing, and financial variance monitoring and their risk management counterparts—
namely, risk planning, risk budgeting, and risk monitoring. This conclusion follows
from the assertion that risk is the shadow cost behind returns. Hence behind every
line item in a financial plan or budget must lie a corresponding risk dimension. Fi-
nancial plans and budgets can therefore be alternatively expressed using risk man-
agement vocabulary.

The risk plan should set points of success or failure for the organization (e.g., re-
turn and volatility expectations, VaR policies, risk diversification standards, mini-
mum acceptable levels of return on risk capital, etc.). The risk plan should be well
vetted and discussed among the organization’s senior leadership and oversight bod-
ies. Its main themes should be capable of being articulated to analysts, boards, actu-
aries, management teams, and so on. For example, strategic plans have ROE targets
and business diversification policies that are well known. The risk plan should de-
scribe how risk capital is to be allocated such that the expected returns on such risk
capital yield the financial outcomes sought with a high degree of certainty.

The risk budget—often called asset allocation—quantifies the vision of the risk
plan. The risk budget is a numeric blueprint that gives shape and form to the risk
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plan. There are many similarities between financial budgets and risk budgets. Fi-
nancial budgets calculate net income as the difference between revenue and ex-
penses. ROE is then estimated as net income divided by capital invested. In the case
of risk budgets, a risk “charge”—defined as VaR or some other proxy for “risk ex-
pense”—can be associated with each line item of projected revenue and expense.
Hence, a RORC (return on risk capital) can be associated with each activity as well
as for the aggregation of all activities. In the case of both financial and risk budgets,
ROE and RORC must exceed some minimum levels for them to be deemed accept-
able. Both statistics are concerned with whether the organization is sufficiently
compensated—in cost/benefit terms—for the expenses and/or risks associated with
generating revenues. Finally, both RORC and ROE can and should be estimated
over all time intervals that are deemed relevant.

If we accept the premise that risk capital is a scarce commodity, it follows that
monitoring controls should exist to ensure that risk capital is used in a manner con-
sistent with the risk budget. Material variances from risk budget are threats to the
investment vehicle’s ability to meet its ROE and RORC targets. If excessive risk is
used, unacceptable levels of loss may result. If too little risk is spent, unacceptable
shortfalls in earnings may result. Risk monitoring is required to ensure that mater-
ial deviations from risk budget are detected and addressed in a timely fashion. The
chapter introduces the concept of an independent risk management unit (RMU) as
a best practice in risk monitoring space. It discusses its objectives and provides ex-
amples of how it might operate in practice.

The final part of the chapter deals with performance measurement tools and re-
lated theory. Performance tools are especially robust when they confirm a priori ex-
pectations regarding the quality of returns. Among the objectives of these tools are:

� To determine whether a manager generates consistent excess risk-adjusted per-
formance vis à vis a benchmark.

� To determine whether a manager generates superior risk-adjusted performance
vis à vis the peer group.

� To determine whether the returns achieved are sufficient to compensate for the
risk assumed in cost/benefit terms.

� To provide a basis for identifying those managers whose processes generate
high-quality excess risk-adjusted returns. We believe that consistently superior
risk-adjusted performance results suggest that a manager’s processes, and the
resulting performance, can be replicated in the future, making the returns
high-quality.

The chapter then describes tools to measure the nature of performance. Un-
usual volatility and performance results can be identified by categorizing each out-
come as statistically expected (a green zone outcome), somewhat unusual (a yellow
zone outcome), and statistically improbable (a red zone outcome). Other perfor-
mance tools that are explored include return attribution, the Sharpe and informa-
tion ratios, and portfolio manager alpha versus the benchmark and versus a peer
group. In each case, strengths and weaknesses of the performance measurement
tool are briefly discussed.

Appendix B provides a more mathematical treatment of account performance
measurement.
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APPENDIX A
Representative Questions to Help Define Manager
Philosophies/Processes

1. What sectors do you trade?
2. What countries and regions do you trade?
3. What products do you trade (equities, over-the counter (OTC) foreign ex-

change (FX), fixed income, etc.)?
4. If you trade OTC, do ISDA, FX Netting agreements, and so on exist?
5. How many accounts do you trade?
6. Define your assets under management.
7. Are you able to produce a historical track record?
8. Does your strategy require a minimum amount of money under management

in order for you to trade your entire portfolio?
9. Is your process capacity constrained? Can you estimate at what point it might

be?
10. Describe the process by which you know that you are trading in accordance

with client guidelines.
11. Do you believe that your process is volume sensitive in terms of the number of

accounts under management? If so, discuss.
12. Describe how your process generates profits. That is, what is the source of

your excess returns (e.g., superior stock selection, superior quantitative mod-
eling, superior fundamental research, etc.)?

13. Define the list of your benchmarks. Are all of them easily calculated or are
some nonstandard? For nonstandard benchmarks, describe how you manage
risk in your portfolio. Would you prefer standard benchmarks if that option
was available to you?

14. What risk system do you use to measure risk and build portfolios?
15. Have you found weaknesses or problems with these systems from time to

time? To the extent that these systems can be inadequate, how do you com-
pensate?

16. Define the following on a daily, monthly, quarterly, and annual basis both in
terms of active weights vis à vis a benchmark as well as in terms of marginal
contribution to risk: maximum exposure by security; maximum exposure by
sector; maximum exposure by country; maximum exposure at the portfolio
level.
a. For each of the above, define exposure at the one and three standard devia-

tion levels.
b. When will you liquidate a position? Does this answer correlate to the an-

swers given at (a) above?
c. At what point are losses vis à vis the benchmark so large that you would

conclude that your process is no longer working?
17. Describe those environments that are harmful for you.
18. Describe those environments that are favorable for you.
19. Is any part of your book vulnerable to market illiquidity? That is, does the

genre of products you trade have evidence of becoming much less illiquid
(based on historical observation)?
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20. Do you have risk limits in terms of:
� Maximum percentage of the security outstanding
� Maximum percentage of daily volume (alternatively, how many days to liqui-

date if you never want to be more than, say, 15 percent of the daily volume).
Describe how these limits are applied. Are they applied on an account-by-ac-
count basis as well as on an overall basis (i.e., the sum total of all accounts un-
der your direction)?

21. Define the risk factors that drive your returns. Does your risk software follow
all of these factors? If not, how do you compensate?

22. Describe the process by which you review your daily results. What reports do
you look at?

23. What process exists to ensure that accounts are traded in a parallel fashion?
24. Of the various fundamental factors followed by your risk system, define a

normal band around each one.
25. Does redemption risk enter into your portfolio management? If so, how?
26. Have you had any material trading errors over the past year? If so, what were

the circumstances?
27. At year-end, how would you define successful portfolio management? What

statistics should we look to as guidance for measuring the quality of risk-ad-
justed performance?

28. Describe controls over valuation of your portfolio.
29. Describe the nature of the credit review you perform for custodians and exe-

cuting brokers.

APPENDIX B
Calculation of Account
Performance

Performance measurement provides an objective, quantitative assessment of the
change in value of a portfolio or portfolio segment over an evaluation period, in-
cluding the impact of any cash flows during that period. The calculation of total re-
turn in the absence of cash flows for a period is based on the formula

(17B.1)

where rp(t) = Portfolio return
MVE = Market value of portfolio at end of period, including all accrued

income
MVB = Portfolio’s market value at beginning of period, including all

income accrued up to end of previous period

This definition of a portfolio’s return is valid only if there are no intraperiod
cash flows. In practice, this condition is often violated as cash flows frequently oc-
cur due to capital allocated to or removed from the portfolio (client’s account) or
through transactions from buying and selling securities.

If cash flows do occur over the period in which returns are calculated, we need
to do the following:

r t
MVE MVB

MVBp ( ) = −
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� Compute the market value of the cash flows at the date/time at which they occur.
� Calculate the interim rate of return for the subperiod according to equation

(17B.1).
� Link the subperiod returns to get the return for the entire period.

In equity markets, the primary drivers of performance include the shares held of
each asset and its market price as well as accrued income from dividends. Dividends
ex-not-paid affect a stock’s price whereas cash dividends on the pay date do not.

When cash flows occur, there are two proposed methods for measuring a port-
folio’s return. The first is a dollar-weighted return and the second is a time-
weighted return.

DOLLAR-WEIGHTED RETURN

There are two methods for computing a dollar-weighted return. The first is the inter-
nal rate of return and the second is the modified Dietz method. To compute the in-
ternal rate of return of a portfolio we assume that the portfolio has I (I = 1, . . . , I)
cash flows over some period (e.g., one day, one month, one quarter) and solve for
the internal rate of return, IRRATE, such that the following relationship holds

(17B.2)

where FLOWi = ith cash flow over the return period, in the form of either a
deposit (cash or security) or a withdrawal

w–i = Proportion of the total number of days in period that FLOWi

has been in (or out of) portfolio. The formula for w–i assuming
cash flows occur at end of day, is

where CD = Total number of days in return period
Di = Number of days since beginning of period when the flow, FLOWi,

occurred

Equation (17B.2) is also known as the modified Bank Administration Institute
method (modified BAI). It is an acceptable approximation to the time-weighted re-
turn (discussed in the next section) when the results are calculated at least quarterly
and geometrically linked over time.

A portfolio’s return based on the Modified Dietz method is given by

(17B.3)

where F = Sum of cash flows within period
FW = Sum of cash flows each multiplied by its weight 

i.e.,  FW FLOW wi i
i

I

= ×










=
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TIME-WEIGHTED RETURN

Ideally, we would want to compute a portfolio’s return in such a way as to incorpo-
rate the precise time when the cash flows occur. To this end, the time-weighted rate
of return (also known as the daily valuation method) for a portfolio is given by

RRWR = (S1 × S2 × . . . × SP) – 1 (17B.4)

where P ( p = 1, . . . , P) is the number of subperiods that are defined within the pe-
riod’s return and

(17B.5)

where MVEp is the market value of the portfolio at the end of the pth subperiod,
before any cash flows in period p but including accrued income for the period, and
MVBp is the market value at the end of the previous subperiod (i.e., beginning of
this subperiod), including any cash flows at the end of the previous subperiod and
including accrued income up to the end of the previous period.This method is the
most exact of the three explained here.

Note that the main difference between the dollar-weighted return and the time-
weighted return is that the former assumes the same rate of return over the whole
period. The time-weighted return, on the other hand, uses the geometric average of
returns from each individual period.

A good way to understand the methods described is to look at a numerical
example. Suppose that on January 1, 2002, we invested $100 in the Nasdaq
Composite index. On March 1, 2002, we invest another $100. The total return
on the Nasdaq from January 1, 2002, through February 28, 2002, was –11.22
percent. Hence our initial investment of $100 is now worth $88.78. However,
since we invested another $100, the total value of our investment is $188.78. By
March 28, 2002, the total value of our investment has grown to $201.20 and we
sell $100. The Nasdaq then declines until finally, on May 10, 2002, we are left
with $87.79.

We compute our return on this investment as of May 10, 2002, under the dif-
ferent methods presented above.

� The ideal time-weighted return is

[(88.78/100) × (201.20/188.78) × (87.79/101.20)] – 1 = –17.92%

� The dollar-weighted annualized return based on the BAI method is

87.79 = 100(1 + IRRATE)90/252 + 100(1 + IRRATE)50/252

– 100(1 + IRRATE)30/252

IRRATE = –25.50%

S
MVE

MVBP
p

p

=
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� According to the modified Dietz method, the annualized return is

Clearly, the dollar-weighted return calculation takes into account the timing of the
decisions to sell or buy as reflected by the –25.50 percent return.

COMPUTING RETURNS

Let (t) represent the local return on the nth asset as measured in percent:

(17B.6)

= Time t local price of security or asset
dn(t – h,t) = Dividend (per share) paid out at time t for period t – h through t

In a global framework we need to incorporate exchange rates into the return cal-
culations. We define exchange rates as the reporting currency over the local currency
(reporting/local). The local currency is sometimes referred to as the risk currency. For
example, USD/GBP would be the exchange rate where the reporting currency is the
U.S. dollar and the risk currency is the British pound. A USD-based investor with
holdings in U.K. equities would use the USD/GBP rate to convert the value of the
stock to U.S. dollars.

Suppose a portfolio with U.S. dollars as its reporting currency has holdings in
German, Australian, and Japanese equities. The local and/or risk currencies are
EUR, AUD, and JPY, respectively. The total return of each equity position consists
of the local return on equity and the return on the currency expressed in report-
ing/local.

We assume that a generic portfolio contains N assets (n = 1, . . . , N). Let 
represent the price, in euros, of one share of Siemens stock. Xij(t) is the exchange
rate expressed as the ith currency per unit of currency j. For example, with USD as
the reporting currency, the exchange rate where Xij(t) = USD/EUR (i is USD and j is
EUR) is used to convert Siemens equity (expressed in euros) to U.S. dollars. In gen-
eral, the exchange rate is expressed in reporting over local currency.

It follows from these definitions that the price of the nth asset expressed in re-
porting currency is

(17B.7)

We use (17B.7) as a basis for defining total return, local return, and exchange rate
return. The total return of an asset or portfolio is simply the return that incorpo-
rates both the local return and exchange rate return. Depending on how returns
are defined—continuous or discrete (percent)—we get different equations for how
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returns are calculated. Following directly from (17B.7), an asset’s total return, us-
ing percent returns, is defined as

(17B.8)

whereRn(t) = One-period total return on the nth asset
= One-period percent return on the equity positions expressed in local

currency (i.e., the local return)
Eij(t) = One-period percent return on the ith currency per unit of currency j

Eij(t) = Xij(t)/Xij(t – 1) – 1

For example, suppose that the nth position is a position in the DAX equity index. In
this case, R�

n(t) is the local return on DAX and Eij(t) is the return in the USD/EUR ex-
change rate. When the euro strengthens, USD/EUR increases and Eij(t) > 0. Holding
all other things constant, this increases the total return on the equity position.

Rn
l

R t R t E t

R t E t R t E t

n n ij

n ij n ij
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( ) ( ) ( ) ( )

= +[ ] +[ ] −

= + + ×

1 1 1l

l l

284 RISK BUDGETING



CHAPTER 18
The Need for Independent Valuation

Jean-Pierre Mittaz

R eliable and accurate securities valuations are a cornerstone of the investment
management industry and represent a significant day-to-day responsibility for

asset management. This is especially important for pooled investment vehicles (such
as mutual funds, hedge funds, etc.) where the accurate valuation of the pool’s assets
forms the basis of investment transactions among existing, new, and departing in-
vestors. Inaccurate valuations expose investment management institutions to both
financial and reputation risk. For example, in a high-profile case in the United King-
dom, British regulators in 1997 fined Morgan Grenfell Asset Management $3.3 mil-
lion after the fund manager overstated the value of unlisted stocks in the firm’s
funds. Or, in 1998, a former manager of a PaineWebber bond fund settled Securities
and Exchange Commission (SEC) charges that he inflated the fund’s net asset value
(NAV) by frequently valuing some holdings at prices much higher than those sug-
gested by the fund’s custodian.

While certain markets have good price transparency (e.g., listed equities during
trading hours), others do not (e.g., many fixed income and derivative instruments,
and even equities markets at particular times1). Furthermore, even in transparent
and liquid markets, unforeseen events such as market closures, trading halts, or
other events can affect the ability to adequately price portfolios at fair valuations.
For example, how should a manager value portfolio holdings in Taiwanese securi-
ties when the Taiwan stock exchange unexpectedly gets closed for days following a
local earthquake? Or what is the fair value of a security that ceases trading due to a
trading halt on the stock exchange?

This chapter focuses on the functions performed by an independent valuation
oversight group that is increasingly a feature of a state-of-the-art control environ-
ment for an asset manager. The organization of the chapter is:

� We suggest that a valuation oversight philosophy should be incorporated as a
part of the risk management and control framework of an investment manager.
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� We discuss some key responsibilities and activities of an independent valuation
oversight group. We briefly list and describe some valuation verification tools
and techniques that a valuation oversight group should make use of.

� We offer a few words about a supervisory body, the valuation committee, that
should determine and ratify appropriate valuation policies and procedures.

� Finally, we illustrate some potential consequences of mispricings in the context
of mutual funds to underscore the significance of the valuation process.

VALUATION OVERSIGHT PHILOSOPHY: 
SOME CONCEPTUAL CORNERSTONES

The principal objective of the pricing function is to ensure that assets are priced fairly.
Fair pricing should reflect those pricing levels where, at a particular point in time, as-
sets could be liquidated in the normal course of business. Proper valuations and pric-
ing are not only important information content for various reporting functions such as
client reporting, performance measurement, and risk analysis. They can be even more
critical where they become the basis of contractual financial transactions between in-
vesting parties. As an example, open-end pooled vehicles such as mutual funds or
hedge funds allow investors to join or leave the investment pool by transacting at the
pool’s NAV per share.2 Needless to say, any inaccurate valuations would lead to an un-
fair and inappropriate wealth transfer between transacting parties. In other words,
valuations need to be fair to all—purchasing, redeeming, and remaining investors.3

Let us begin with some high-level themes and principles to describe the frame-
work and objectives in which a valuation oversight function should be positioned.

Statutory Valuation Guidelines

It is important to distinguish between price and value. These two concepts do not
always have to agree. For example, an investor purchasing an asset believes that the
asset’s value exceeds its current price. The converse holds for an investor selling an
asset. For liquid markets, prices reflect the current market consensus view regarding
value. Since the bid/ask spread for liquid assets is typically small, there is a narrow
confidence interval around the market consensus of economic value.

For less liquid markets, this condition does not hold. These markets are charac-
terized by wide bid/ask spreads, suggesting less market consensus regarding eco-
nomic value. A statistician would describe this situation as being one in which there
is a wide confidence interval around the true economic mark. By definition, every
point on this wide interval is possible. Hence, if a subsequent transaction takes
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vestor. The same is true when a fund investor redeems and the NAV happens to be overstated.



place at a price that is different from the established mark, it does not necessarily
follow that the mark was “wrong.” In fact, given the width of the confidence inter-
val, the mark may still have been appropriate.

The policy issues raised here are how to appropriately price an asset that has a
fuzzy market consensus view as to its value. For liquid markets, price and value
tend to converge on the same number. Hence, pricing feeds received from numerous
vendors should yield the same result. This condition does not hold for less liquid
markets which are characterized by a divergence between price and value. In such
cases, there is a need for judgment to determine the most appropriate pricing given
all relevant factors. As we will show later, such judgments are most credible when
they are applied by professionals who are independent of the portfolio manage-
ment process in both fact and appearance.

In establishing valuation and pricing policies, it is important to review best in-
dustry practices, industry regulation, and government regulation. The long estab-
lished and highly regulated mutual fund arena is a very good starting point for
reviewing valuation policies. Even if for other market segments such as hedge funds
and institutional separate accounts there is less formal guidance, the mutual
fund–related rules could help define the general framework of best practices across
all investment management products.

The fundamental rules governing valuation of portfolio securities for mutual
funds are set forth in Section 2(a)(41) of the Investment Company Act of 1940 (the
1940 Act), which defines the “value” of fund assets in terms of a simple dichotomy:

� Securities “for which market quotations are readily available” are to be valued
at such quotations or prices.

� All other securities are to be priced at “fair value as determined in good faith
by the board of directors.”

Various SEC regulations reiterate these statutory standards. In 1969 and 1970,
the SEC became concerned about the appropriateness of fund valuation practices
and issued accounting releases that offer guidance on proper valuations. ASR 1134

principally addresses valuation practices with respect to restricted securities, but
also offers guidance on certain other aspects of the valuation process. Then, ASR
118 deals with the use of fair value methodologies to price securities and sets forth
the general principle that the fair value of securities “would appear to be the
amount which the reasonable expect to receive upon their current sale.” Under
ASR 118, funds were instructed “generally” to use the last quoted sales price at the
time of valuation. For securities that are listed on more than one exchange, ASR
118 indicates that funds should use the last sales price from the exchange on which
the security is principally traded and that the last sales information from the other
exchanges should be used only when there are no trades reported on the primary
exchange on that date. When there is no quoted sales information, ASR 118 con-
templates the use of bid and ask prices quoted by broker-dealers. Best practice is to
obtain quotes from multiple dealers “particularly if quotations are available only
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from broker-dealers not known to be established market makers in that security.”
Securities laws put the onus on fund directors to ensure that funds price their hold-
ings properly. ASRs 113 and 118 remain the primary SEC authority on permissible
valuation practices.

Recent SEC staff guidance in 1999 and 2001 has focused on funds’ obligations
to monitor for “significant events” and to determine when market quotations are
not “readily available,” thereby triggering the obligation to employ fair valuation
procedures in determining the value of portfolio securities.

Documented and Ratified Valuation Procedures 
and Valuation Authorizations

At first blush, it would seem to be a relatively simple matter to determine a secu-
rity’s price value at a given point in time. In practice, this process is often quite
complex and subjective, however. Valuation determinations frequently involve a
significant amount of judgment, ranging from the selection of pricing sources to
decisions as to when, and on what basis, to override pricing data obtained from
those sources.

Having formalized documented policies and procedures in place is a fundamen-
tal aspect of any consistently applied high-quality valuation process. These policies
and procedures help ensure that controls exist around judgments applied to pricing
and that the proper control and supervisory structure over such judgments is in
place. For example, during examinations of mutual funds, the SEC staff often re-
views funds’ valuation policies and procedures to validate the presence of this kind
of control environment. The importance of adequate supervision and control was
highlighted, for example, by the SEC censure of an investment advisor for failing to
adequately supervise the pricing practices of one of its portfolio managers. The
SEC’s order indicated that the advisor

had no written procedures to implement the Fund’s policy to use bid side mar-
ket value prices for valuing securities. The firm’s practices concerning the daily
pricing were insufficient in that they, among other things, gave too much con-
trol over the pricing process with little or no oversight by anyone in a supervi-
sory capacity. In addition, there was no procedure in place to alert [the advisor]
when bid side market prices were not available. [The advisor] did not indepen-
dently verify the daily prices provided to [the advisor’s] accounting department
with the pricing source or any secondary sources.5

Valuation procedures need to cover various dimensions that should be consid-
ered in defining the “right” price. Among these are:

� The parameters for data collection and computation. For example, such proce-
dures should establish criteria for determining when securities are considered
to have readily available market quotations and when fair value is required.
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� Identification of acceptable sources of pricing information and methodologies
for each asset type held by a portfolio.

Pricing date and time (e.g., 4:00 P.M. Eastern time, close of New York Stock
Exchange, 4:00 P.M. Central time, previous day close, etc.).
Pricing type (e.g., bid versus ask versus mean versus close versus last sale;
pricing location (e.g., price from exchange where principally traded, global
listings, etc.).
Pricing methodologies for over-the-counter (OTC) or illiquid securities with
no current price transparency (e.g., matrix pricing, broker quotes, model val-
uations, etc.).
Pricing override/manual price procedures.

� Specification of the types of reports, automated flagging systems and other con-
trols to be applied to the initial pricing information in order to ensure accuracy
and reliability. Further, pricing override and manual pricing procedures should
be documented.

� Determination of the portfolio management/senior management to whom val-
uation issues should be reported, as well as specification of the circumstances
under which supervisory approval and/or board action is required.

� Finally, fair valuation policies, which determine under what circumstances an
obtained price still reflects fair value, or whether an alternative pricing mecha-
nism is to be used.

Positions Marked by Independent Accounting Agents

Valuations are, among other things, used to determine asset manager compensa-
tion. Valuations affect both the size of assets under management on which fixed
fees are paid as well as reported portfolio performance on which incentive fees may
be earned. In order to avoid conflicts of interest in either fact or appearance, pricing
responsibility should lie with a team that is removed from and independent of port-
folio management and the investment process. In general, segregation of duties in
valuation matters is a clear best practice and a necessary but not sufficient condi-
tion for an effective internal control environment.

Parties that are independent of the investment process such as operations or in-
vestment accounting departments, or possibly even outsourced accounting agents,
are examples of professional teams that can provide this necessary independent
oversight of pricing. It is, of course, critical for the valuation process to have appro-
priately qualified staff that exhibits a sound knowledge of the financial products to
be priced. Commercially available accounting agents with their own internal con-
trols6 can act as the first line of defense for the verification of pricing data. Compar-
isons of prices across sources, tolerance levels for day-to-day price movements, and
comparisons to related securities from the same issuer are some of the sanity checks
that can be built into the pricing process of an accounting agent. As we will see in
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greater detail, the work of these agents can and should be further supplemented by
professionals within the firm ultimately responsible for the investment product.

Wherever possible, prices should be sourced from independent parties like pric-
ing vendors or stock exchanges. For some products such as OTC derivatives, bro-
ker quotes might get sourced from the trades’ counterparties in addition to
unrelated counterparties. Where fully independent price sources aren’t available,
separate price verification will be required to help mitigate any risks of mispricing.

Separate Valuation Oversight and Price Verification

It is a best practice to establish an independent (i.e., independent of portfolio man-
agement) and separate valuation oversight function that monitors the various as-
pects of the valuation policies and procedures and ensures continuous focus. This
team should coordinate the valuation processes across different functions, perform
an oversight of the pricing processes, and regularly assess the quality of the pricing
used (price verification). If, as an exception,7 portfolio valuations need to be gener-
ated or obtained by the investment advisor, the independent valuation oversight
team should play an active role in ensuring that such valuations are reasonable and
appropriate. When all is said and done, this team should be deemed as ultimately
and solely responsible for the fairness of pricing used.

In an enforcement procedure involving a bank serving as a fund accountant for
a money market fund, the SEC alleged that the bank lacked adequate controls be-
cause an employee improperly treated a significant drop in securities prices as a
transmission error and manually overrode it. The SEC order indicated that, among
other things, there was no oversight or review of pricing deviations by senior man-
agement, and no control or “flags” were put in place to alert senior management.8

Management Reporting and Valuation Committee

The establishment of a valuation committee with senior management representa-
tion emphasizes the importance of the valuation control function. In addition to be-
ing a senior supervisory body, the valuation committee acts as a discussion forum
and decision maker on any related topics. Representation should cover control
functions such as risk management, legal, compliance, and controllers, as well as
senior management. It should ensure that policies and procedures exist for reliable
and accurate pricing, that an independent valuation oversight group exists to exe-
cute these procedures and policies, and that such group is independent of portfolio
management and is adequately trained and funded. Finally, this committee should
ensure that it is informed in a timely manner of all material judgments involving
valuation practices.

Reporting to this committee should be the valuation oversight group comprised
of professionals charged with the responsibility of executing the policies and stan-
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dards of the valuation committee. We now explore the valuation oversight group in
greater detail.

RESPONSIBILITIES OF AN INDEPENDENT 
VALUATION OVERSIGHT GROUP

The mission statement of an independent valuation oversight group should include
the need to:

Establish, monitor, and address valuation practices and issues across the invest-
ment management division’s products, globally, with particular focus on
pooled investment vehicles.

Responsibilities of a valuation oversight area include the following objectives:

� Maintain and monitor formalized valuation procedures and valuation autho-
rizations for various products.

� Monitor pricing data sources for coverage and quality aspects.
� Prepare and analyze periodic price verification reports that compare prices ob-

tained from different sources, and manage any pricing exceptions.
� Coordinate any necessary fair valuation adjustments.
� Organize activities of the valuation committee.
� Provide timely and value-added management and board reporting.

Valuation Verification Tools

Controls need to be incorporated at every level of the valuation process, starting at
the operational (primary pricing group) and then continuing through the supervi-
sory structure. Various techniques and tools can be employed for valuation verifica-
tion. The objective is to use various forms of independent data points that help
validate the accuracy or valuations used. It is the combination of the tools that in-
creases the control level around pricing, as one technique alone is often not able to
validate all aspects. Here are some techniques that are typically employed.

Transaction Prices versus Valuation Prices With this technique, actual transaction
prices for securities purchased or sold are used to validate end-of-day valuation lev-
els. Actual transaction prices (in an orderly market) are probably the strongest indi-
cator of what fair market valuation of a security may be, given that two
independent counterparties contractually agreed to purchase and sell a security at a
price. So, for example, if a fairly liquid bond position changes hands at a price of
105 today, and during previous and subsequent days the pricing service provides a
price of, let’s say, 110, the valuation oversight process should challenge the latter’s
appropriateness for daily valuations. This technique may also be applied for similar
and comparable securities when an actual transaction price is known.

Price Comparisons between Various Pricing Sources This control tool encom-
passes periodic cross checks of prices received from pricing services or brokers
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either against other pricing vendors or against broker quotes from market mak-
ers. Each alternative price or an average thereof may be used for comparative
purposes, and asset-class-specific thresholds are set to define tolerable deviation.
(See Figure 18.1.) These cross checks are performed after the fact as a means of
confirming that the valuation process is working. There can be significant differ-
ences between matrix-pricing vendors, especially in the areas of less liquid bonds.
This type of control would have avoided the Heartland High Yield Muni Bond
and Heartland Short Duration High Yield Muni fund pricing misfortune in Octo-
ber 2000, where the funds’ NAVs tumbled 70 percent and 44 percent respectively
in a single day when the funds slashed the values of certain bonds in the portfo-
lios. The valuations for the bonds were provided by an external pricing service.

Price Comparisons against Independent Model Prices If independent broker quotes
are not available, another source of an independent price for validation may be de-
rived from an internal pricing model. For products like interest rate swaps, cross-
currency swaps, options, and variance swaps, independent models can be used to
capture the terms, and fair valuation can be derived based on independent market
data input (such as interest rate curves, volatilities, foreign exchange rates, etc.). A
prerequisite to using models for price comparisons is the testing of the model it-
self. Ideally, all such models should be independently validated by a third-party
source such as an audit firm or a model oversight group. Further controls should
be established to ensure that changes to such model’s assumptions are authorized.
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Figure 18.2 gives an example of a swap model used at Goldman Sachs Asset Man-
agement to value certain swap contracts.

Other Auditing Tools There are many other techniques used to assess and monitor
the ongoing quality of the pricing. Examples include:

� Stale pricing exception reports, whereby we can look at any position where the
price has not changed over a defined period of time (especially when the gen-
eral market did move), create other items for attention, and follow up.

� Cross-portfolio pricing comparisons are possible when different accounting
agents (or custodians), with processes independent of each other, are used to
administer portfolios with similar holdings.

� Periodic reviews of the portfolio valuations by the portfolio manager, although
not an independent party, can be a useful addition to the set of independent
controls mentioned earlier. After all, the portfolio manager who follows his se-
curities on a daily basis is often the most knowledgeable party to bring warn-
ings about potentially inaccurate pricing levels to the attention of the valuation
oversight area.

As employing all these tools can lead to quite an extensive workload, it might be
practical to perform them not all on a daily basis, but rather on a periodic and/or
sample basis (e.g., once per month). Automation is useful to achieve scalability, and
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it allows for increased valuation verification frequency. It should be noted that all
these control measures can and do provide for substantial protection of accurate
pricing processes. When discrepancies are identified, corrective steps should be taken
not only to handle the current situation at hand, but also to avoid allowing the same
error to occur in the future.

VALUATION COMMITTEE

As part of the supervisory oversight of valuation, a senior-positioned valuation
committee helps to create strategic direction, senior management buy-in, and an
additional layer of oversight control. Designated supervisory personnel across an
asset management division may be organized as a valuation committee to super-
vise the activities of the valuation oversight area. The functions and level of de-
tailed involvement can vary from firm to firm, and therefore also the committee’s
membership. In our experience, the valuation committee combines various control
areas such as representatives from risk management, legal, compliance, portfolio
administration, and fund administration as well as senior management. We would
say that typically, for independence purposes, representatives from portfolio man-
agement are not on the committee. However, at regular occasions, portfolio man-
agers are invited to present certain valuation aspects of their business to the
valuation committee.

Possible functions of a valuation committee may include the following:9

� Approving and regularly reviewing the methodologies used by pricing services,
including the extent of and basis for their reliance on matrix pricing and simi-
lar systems.

� Approving and regularly reviewing all determinations to use fair valuations.
Reviews can involve monitoring to determine if and when reliable market
quotes become readily available.

� Approving and regularly reviewing all fair value methodologies utilized. In the
case of methodologies that rely on analytical pricing models, this may involve a
detailed review of the basis and reliability of the model and the extent to which
it takes into account all relevant market factors.

� Developing procedures to govern overrides of prices supplied by dealers or
pricing services.

� Reviewing periodic reports from portfolio managers regarding the prices of port-
folio securities and regarding any changes in market conditions or other factors
that the portfolio manager believes may affect the validity of a security’s price.

� Reviewing periodic reports regarding cross checking of prices generated by
dealer quotes, matrix pricing, or analytical models against prices derived from
other sources. Such checks also can include comparisons of actual sales prices
to the portfolio valuation of the security at specified intervals prior to the sale.
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FAIR VALUATION AND THE POTENTIAL 
CONSEQUENCES OF MISPRICING—MUTUAL FUNDS

Just how important correct valuations are can be illustrated by the particular exam-
ples of mutual funds that invest in global markets. For example, let’s think of a
U.S.-domiciled mutual fund that invests in Asian securities: The mutual fund is re-
quired to calculate a daily NAV, which would typically be done at 4:00 P.M. Eastern
time (ET), when the New York Stock Exchange closes. At this time, the readily
available price quotes for Asian stocks are the respective closing prices in the re-
spective local exchanges. However, let’s note that these local closing prices at this
point are anywhere between 11 to 15 hours old (“stale”). Do they still reflect fair
value, 11 to 15 hours later at 4:00 P.M. ET? Significant market moves in the United
States are known to affect prices in other time zones.

Why does it matter? The problem arises when there is additional information
available, disseminated after the local markets close, that—had the local markets
been open—would have affected the local share prices. Analyzing this type of subse-
quent information, an investor has the opportunity to draw the conclusion that the
price as of the local close would have changed in a certain direction had the local
markets still been open. So, equipped with this conclusion, our investor now has an
arbitrage opportunity to buy or sell a mutual fund, priced based on local closing
prices, at a discount or premium respectively versus the estimated fair valuation,
based on the subsequent information. Such activity implicitly leads to a transfer of
value from the fund (and therefore all existing shareholders) to our investor; let’s call
this the “dilution effect.” Academic studies have shown that arbitrage trading in in-
ternationally invested funds can earn annualized excess returns of 40 to 70 percent.
Evidence from a sample of funds suggests that long-term shareholders may be losing
up to 2 percent of assets per year to dilution effects (Zitzewitz 2002).

Example: October 28, 199710

Asian markets were down, following a 9% prior day drop in the S&P 500, but
after Asian markets closed, the U.S. market rallied by 10% from its morning
lows. Most U.S. based Asian funds used local closes, allowing arbitrageurs to
earn one-day returns of 8–10%. [See Table 18.1.]

On Day 1, the Asian market closes (at 3:00 A.M. Eastern time) significantly
lower causing the value of the securities held in the fund to decrease by 10%.
During Day 1, U.S. trading in other instruments indicates . . . the prevailing in-
crease in value of approximately 10%, which strongly suggests that stock
prices in the Asian market when it opens will increase to a similar level as be-
fore the previous day’s decrease. Knowing this, investors buy $10 million
worth of shares to try to take advantage of the arbitrage opportunity. At the
end of Day 1, using the share prices at the close of the Asian market, [the fund]
calculates its NAV at $9 per share. This is the price at which investors buy
shares of the fund.
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On Day 2, the Asian market rebounds to equal to the original level before
Day 1. The market closes on Day 2 at this level. The valuation of the securities
in the fund increases and offsets the losses from the previous day.

The end result is that investors who bought fund shares on Day 1 redeem
their shares on Day 2 [and] have a profit of $911,110, which reflects their pur-
chase of undervalued shares at $9 per share on Day 1. This profit is at the ex-
pense of long term shareholders, whose share value is reduced by $0.18 per
share. This $0.18 represents profit taken by the short term redeeming investors.

In the United States, the Securities and Exchange Commission (SEC) has
warned fund firms that relying on stale securities prices can lead to misleading fund
prices.11 Furthermore, it appears that a growing number of investors are taking ad-
vantage of the price differences between local market closes and the time funds’
NAVs get calculated. To avoid these activities, and therefore to protect the existing
mutual fund investors, the funds’ holdings need to be priced at fair values as per the
time the NAV gets calculated, at prices/values that would likely prevail if the local
markets indeed were open at this same time. The SEC notes:

If a fund determines that a significant event has occurred after the foreign mar-
ket has closed, but before the NAV calculation, then the closing price for that
security would be considered a “not readily available” market quotation, and
the fund must value the security pursuant to a fair value pricing methodology.12

There are various techniques and models that can be set up by fund firms to
monitor for such significant events. For example, factor models as described in
Chapter 20 might also be used as a tool for the generation of fair value prices. We
will not get into the details of valuing with factor models at this point; however, it
is fair to highlight that a dedicated and independent valuation oversight group is
best placed to organize and coordinate these aspects of mutual fund pricing.
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TABLE 18.1 Example of Dilution Effect, October 28, 1997

After
Redemption

Closing Market Prices Beginning Day 1 Day 2 by Investors

Total assets $50 million $45 million $60 million $49.09 million
Number of fund shares 5 million 5 million 6.11 million 5 million
Net asset value $10/share $9/share $9.82/share $9.82/share
Profit taken by investors $911,110
Loss to long-term investors $911,110

11SEC letter 2001.
12Ibid.



CHAPTER 19
Return Attribution

Peter Zangari

R eturn attribution is the process in which sources of a portfolio’s return are identi-
fied and measured. Attribution is a critical component of the quality control

process within investment management and must be closely aligned with risk mea-
surement. Optimal portfolio construction requires that exposures are created with
risk proportional to the available opportunities to add value. Return attribution
looks back and attempts to identify where and to what extent the exposures were
successful. In order for this feedback process to be useful returns should be attrib-
uted as closely as possible to factors that fit into the portfolio manager’s way of or-
ganizing and sizing risk exposures.

Managers may rely on return attribution reports developed in-house or from
commercially available systems. As for commercially available software, each sys-
tem typically employs its own particular brand of attribution. Differences across
systems can vary in certain ways, from the algorithms applied to the terminology
used to describe the sources of return. The differences in algorithms and terminol-
ogy can lead to confusion and make it difficult for managers to understand their
portfolio’s sources of return. Unfortunately, in many cases the return attribution
system is a completely separate system from that used in risk measurement. When
this is the case it may be difficult for the organization to make effective use of the in-
formation provided by the return attribution system.

Suppose, for example, that a portfolio manager wants to invest in high-quality
companies that have both growth potential and reasonable valuations. Suppose
further that the manager has proprietary approaches to ranking companies along
these dimensions. It would clearly be desirable to be able to measure to what ex-
tent the portfolio has exposure to these factors, and to monitor how much risk
these exposures create and how much return these exposures have provided his-
torically. Return attribution should answer this last question, and in order to do
so, like a good risk system, it should be customizable to the process of the portfo-
lio manager.

This chapter presents a comprehensive review of some of the most commonly
used methods for performing return attribution. Our focus is on equity portfolios
although the results we present generalize to other asset classes. We explain the
various methods that are employed by commercially available systems within a
framework that uses common terminology and notation. The purpose of this chap-
ter is threefold: to increase the transparency of return attribution computations, to
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provide a unified framework for understanding attribution, and to identify and ex-
plain important practical issues related to conducting return attribution.

The rest of the chapter is organized as follows:

� First we review the usefulness of attribution to various market participants,
from portfolio managers to clients of an asset management organization.

� Then we provide a review of return computations that are critical components
to the return attribution calculation.

� The third section presents two return attribution methods1 in the context of a
single region (e.g., U.S.) framework. These methodologies are:

1. Factor model. This approach is based on a linear factor model of returns
and assumes that a cross section of returns can be explained by a set of
common factors. Portfolio returns are decomposed into returns from sys-
tematic (factor) and stock-specific components. Typically, quantitatively
oriented portfolio managers subscribe to this approach as it relies on a for-
mal model of asset returns.

2. Asset grouping. According to this methodology, stocks are grouped by
some criterion such as industry, sector, or investment style classification.
Returns from each of these groups are then computed. This approach,
which generates so-called variance analysis reports, does not depend on a
model of asset returns and, therefore, it is more ad hoc than the factor
model–based methodology. We find that fundamental equity portfolio
managers who do not rely heavily on a quantitative portfolio construction
process subscribe to the asset grouping approach.

The last part of this section explains multiperiod attribution. When going
from single-period to multiperiod attribution, we need to “link” sources of
return in order to get consistency among the sources and cumulative portfo-
lio returns.

We illustrate these methodologies using reports from Goldman Sachs’ port-
folio analysis and construction environment (PACE) on specific accounts.

� The next section presents return attribution on international equity portfolios.
We present and explain how to calculate sources of return from countries and
currencies not previously included in the single region model.

� Finally, we explain the potential differences between sources of performance
and sources of return. This is an important practical matter and involves the
residual term that arises when performance and return—which is based on a
simple buy-and-hold strategy—differ.

WHY RETURN ATTRIBUTION MATTERS

Return attribution is the ex post complement to ex ante risk decomposition. It al-
lows both portfolio managers and their clients to identify the sources of return and
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ensure that these are consistent with the mandates they have entered into and the
risks that were taken to generate these returns.

First of all, let us clarify the language we will use in this chapter. Return attri-
bution is often referred to as performance attribution or performance contribution.
These terms are frequently used interchangeably, but we have in practice clarified
their use as follows:

� Performance contribution concerns the decomposition of officially reported2

total returns. It therefore answers questions of the following type: “What fac-
tors have contributed to my portfolio’s 10 percent return over the past year?”

� Performance attribution concerns the decomposition of officially reported ex-
cess returns over an assigned benchmark (such as the S&P 500, for example). It
therefore answers questions of the following type: “Why has my portfolio out-
performed the S&P 500 by 3 percent over the past year?”

� Return attribution is the same as performance attribution except that it in-
volves estimated return (e.g., return estimated from assuming a buy-and-hold
strategy over a one-day period). In practice, it is common to find sources of re-
turn based on a portfolio’s estimate rather than the officially reported return.

The rest of this chapter is dedicated to outlining methods for return attribution,
since in the investment management business we focus primarily on generating ex-
cess performance against an agreed-to benchmark or index.

Return attribution is important because investment returns are not, or should
not be, the result of chance. Returns should be generated by a well-articulated
investment process agreed to at the inception of a mandate. Active investment
managers are typically hired because they have demonstrated a particular skill
set. Return attribution allows both portfolio managers and clients to identify
and measure these skills and ensure consistency between the portrayal of skill and
its implementation.

Assume an equity portfolio manager has been hired because of his or her abil-
ity to pick stocks within the U.S. value market as defined by the Russell 2000
Value index (R2000V). Return attribution will allow the client to ensure that the
portfolio manager’s returns are consistent with the plan. If it appears that all of the
excess performance versus the R2000V results from market timing (the portfolio
may have held a significant amount of cash in a declining equity market), and if
the portfolio manager did not claim to be able to time the market, then the client
could argue that the portfolio manager has not been true to his or her investment
style or philosophy.

Similarly, in the fixed income world, a client generally would want to know if a
manager, hired because of an ability to forecast changes in interest rates, was out-
performing his or her benchmark because of loading up on lower-credit-rated
bonds instead of deviating in terms of duration or yield curve exposure.

Why is it important for managers to be true to their style?
First of all, clients have the right to get what they pay for. If a particular active
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manager is generating excess returns from market timing when claiming his or her
skill is stock selection, then there is clear deception going on. The client may not be-
lieve in market timing, or if it was desired could probably implement a market tim-
ing strategy more cost-effectively using a combination of cash and futures contracts
than by hiring an active equity manager.

The other reason for managers to be true to their style is that a particular port-
folio manager is most likely but one component of a broader strategy implemented
by the client. The performance of the client’s overall portfolio is highly dependent
on each investment mandate adhering to its guidelines. Deviating from one’s as-
signed mandate would have the same impact on performance as a concert pianist
switching to the drums in a Mozart piano sonata!

COMPUTING RETURNS

Portfolio and asset returns are a cornerstone of return attribution. In this section
we define one-period asset returns that are used in the calculation of domestic and
international portfolio returns. Let represent the local return on the nth asset
as measured in percent format:

(19.1)

where = Time t local price of the security or asset
dn(t – h,t) = Dividend (per share) paid out at time t for period t – h through t

In a global framework we need to incorporate exchange rates into the return
calculations. We define exchange rates as the reporting currency over the local cur-
rency (reporting/local). The local currency is sometimes referred to as the risk
currency. For example, USD/GBP would be the exchange rate where the report-
ing currency is the U.S. dollar and the risk currency is the British pound. A USD-
based investor with holdings in U.K. equities would use the USD/GBP rate to
convert the value of the U.K. stock to U.S. dollars.

Suppose a portfolio with U.S. dollars as its reporting currency has holdings
in German, Australian, and Japanese equities. The local and/or risk currencies
are EUR, AUD, and JPY, respectively. The total return of each equity position
consists of the local return on equity and the return on the currency expressed in
reporting/local.

We assume that a generic portfolio contains N assets (n = 1, . . . , N). Suppose
that represents the price, in euros, of one share of Siemens stock (traded in
Germany). Xij(t) is the exchange rate expressed as the ith currency per unit of cur-
rency j. For example, with USD as the reporting currency, the exchange rate where
Xij(t) = USD/EUR (i is USD and j is EUR) is used to convert Siemens equity (ex-
pressed in euros) to U.S. dollars. In general, the exchange rate is expressed in re-
porting over local currency.

It follows from these definitions that the price of the nth asset expressed in re-
porting currency is
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(19.2)

We use (19.2) as a basis for defining total return, local return, and exchange
rate (currency) return. The total return of an asset or portfolio is simply the return
that incorporates both the local return and exchange rate return. Depending on
how returns are defined—continuous or discrete (percent)—we get different equa-
tions for how returns are calculated. Following directly from (19.2), an asset’s total
return, using percent returns, is defined as

(19.3)

where Rn(t) = One-period percent total return on the nth asset
= One-period percent return on the equity positions expressed in local

currency (i.e., the local return)
Eij(t) = One-period percent return on the ith currency per unit of currency j

For example, suppose that the nth position is one that represents the DAX equity
index. In this case, is the local return on DAX and Eij(t) is the return on the
USD/EUR exchange rate. When the euro strengthens, USD/EUR increases and
Eij(t) > 0. Holding all other things constant, this increases the total return on the
equity position.

SINGLE REGION (LOCAL MODEL) RETURN ATTRIBUTION

In this section we explain return attribution based on a single region (e.g., U.S.)
framework. We present two methods—factor model–based and asset grouping—
for computing a portfolio’s sources of return. In terms of defining portfolios, we re-
fer to managed, benchmark, and active portfolios. The managed portfolio is
directed by the portfolio manager. The benchmark portfolio, on the other hand, is
some representative, passive portfolio (e.g., S&P 500). The active portfolio is the
difference between the managed and benchmark portfolios.

Factor Model–Based Approach

Factor return attribution decomposes a portfolio’s return into factor and specific
components. There are three principal sources of return in the factor
model–based approach.

1. Common factors: return due to factors.
2. Market timing: return due to active beta exposure.
3. Stock selection: return due to a portfolio manager’s ability to select stocks.
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Return attribution is based on the cross-sectional model of returns:

(19.4)

where is an N-vector of local excess returns (over the local risk-free rate)
from time t – 1 to t; is an N × K matrix of exposures to factors that are
available as of t – 1. These factors include investment styles such as growth or
momentum and industry classifications. In the case where we may want to attribute
return to sources that are contemporaneous (unlike a risk model), the information
contained in the exposures matrix will be as of time t. is a K × 1 vector of 
returns to factors, and is an N-vector of mean-zero-specific returns from 
t – 1 to t.

There are three steps involved in the return attribution computation based on a
factor model. (In the following discussion, we focus on the managed portfolio.
However, our results generalize to any portfolio type.)

Step 1: Define a set of exposures to factors and estimate the cross-sectional re-
turn model specified by (19.4). This gives estimates of one-period returns to factors,
that is, factor returns from period t – 1 to t.

Step 2: Compute the local return on the managed portfolio. 
Letting wp(t – 1) represent an N-vector of managed portfolio weights at time t –

1, the return on the managed portfolio is given by

(19.5)

where = Managed local excess portfolio return from period t – 1 to t
bp(t – 1) = K-vector of managed portfolio exposures

= K-vector of factor returns
= Specific local portfolio return

Step 3: Quantify the sources of local return. For example, a managed portfolio
with N assets has K + N sources of return—K sources from factor returns and N
sources from specific returns (one for each asset).

The source of return from the kth factor is given by the component

(19.6)

The specific return contribution from the nth asset is simply the return on that
asset’s specific return times its portfolio weight.

(19.7)

Hence, the portfolio return is the sum of K + N sources of return and can be writ-
ten as
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(19.8)

Equation (19.8) is a decomposition of the return on the managed portfolio. Decom-
positions of active, benchmark, market, or other types of portfolio returns are de-
rived in an analogous fashion. The only difference is that different portfolio
weights are used.

Consider an example with an active portfolio consisting of three assets and a
linear factor model with two common factors. In this case, K = 2, N = 3, and the
decomposition of the portfolio’s active return can be written as:

(19.9)

In the above discussion we provide a simple decomposition of return. That is,
assuming a linear factor model, the total return on an arbitrary portfolio can be
attributed to exposures to factors such as investment styles, industries, and coun-
tries, and to returns specific to individual assets. Within the factor model–based
approach, a more sophisticated decomposition of total return first separates out
the expected market-related exposure. This approach works as follows.3 Start
with an estimate of the portfolio’s total return in excess of the local risk-free rate. 
A portfolio’s local excess return can be written as . It is the sum of the 
benchmark portfolio’s excess return, , and the active portfolio return, 

. Alternatively expressed,

(19.10)

The total active return can be written as the sum of (1) the expected active return
and (2) the exceptional active return. The expected active return is defined as the
product of the active beta and the expected long-run return on the relevant market.
Mathematically, the expected active return is written as βactive(t) × rm

long-run(t) where
βactive(t) is defined as the difference between the managed portfolio’s beta and the
benchmark portfolio’s beta. When the benchmark is the same as the market portfolio,
the benchmark portfolio’s beta is 1. The long-run expected return on the relevant mar-
ket may be based on history or fixed at some annualized amount such as 10 percent.

Expected active return is the part of active return that is consistent with the
market. For example, suppose that the portfolio manager’s active beta (difference
between managed beta and benchmark beta) is zero. In this case, the portfolio man-
ager would not expect to out- or underperform the market in the long run.
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The exceptional active return is defined as the difference between the active port-
folio return and the expected active return. It is written as ra(t) – βactive(t) × rm

long-run(t).
The exceptional active return is one way that a portfolio manager adds value

since it measures the performance of the active portfolio relative to what would be
expected under normal market conditions. Since it is a measure of value-added per-
formance, we are interested in finding sources of exceptional active return. To this
end, we decompose this return into (1) market timing, (2) factor return contribu-
tions, and (3) stock selection (which is not the same as specific return contribution).

Market timing is defined as the active beta, βactive(t), times the difference be-
tween the realized market portfolio return over some historical period (e.g., prior
six months), and the long-run expected return on the market, rm(t) – rm

long-run(t).
Factor contributions were defined previously in equation (19.6).
Stock selection refers to a portfolio manager’s ability to choose stocks. Within

the context of a factor model, stock selection may be defined as the exceptional ac-
tive return minus the sum of (1) factor return contributions and (2) market timing.
Note that stock selection is not the same as the contribution from specific return,
which was defined in equation (19.7).

Mathematically, we derive the decomposition of stock selection as follows (as-
suming the market return is the same as the benchmark return). First, rewrite the
active return as

(19.11)

Equation (19.11) shows that the active local portfolio return is the sum of the ex-
pected and exceptional return. Stock selection is defined as

(19.12)

The term stock selection should be used with caution, as it may not necessarily
measure a portfolio manager’s ability to select stocks. To better understand this
point, note that stock selection is a function of factor contribution. Therefore,
stock selection can vary depending on which factor model is used to measure re-
turn. As a result, what may be interpreted as stock selection may, in fact, simply
measure a factor model’s ability to explain portfolio returns.

In review of this section, we started with a linear cross-sectional local factor
model. This model explains the cross-section of returns in terms of a set of common
factors. For a set of portfolio weights, the return on the active portfolio consists of
the sum of factor and specific contributions. We decompose a portfolio’s local re-
turn into an expected and exceptional return. The exceptional return is the sum of
market timing, factor contribution, and stock selection. Stock selection is defined as
the difference between exceptional return and the sum of market timing and factor
contributions.

Example Using PACE The various concepts outlined in the preceding section are il-
lustrated in the following example using PACE (see Figure 19.1).
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FIGURE 19.1 PACE Factor Attribution

XYZ



For the period from July 1, 2002, to September 30, 2002, account XYZ, which
is benchmarked to the S&P 500 index, outperformed by 121 basis points. Given
our definition of active return, its exceptional active return was 111 basis points.
Of that, 174 basis points came from stock selection and 54 basis points from fac-
tors, while market timing actually detracted 117 basis points from the account’s
performance.

If you look at factor contributions, both the industry and style exposures added
value, 30 basis points for industries and 24 basis points for styles. Currency and
country contributions were nil since this is a single country portfolio.

The report also provides a more detailed breakdown of attribution at the stock
(specific), sector, style, and industry levels. Contributors to specific return are com-
puted by taking each stock’s active weight and multiplying it by the difference be-
tween the stock’s total return and the return attributed to factors (excluding market
timing). This difference is what forms specific return. Taking a look at the “Contrib-
utors to Specific Return” section of the table, we find that the majority of the top
and bottom 10 contributors over this period are made up of positive active weights
(i.e., higher weight in the portfolio than in the benchmark). If we consider positive
active weights as representing stocks that the portfolio manager prefers, then we can
see that many of his or her preferred stocks are some of the biggest contributors and
detractors of specific return over this period.

Next, we explain an alternative return attribution methodology—asset group-
ing—that forms the basis of variance analysis.

Asset Grouping Methodology

Portfolio managers want to view their portfolios’ sources of return in a simple and
relatively straightforward manner. Some prefer not to use a factor model at all, as
they do not view their portfolio construction process as being driven by some pre-
defined, quantifiable set of factors. These managers usually rely on commercially
available systems that employ an asset grouping methodology to generate so-called
variance analysis reports. This methodology consists of three steps:

1. Group assets. For each time period (e.g., a day) we group assets according to
the value of some factor. For example, we may group stocks by their industry
classification or by their exposure to a particular investment style. In the case
where we group assets by their style exposure, we may first generate deciles of
the distribution of all exposures4 to a particular style and then group assets into
deciles based on their particular exposures.

2. Compute the return of each group. Once assets have been grouped, we com-
pute their one-period returns. The return for the group is computed by taking a
weighted average of all returns in the group where the weights are based on the
group’s total market value.

3. Compute the contribution of each group to the total return. The contribution
of each group is computed by taking a weighted average of all returns in the
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group where the weights are based on the entire portfolio’s total market value.
Note that the sum of contributions across all groups is equal to the portfolio’s
total return. In practice, we can compute group returns and group contribu-
tions for the managed, benchmark, and active portfolios. Examples of groups
include: assets, industries, sectors, and percentiles of the distribution of a par-
ticular investment style. An “asset group” simply means that each asset is
treated as a separate group. In this way the return to an asset group is that as-
set’s total return, and the asset’s contribution is the contribution of the individ-
ual asset to the entire portfolio return.

In the asset grouping approach, one-period active returns are defined in terms
of stock selection, allocation effect (also known as group weight), and a so-called
interaction effect. Mathematically, the asset grouping model for an active portfolio
can be written as:

ra(t) = S(t) + A(t) + I(t) (19.13)

where S(t) represents the one-period total stock selection component at time t. For
a given group of stocks, stock selection is defined as follows. First, compute the dif-
ference between the group’s return as defined by stocks in the managed portfolio
and the (same) group’s return as defined by stocks in the benchmark. An industry
or sector is an example of a group. Second, multiply this difference by the group’s
benchmark weight. Mathematically, the stock selection component for the ith
group of stocks at time t is

(19.14)

where ri,b(t) = Return on stocks in the benchmark portfolio that belong to the
ith group. For example, ri,b(t) might represent the return to all
telecom stocks in the benchmark portfolio.

ri,p(t) = Return on stocks in the managed portfolio that belong to the ith
group

wb
i(t – 1) = Weight of the ith group in the benchmark portfolio

Summing over all i (i = 1, . . . , I) groups gives us the total stock selection 
component

(19.15)

A(t) is the allocation effect (also known as group weight) and measures the impact
of over- or underweighting a particular group of stocks. The allocation effect for
the ith group of stocks is defined as
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where 

[wp
i(t – 1) – wb

i (t – 1)] = Difference between the ith group’s weight in the managed
[wp

i(t – 1)] and benchmark [wb
i(t – 1)] portfolios. For exam-

ple, if [wp
i(t – 1) – wb

i(t – 1)] is positive, then the managed
portfolio is overweight relative to the benchmark portfolio.

[ri,b(t) – rb(t)] = Difference between the return of the ith group in the bench-
mark portfolio and the benchmark portfolio’s total return.

I(t) = Interaction effect. This term has no intuitive content. Its
only purpose is to make the right-hand side of equation
(19.13) add up to the total active return. The interaction ef-
fect of the ith group is defined as

(19.17)

where 

To summarize the results, the stock selection and allocation effects are mea-
sures of specific levels of return attribution. The allocation effect measures a portfo-
lio manager’s ability to select different groups of stock. Stock selection, on the other
hand, measures how well a portfolio manager selects stocks within a particular
group. In this calculation, more weight is given to groups that have a higher weight
in the benchmark portfolio.

Why introduce the interaction effect? In order to get meaningful results it is im-
portant that the stock selection and allocation effects sum to the total active return.
Unfortunately, stock selection plus allocation do not equal the total active return.
To address this issue, the new term—the interaction effect—is created so that stock
selection, allocation, and interaction sum to the total active return. In effect, the in-
teraction term is a residual measure of performance. It captures what’s left over af-
ter we account for stock selection and allocation.

Is there any way to get rid of the interaction effect? There is. But we have to
forfeit some intuition in terms of how we define stock selection. In some commer-
cial attribution systems, stock selection is defined using the managed portfolio
weight in place of the benchmark portfolio weight; that is,

(19.18)

Given this definition, the sum of the stock selection and allocation (or group
weight) effects is now equal to the active portfolio return.

ra(t) = S(t) + A(t) (19.19)

Which definition of stock selection is more appropriate? For managers who ac-
tively manage a portfolio against a benchmark, the stock selection measure that
uses the benchmark weight is clearly a more relevant measure. That is to say, more
importance should be given to groups of stocks that make up a larger part of the
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benchmark rather than less. If this does not hold, then an inaccurate measure of at-
tribution may result.

Additional terms and definitions that appear on variance analysis reports relate
to asset-specific contributions. These terms include: relative versus group, relative
versus total, absolute versus group, and absolute verus total.

For the nth asset at time t, these terms are defined as follows:
Relative versus group: Active weight × (Security return – Total return on the ith

group based on benchmark)

(19.20)

Relative versus total: Active weight × (Security return – Benchmark total 
return)

(19.21)

Absolute versus group: Managed weight × (Security return – Total return on
the ith group based on benchmark)

(19.22)

Absolute versus total: Managed weight × (Security return – Benchmark total
return)

(19.23)

In the preceding two sections, we presented methods for return attribution.
The first method is based on a linear factor model and decomposes return into fac-
tor and specific components. In this section, an asset grouping methodology was in-
troduced. According to this approach, no model is assumed. All that is required is a
set of mappings that tell us how to classify assets. An example of a mapping would
be an industry classification scheme.

Also, in the previous two parts we defined and explained one-period return at-
tribution procedures. Various issues arise when we need to compute attribution
over multiple periods. For example, one-period attribution may be one-day attribu-
tion. When we compute attribution over, say, a quarter, we need to “link”5 the daily
sources of return so that the compounded quarterly portfolio return is consistent
with the compounded sources of return.

Finally, we note an important difference between the asset grouping and fac-
tor model–based methodologies. In the factor model approach, at each point in
time the returns to factors are estimated simultaneously. These estimates are the
result of cross-sectional regressions6 using equation (19.4). This process captures
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any interaction among the factor returns. Conversely, in the asset grouping
methodology, each group’s return is estimated separately and, therefore, any in-
teraction between groups is excluded.

Example Using PACE Using the same portfolio and date range as in the factor attri-
bution report in Figure 19.1, we can generate a variance analysis report using the
PACE infrastructure. A screen shot of the first page of the actual report is shown in
Figure 19.2.7

As outlined in the methodology section, there is no model associated with attri-
bution by industry grouping. The only required input is the industry and sector
classification. These classifications may be provided by vendors such as Russell or
Standard & Poor’s, or they may be proprietary to the portfolio management team.

In this analysis, the 121 basis point outperformance over the review period is
comprised of –713 basis points of underperformance related to overweight stocks
and 834 basis points of outperformance related to underweight stocks. This partic-
ular portfolio manager was helped more by the stocks he or she underweighted per-
forming even worse than the stocks he or she overweighted in a down market—the
total return on the benchmark over the period was down 17.28 percent.

The section below the return summary shows the contributions for various sec-
tors over the period. Finance, for example, had an average active weight of –1.76 per-
cent over the period. Given that the sector had a negative total return, this contributed
59 basis points to the overall excess return of the account versus its benchmark.

310 RISK BUDGETING

7For illustration purposes we do not show the full report, which provides attribution at the
stock level for both securities held in the portfolio and those which are not but are compo-
nents of the benchmark portfolio.

FIGURE 19.2 PACE Variance Analysis



More detail is of course available. Figure 19.3 shows the breakdown at the
stock level of the contributions from finance, providing for each stock the return
and average active weight over the period that contributed to the overall perfor-
mance versus benchmark.

Next, we explain the issue of linking daily returns in multiperiod return 
attribution.

Multiperiod Attribution

Return attribution begins with calculating sources of return over a single time pe-
riod (e.g., one day). Single period sources are then compounded, or linked, so that
returns are computed over multiple periods (e.g., one month). Multiperiod attribu-
tion requires that we compound each group’s (or factor’s) contributions so that the
sum of the compounded group contributions is equal to the compounded total re-
turn. In the following section, we use the linear factor model to describe linking.
Note, however, that all results directly carry over to the case where the asset group-
ing methodology is applied.

Linking Returns Consider the one-period portfolio return written in terms of the
linear factor model. We know from our earlier discussion that the return on the
managed portfolio is given by:8

rp(t) = bp(t – 1)F(t) + up(t) (19.24)
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FIGURE 19.3 Breakdown of Contributions from Finance

8In order to avoid cluttering notation, we drop the local superscript when writing returns.



Let Sk(t) represent the one-period source of return from the kth factor for k =
1, . . . , K. Sk(t) is equal to the kth element of bp(t – 1)F(t). Let S0(t) represent the
contribution from the total specific return.9 This implies that there are K + 1
sources of return. Using these definitions we write equation (19.24) as

(19.25)

where the returns in (19.25) are defined in terms of percent changes. The T-period
(T > 0) portfolio total return (cumulative return over T periods) is defined as

(19.26)

When h = 1, the one-period return is rt
p(t) = rp(t), by definition.

Our goal is to determine the multiperiod attribution from a particular source.
A natural definition of the T-period attribution from the kth source is the cumula-
tive return from that source, i.e.,

(19.27)

Note that the definition of portfolio return in (19.26) and source of return in
(19.27) are incompatible—that is, you cannot identify (19.27) by using (19.26) due
to the presence of cross terms between sources.

Upon closer inspection, (19.26) shows that the multiperiod portfolio return is
the product of sums of sources of return. This product of sums results in cross
terms, which makes it impossible to isolate the source of any one return. For exam-
ple, suppose that T = 2 (two periods) and K = 2 (two sources). In this case, the two-
period return (from t – 1 to t + 1) is

(19.28)
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What is the two-period return of source 1 (subscript 1)? If we want to have a
consistent definition of a compounded return, the answer is [1 + S1(t)][1 + S1(t + 1)].
According to (19.28), however, the answer is not straightforward due to the cross
terms between the first and other sources. All the terms in (19.28) containing the
first source are:

1 + S1(t) + S1(t + 1) + S0(t)S1(t + 1) + S1(t)S0(t + 1) 
+ S1(t)S1(t + 1) + S1(t)S2(t + 1) + S2(t)S1(t + 1) (19.29)

which does not equal [1 + S1(t)][1 + S1(t + 1)]. Quickly, one can see that the prob-
lem of isolating sources of return becomes unwieldy as the compounding period (T)
increases along with the number of factors (K).

Developers of commercially available software that generates performance at-
tribution reports appreciate the problems associated with computing multiperiod
attribution and employ methods for handling this issue. Most vendors have their
own proprietary methods for computing multiperiod return attribution (i.e., link-
ing sources of return over time). Next, we present two methodologies to link
sources of return. The first methodology presented was proposed by the Frank Rus-
sell Company. An advantage of the methodology that we present is that it is rela-
tively simple and, therefore, it facilitates the explanation of the numerous issues
associated with linking returns.

Methodology for Linking Sources of Return There are quite a few different methods
for combining attribution effects over time. A recent summary of these methods
can be found in Mirabelli (2000/2001). Among them is a simple yet effective
methodology proposed by the Frank Russell Company.10 This methodology is
based on the differences between so-called continuously compounded (log) returns
and discretely compounded (percent) returns. Before we explain this methodology
we review the differences between percent and continuous returns.

Earlier, we defined the one-period local return for the nth asset as

(19.30)

and its total return (including currency) as

(19.31)

where Eij(t) is the exchange rate return. The returns in (19.30) and (19.31) are in per-
cent format. The continuous-time counterpart of (19.30) is the one-period log return,
which is given by
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10For details, see David R. Carino, of Frank Russell Company, Inc., 1999, “Combining Attri-
bution Effects over Time,” Journal of Performance Measurement, Summer, 5–14.



(19.32)

The total log return, including currency, is given by

(19.33)

Now, we consider cumulative returns. The T + 1–period percent return, denoted
by Rt+T

n (t)—from t to t + T—is the product of T + 1 one-period returns, that is,

(19.34)

The T + 1 period cumulative log return, Rt+T
log,n(t)—again, from t to t + T—is the

sum of T + 1 one-period log returns, that is,

(19.35)

Equation (19.35) shows the time aggregation property of log returns. Namely, the
sum of one-period returns is equal to the multiperiod return. This is a very conve-
nient property that is not shared by percent returns.

Suppose that instead of using percent returns, we assume that all returns are
computed using log returns. In this case, we write the portfolio log return as a func-
tion of K + 1 sources of return.

(19.36)

Since log returns are additive over time, one may think that we should work
with log returns since time aggregation would be easier (i.e., additive and, there-
fore, no cross terms to worry about). However, at a particular point in time log re-
turns are not additive across assets. That is to say, when using log returns on
individual assets, the return on the portfolio is no longer equal to the weighted av-
erage of individual asset returns. This leads to an obvious dilemma about how to
compute returns.

We can summarize our dilemma of choosing log versus percent returns as
follows:

� Percent returns are additive when dealing with cross sections. That is, a one-
period portfolio return using percent returns is a weighted average of one-period
asset level percent returns. Multiperiod percent returns are multiplicative.

� Log returns are additive across time but not in cross sections. That is, multi-
period log returns are the sum of successive one-period returns. However, one-
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period portfolio log returns are not equal to the sum of one-period weighted
asset level returns.

To compute multiperiod attribution, we begin with percent returns and convert
these to log returns. Sources of return are defined in terms of log returns. The
sources of return and the total portfolio return are then converted back to percent
returns. Specifically, the approach works as follows.

Step 1: Define portfolio returns in terms of percent returns and estimate the
one-period sources of return. This allows us to write the portfolio percent return as
the sum of K + 1 sources of returns.

(19.37)

Step 2: Convert each one-period portfolio percent return into a continuous
portfolio return by multiplying equation (19.37) by the ratio of the portfolio log re-
turn to the percent return. This is done in two steps.

First, create the adjustment factor:

(19.38)

Second, multiply each source of return by the adjustment factor so as to con-
vert the portfolio percent return into a portfolio log return. Multiply equation
(19.37) by κ(t + j) to get

(19.39)

Equation (19.39) is the continuous time counterpart to the discrete portfolio return
(19.37). The element κ(t + j)Sk(t + j) is the continuously compounded form of the
source Sk(t + j). From our earlier discussion, we know that one-period log returns
sum to multiperiod returns, that is,

(19.40)

Substituting (19.39) into (19.40) we have
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Equation (19.41) shows that we can write the compounded portfolio return, rt+T
log,p(t), as

the sum of K + 1 compounded sources of returns where each source of return, St+T
κ,k(t),

is defined in terms of log returns. The key to generating multiperiod sources of return
that are additive was the conversion of percent returns to log returns.

Step 3: Transform (19.41) back to percent returns. Originally, we defined all
returns as percent returns. Therefore, step 3 is to transform (19.41) back to percent
returns. To do this, define the new adjustment factor:

(19.42)

The T + 1 period cumulative attribution effect for the kth source, based on percent
returns, is given by

(19.43)

Applying these transformations to (19.43) we are left with the result for cumu-
lative percent returns:

(19.44)

which yields

(19.45)

Note that all we have done in the preceding analysis is convert log returns back
to percent returns.

Equation (19.45) shows that the cumulative, multiperiod percent return is
equal to the sum of cumulative, multiperiod sources of return (defined as percent
returns). These results extend directly to the case where our focus is on active re-
turns. In this case, the multiperiod active return is
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Alternative Methodology for Linking Sources of Return Mirabelli (2000/2001) pro-
posed an alternative methodology for linking sources of return that is described as
“simply additive, yet formally exact.” We present this methodology in three parts.
First, we show that the geometrically compounded returns can be written as the
sum of variables that are functions of the portfolio returns. We refer to the values
of these variables at time t as diff(t), which are defined as follows:

and so on. In general we can write

(19.47)

It follows from these definitions that the geometric return can be written as the
sum of diffs, that is,

(19.48)

Equation (19.48) is important because it allows us to write the geometric return as
a sum.

Second, we rewrite the diffs as follows. Consider diff(2). Let’s expand it so that
we have

Similarly, working with diff(4), we get
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(19.49)

Let r(t) represent the one-period (time t) return on a portfolio. The geometric
return over T periods can now be written as

(19.50)

where we define r (0) = 0.
Equation (19.50) allows us to write the T-period geometric return as the sum

of T one-period returns—the R(t)’s—which are scaled by one plus the geometric
portfolio return from time 0 through time t – 1.

Consider the example where we compute a portfolio’s return over four periods.
In this case we have

(19.51)

The third part of the methodology involves writing the one-period portfolio re-
turn (at time t) in terms of its constituent level weights and returns. That is, 

where we assume there are N assets in the portfolio and wn represents the weight on
the nth asset. Substituting the expression for the portfolio return into (19.50) yields

(19.52)

Equation (19.52) forms the basis for return attribution and linking sources of
return at the asset (and any subsequent grouping) level. To see this, let’s take the ex-
ample where we have a portfolio with three assets (N = 3) and the portfolio’s return
is computed over four periods (T = 4).

(19.53)

Let’s break (19.53) down period by period (and ignore the minus ones).
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At time t = 1:

Contribution to geometric return = w1R1(1) + w2R2(1) + w3R3(1)

At time t = 2:

Contribution to geometric return = [1 + r(1)] × [w1R1(2) + w2R2(2) 
+ w3R3(2)]

At time t = 3:

Contribution to geometric return = [1 + r(1)] × [1 + r(2)] × [w1R1(3) 
+ w2R2(3) + w3R3(3)]

At time t = 4:

Contribution to geometric return = [1 + r(1)] × [1 + r(2)] × [1 + r(3)] 
× [w1R1(4) + w2R2(4) + w3R3(4)]

Next define 

where γ(0) = 1. Using this notation, we can write asset 1’s contribution to the port-
folio’s geometric return as

(19.54)

Generally, the nth asset’s contribution to the portfolio return is 

γ(t – 1)wnRn(t)

We can now rewrite (19.52) so that the portfolio’s geometric return is

(19.55)

This concludes our description of Mirabelli’s methodology. In summary, we’ve
taken the cumulative product of returns (i.e., geometric returns) and expressed them
as the sum of one-period returns. Each period’s contribution to return (at time t) is
scaled by the portfolio’s geometric return from the start of the attribution period
through t – 1. Finally, note that although we can write the geometric return as the sum
of one-period returns without using any approximations, cross terms are still involved.

This completes our description of the computations behind multiperiod return
attribution. The results on linking hold both of the methods for generating sources
of return, the factor model–based approach and the asset grouping methodology.
Next, we turn our attention to international equity portfolios.

RETURN ATTRIBUTION ON INTERNATIONAL PORTFOLIOS

In this section we explain return attribution in the context of international eq-
uity portfolios. We assume that such portfolios may hold currency and equity fu-
tures as well as forwards, American depositary receipts (ADRs), cash, and
similar instruments.
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Overview: Portfolio Contributions and Returns

For international equity portfolios, we identify and measure six sources of return to
managed, benchmark, and active portfolios. The sources are:

1. Country.
2. Currency (including forwards).
3. Investment style.
4. Industry and sector.
5. Asset (including cash and futures positions).
6. Cross product (measures the interaction of currency and other sources).

We measure contributions from country, industry, sector, and asset to a port-
folio’s total and local return return, where the total return combines the cur-
rency (exchange rate) return and local return. When measuring multicurrency
attribution we show sources of return two ways—including and excluding the
impact of currency.

Compared to our single country attribution methodology, we now have three
additional sources of return: (1) country, (2) currency, and (3) cross product.

1. The country effect measures contribution to return from country exposure.
This is computed for both the total and local returns.

2. The currency effect measures the contribution to return from currency expo-
sure. We separate the currency effect into two components—currency surprise
and forward premium. The former is an uncertain quantity whereas the latter
is known with certainty.

3. The cross-product term measures the interaction between the currency effect
and the local return. Generally, the interaction effect is relatively small com-
pared to the other sources described so far. However, if the portfolio weight (or
return) is significantly more or less than the benchmark weight (or return), the
interaction effect has a larger impact. For convenience, interaction is often
combined with other sources.

Table 19.1 summarizes the six sources of return and the type of returns that are
computed for each.

In the following analysis, we work with percent returns. Recall that the total
(percent) return for a portfolio is

(19.56)

Let wp(t – 1) represent an N-vector of portfolio weights where the weights
are constructed with respect to the reporting currency. That is, nominal amounts
that go into constructing the weights are expressed in the respective portfolio’s
reporting currency. In the case where a portfolio’s reporting currency is U.S. dol-
lars, the weights would be constructed by first converting all positions to U.S.
dollars.
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The managed portfolio’s total return, rp(t), is written as (from 19.56):

(19.57)

From equation (19.57), we see that the managed portfolio’s total return is the sum of:

� Its local return, .
� The portfolio’s exchange rate return, εp(t).
� A cross term, which is the product of the exchange rate return and local re-

turns, xcp(t).

The Global Factor Model

A global factor model expresses the cross section of total asset returns in terms of
local factors, exchange rate returns, and cross terms. Mathematically, the model is

(19.58)

Let wm(t – 1) represent market portfolio weights. The portfolio return wm(t – 1)TR(t)
may be decomposed into the following sources: country, currency, investment style,
industry, sector, and specific contribution. The specific return contribution to total
return is based on the term wm(t – 1)T . Similarly, the currency contribution is
given by wm(t – 1)TEij(t). This contribution can be decomposed into two parts—the
forward premium and a surprise currency change.11
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TABLE 19.1 Sources of Return for International Equity Portfolios: Contributions
and Returns Measured for Managed, Benchmark, and Active Portfolios

In Single 
Source Contribution To Return Country Model?

Country Total and local return Total and local Possibly
Currency Total return Currency No
Investment style Total return and local return Total Yes
Industry and 

sector Total and local return Total and local Yes
Asset Total and local return Total and local Yes
Cross product Total return Total No

11References include: G. P. Brinson and N. Fachler, 1985, “Measuring Non-U.S. Equity Port-
folio Performance,” Journal of Portfolio Management, Spring; and E. M. Ankrim and C. H.
Hensel, 1994, “Multicurrency Performance Attribution,” Financial Analysts Journal,
March–April, 29–35.



We incorporate the forward premium and currency surprise into the cur-
rency return as follows. First, recall from the section on computing returns that
the return from holding a foreign currency from period t – 1 to t is Eij(t) = [Xij(t)
– Xij(t – 1)]/Xij(t – 1). Next, let FR(t) represent the forward exchange rate (ex-
pressed as reporting over base currency) at time t – 1 for forward delivery at
time t. Rewrite the currency return at t – 1 for t as

(19.59)

Since the return is computed at t – 1, Xij(t) is uncertain and, therefore, so is Eij(t). It
follows from (19.59) that the uncertain currency return consists of two parts: cur-
rency surprise, s(t), and forward premium, fp(t):

(19.60)

where s(t) = [Xij(t) – FR(t)]/Xij(t – 1)
fp(t) = [FR(t) – Xij(t – 1)]/Xij(t – 1)

Note that the currency surprise is unknown at t – 1 whereas the forward pre-
mium is known. Therefore, return attribution that incorporates contributions from
currency should clearly measure contributions from currency surprise only. One
should not attribute a portion of currency return to something that is known be-
forehand. When computing contribution, we can simply substitute (19.60) into
(19.58) and get the contribution from the currency surprise. Because the value of
active management lies in its ability to forecast the uncertain sources of return, per-
formance attribution should focus on the ability to capture positive returns due to
currency surprise.

The term wm(t – 1)Txc(t) captures the contribution to the portfolio’s return
from the interaction between exchange rates and the portfolio’s local return.

Asset Grouping Methodology

In order to derive expressions for international equity portfolios based on the asset
grouping methodology, we need the following definitions.

w b
c(t – 1) cth country’s weight in the benchmark portfolio

w p
c(t – 1) cth country’s weight in the managed portfolio

r c
b(t) cth country’s total return as constructed in the benchmark portfolio

c
b(t) cth country’s local return as constructed in the benchmark portfolio
c
p(t) cth country’s local return as constructed in the managed portfolio

b(t) local return as constructed in the benchmark portfolio

Using these definitions, we can construct contributions to a portfolio’s return
by country, currency, investment style, industry, sector, and asset. While the results
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presented later apply to the managed portfolio, they extend directly to the active
and benchmark portfolios as well.

Country Contributions to Return For a given country, compute the exposures of each
position to that country. For example, a position may have an exposure of one if it is
exposed to a country, zero otherwise. Let qn,c(t) be the nth security’s exposure to the
cth country. The one-period contributions from the cth country are defined as follows.

The cth country’s contribution to the managed portfolio’s total return is

Its contribution to the portfolio’s local return is 

In addition to contributions, we compute returns:

� The cth country’s total return as computed from the managed portfolio’s 
holdings is 

� The cth country’s local return as computed from the managed portfolio’s
holdings is

In addition to the preceding computations, within each country we identify and
measure four sources of return. These sources sum (over all countries) to the port-
folio’s total active return.

1. Country currency weight. This is a measure of how well a portfolio’s currency
exposure has been managed relative to the currency exposure in a benchmark
portfolio. Country currency weight is approximately equal to the difference be-
tween the exchange rate return of the managed portfolio and the exchange rate
return of the benchmark portfolio. The country currency weight consists of
two parts: (1) relative currency weight and (2) currency performance effect.

Relative currency weight measures the impact that currency exposure has
on the active portfolio’s total return that results from differences between
managed country weights and benchmark country weights.

Currency performance effect measures the impact that currency exposure
has on the active portfolio’s total return that results from the performance
of different currencies.

2. Country allocation (market weight). This measures the impact on the active
portfolio return from selecting different countries in proportions that are dif-
ferent from the benchmark.
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3. Country stock selection. Within each country, this measures the impact that
stock selection has on the active portfolio’s total return. It provides a measure
of a portfolio manager’s ability to select stocks within a country.

4. Country sector weight. Within each country, this measures the impact of rela-
tive sector weightings on the active portfolio’s total return. It provides a mea-
sure of a portfolio manager’s ability to choose sectors within a country.

We now explain these computations in more detail.
The country currency weight is the sum of the relative currency weight effect

and the currency performance effect. These are defined as follows (for the cth
country):

Relative currency weight:

(19.61)

Currency performance:

(19.62)

The country currency weight is equal to (19.61) plus (19.62) and then sum-
ming over all countries. This yields:

(19.63)

Country allocation (i.e., market weight) is computed as follows (for the cth
country):

(19.64)

In order to define country stock selection and country sector weight, we need
to define additional variables. We assume that there are J(j = 1, . . . , J) sectors
within each of the C countries.

Sc( j)
b (t) = Local return of the jth sector in the cth country based on the

benchmark portfolio.
Sc( j)
p (t) = Local return of the jth sector in the cth country based on the

managed portfolio.
w b

Sc( j)(t – 1) = Benchmark portfolio weight of the jth sector in the cth country.

w p
Sc( j)(t – 1) = Managed portfolio weight of the jth sector in the cth country.

Country stock selection is defined as (for the cth country)
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Country sector weight is defined as (for the cth country)

(19.66)

In the asset grouping approach,12 the forward premium effect is defined as:
(Portfolio weight – Benchmark weight) × (Expected currency return – Average pre-
mium in benchmark portfolio). In this context (i.e., when measuring the forward
premium effect), the currency management effect is defined as: [(Portfolio weight –
Benchmark weight) × (Currency surprise – Total benchmark currency surprise)] +
(Forward contract adjustment).

An approach that incorporates the currency management and forward pre-
mium effect such as this one will help investors measure more accurately the value
added by active management of individual stocks, of countries, and of currency
hedges in an international portfolio.

Currency Contributions to Return For a given currency, compute the exposure of
each position to that currency. A position will have an exposure of one if it is ex-
posed to a currency, zero otherwise. Let yn,j(t) be the nth security’s exposure to the
jth currency. The jth currency’s contribution to the managed portfolio’s total re-
turn is

The jth currency’s total return as computed from the managed portfolio’s holdings is

Industry and Sector Contributions to Return Industry and sector contributions
are computed in the same way as country contributions and returns. Let In,s(t)
represent the nth position’s weight in the sth industry. Typically, In,s(t) takes a
value of one if the company associated with the nth position is in the sth indus-
try, zero otherwise.

The sth industry’s contribution to the managed portfolio’s total return is 

Its contribution to the portfolio’s local return is

Industry returns are computed as follows:
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� The sth industry’s total return, as computed from the managed portfolio’s 
holdings, is 

� The sth industry’s local return, as computed from the managed portfolio’s 
holdings, is 

The same calculations are performed on sectors where each sector represents
the combination of one or more industries.

For each industry and sector we define a stock selection and group weight
measure.

� Stock selection (in terms of total return) for the ith industry at a particular
point in time is defined as Industry’s managed weight(t – 1) × [Industry’s total
return based on managed portfolio(t) – Industry’s total return based on bench-
mark portfolio(t)].

� Group weight (in terms of total return) for the ith industry at a particular point
in time is defined as Industry’s active weight(t – 1) × {Industry’s total return
based on benchmark portfolio(t) – [Benchmark’s total return(t) – Cash(t)]}.

Total of stock selection and group weight across all industries is:

which is equal to:

Investment Style Contributions to Return Contributions and returns for investment
styles are computed as follows:

1. Sort assets according to their exposures to a particular investment style (e.g.,
sort assets by market capitalization).

2. Group the sorted assets into, say, 10 buckets where the break points represent
deciles (or some other quantile).
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3. For each decile group compute their contributions to total and local returns.
Note that for a given investment style, the sum of managed contributions
across all groups is equal to the portfolio’s managed return.

4. Calculate the total and local return of each decile group.

Asset-Level Contributions to Return There are four different types of asset level
contributions that we define in addition to managed, benchmark, and active contri-
bution. These are:

1. Relative vs. group. For the nth asset at time t, this is defined as: Active weight ×
(Security return – Total return on the ith group based on the benchmark).

2. Relative vs. total. For the nth asset at time t, this is defined as: Active weight ×
(Security return – Benchmark total return).

3. Absolute vs. group. For the nth asset at time t, this is defined as: Managed
weight × (Security return – Total return on the ith group based on the bench-
mark).

4. Absolute vs. yotal. For the nth asset at time t, this is defined as: Managed
weight × (Security return – Benchmark total return).

IMPORTANT PRACTICAL MATTERS

In this section we explain how to compute a portfolio’s residual return that is the
difference between the officially reported return and the estimated return. Under
certain conditions where the residual return is small, an algorithm to minimize the
residual, while simultaneously not impacting any single source of return in a sub-
stantial way, can be applied.

Performance Measurement and Return Attribution

As stated at the outset of the discussion on return attribution, for a given account
and time period, the identified sources of return are not necessarily the sources of
the officially reported return. Return attribution relies, instead, on an estimate of
the portfolio’s official return. This estimate is derived from time t – 1 portfolio
weights and time t returns. When there are no intraday cash flows or trades, then
the estimate and the official return should be identical if:

� The prices used to compute the portfolio weights in return attribution are the
same prices used to compute the officially reported return.

� The holdings used to compute the portfolio weights in return attribution are
the same holdings used to compute the officially reported return.

� The asset (constituent) level returns used in return attribution are derived from
the same prices and cash flows (e.g., dividends) as those used to compute the
officially reported return.

The difference between the officially reported portfolio return and the esti-
mated portfolio return is called the residual. The sources of return become dis-
torted whenever the residual is not zero. Naturally, the problem becomes bigger
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as the absolute value of the residual gets bigger. The reason is simple. When we
do attribution, we are doing it on the estimated return—that is, we are finding
sources of the estimated return. The bigger the difference is between the esti-
mated return and the officially reported return, the less relevant the sources are
for the official return.

In practice, we address the problem of a nonzero residual by first measuring the
residual and then reporting it. If we think that the residual is small enough to toler-
ate, we distribute the residual across all the sources of return. In the next section we
explain, briefly, an algorithm behind the distribution of the error.

An Algorithm to Align Official and 
Estimates of Portfolio Returns

Where applicable, managers should compute the residual term on as frequent a ba-
sis as possible. In the case of daily return attribution we would compute, each day,
the difference between the portfolio’s one-day officially reported return and the es-
timate of the one-day return that is generated from portfolio positions and con-
stituent total returns. In general, the smaller the time period is over which a
portfolio’s return is computed, the smaller the residual term. The reason for this is
that as the portfolio’s return horizon grows, so does the likelihood that intraperiod
trades and cash flows will occur.

Let RES(t) represent the residual term computed for the return period t – 1
through t. Our objective is to make the residual zero in such a way as to minimize
any effect on the computed sources of return. If we are running return attribution
based on a factor model, then sources of return are from K factors and 1 specific
term. Since the specific term consists of the sum of N asset-level specific contribu-
tions, we have a total of K + N sources. In variance analysis, sources of return
start at the asset level and are then aggregated depending on whether we are inter-
ested in contributions by industry, sector, country, or other. The precise number of
sources depends on whether we are running variance analysis on the managed,
benchmark, or active portfolio. Our goal is to distribute the residual term to as
many sources as possible.

Assume that an active portfolio has Q sources of return. In practice, the num-
ber of unique assets in the managed and benchmark portfolios usually drive the
number of sources. For example, if we apply a three-factor model to a portfolio
that is managed against the S&P 500, then we may have somewhere around 503
sources of return. Our algorithm works as follows:

1. Each day compute the portfolio’s estimated return and obtain the officially re-
ported return from the official books and records.

2. Compute RES(t), which is the difference between the official and estimated
portfolio returns.

3. Compute d = RES(t)/Q. This is the maximum amount that we can change any
one contribution.

4. Add d to each contribution such that the following do not change: (1) 
the sign of the original contributions and (2) the ranking of the original 
contributions.
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Note that the algorithm assumes that the source of error is random and is not due
to any particular factor or asset. If there is a systematic source of residual, then we
expect this to be picked up by a daily monitoring process that measures and evalu-
ates the one-day residual returns for each portfolio that is tracked. This daily mon-
itoring process increases the likelihood that systematic sources of residuals are
identified in a timely manner.

To better understand the impact that a residual can have on return attribution,
suppose we are interested in computing return attribution on a portfolio over a six-
month period (126 business days) and, each business day, the residual is 0.25 basis
points. If we ran a one-day attribution on any day over the period, the residual
would be too small to see since our reports show numbers in whole basis points
and not fractions. However, assuming that the residual is constant over the period,
the six-month compounded portfolio return would have a residual of about 32 ba-
sis points (126 · 0.25 bps).

In order to reduce the six-month residual, we apply the adjustment algo-
rithm described, each day, to the sources of return. If we had 100 assets (sources
of return) in the active portfolio, then we would be modifying the contribu-
tion of each asset by a maximum of .25/100 bps or 0.0025 bps per day. The
compounded adjustment to each source of return over the six-month period is,
on average, 0.32 basis points. Moreover, the original ranking of the sources 
is unaffected.

An algorithm such as the one described should be applied only if the magnitude
of the residual is considered small enough as to not materially affect the results.
Typically, it requires that we have daily, officially reported returns. Without the of-
ficial returns, the algorithm cannot be applied.

Finally, we present an additional reason for computing the residual as fre-
quently as possible. Suppose that a manager has a return attribution report and the
residual on the managed portfolio’s return for the particular month is 0.5 bps. The
manager of an equity portfolio might view this error as small, particularly if the re-
turn on the portfolio is relatively big—say, 5 percent. The question that we pose is,
is the error really small?

To answer this question, a manager might look at each day’s residual during
the month—that is, taking daily position files, compute the difference between the
managed portfolio’s return and the official return, each day, over the attribution pe-
riod. Suppose the manager finds that each day’s residual is negligible, except for
two days out of the month. On those days, the residuals are 50 bps and –51 bps.
Since the sum of the daily residuals is approximately equal to the monthly residual,
we might feel uncomfortable concluding that the monthly residual is small. In fact,
the monthly residual may very well be meaningless.

SUMMARY

Return attribution is the process in which sources of a portfolio’s return are identi-
fied and measured. Managers may rely on return attribution reports developed in-
house or from commercially available systems. Differences across systems can vary
in certain respects, from the algorithms applied to the terminology used to describe
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the sources of return. The differences in algorithms and terminology can lead to
confusion and make it difficult for managers to understand their portfolio’s sources
of return.

This chapter reviewed some of the most commonly used methods for perform-
ing return attribution. We focused on equity portfolios, although the results we pre-
sented generalize to other asset classes. We explained various methods that are
employed by commercially available systems within a framework that uses com-
mon terminology and notation.

We began our presentation with a discussion of performance measurement
and return calculations. We then presented the single and international frame-
works for computing return attribution, which included the factor model–based
approach and the asset grouping methodology. Finally, we reviewed the practical
issues related to return attribution. These issues involved computing the residual
return and an algorithm to distribute the residual so as to align the estimated and
official daily returns.

Tables 19.2 and 19.3 summarize the results presented in this chapter.
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CHAPTER 20
Equity Risk Factor Models

Peter Zangari

INTRODUCTION

Factor models are pervasive in investment management practice. In this chapter we
explain, in detail, the foundations of equity risk factor models. This chapter con-
tributes to the general decision-making process, education, and research on factor
models in three important ways:

1. We provide a taxonomy of the various types of factor models that are the focus
of the investment management community. In so doing, we streamline a some-
what fragmented academic and industry literature on factor models and pre-
sent a consistent terminology to study and understand factor models and their
output.

2. This chapter serves as a blueprint for risk calculations that are based on linear
cross-sectional factor models. Such models are widely used among equity in-
vestment professionals, and a detailed understanding is critical for practitioners
who rely on this information. We provide exact formulas for many factor
model–based risk measures.

3. We present some important empirical issues related to the practical implemen-
tation of factor models.

A thorough understanding of factor models requires an understanding of fac-
tors at both a theoretical and an empirical level. As a concept, factor models are
simple and intuitive. They offer the researcher parsimony—the ability to describe a
large set of security returns in terms of relatively few factors—and the capacity to
identify common sources of correlations among security returns.1 To the portfolio
or risk manager, however, factor models are more than a theoretical construct.
They offer such managers a way to quantify the risk and attribute return in their
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1In addition, factor models allow managers to describe the variation of security returns in
terms of a relatively small set of systematic components. So, instead of having to analyze po-
tentially massive data sets, the goal of factor models is to allow managers to explain or de-
scribe the level of direction, variation, and covariation with other returns in terms of
relatively few determinants.



portfolio construction process. Hence, the greatest strengths of factor models rest
in their empirical applications.

Factor models have numerous applications. Investment management profes-
sionals use factor models to quantify a portfolio’s return and risk characteristics.
For example, factor models have been used in portfolio risk optimization, perfor-
mance evaluation, performance attribution, and style analysis.

In addition to the variety of applications, factor models have served as a basis
to estimate:

� Average, or unconditional returns—explaining differences in returns across a
universe of stocks at a particular point in time.

� Expected, or conditional returns—forecasting the expected value of stock re-
turns using historical information.

� Variances and covariances of returns—explaining the systematic variations and
comovements among stock returns.

In this chapter, our focus is on applications of equity factor models for measur-
ing risk. The rest of this chapter is organized as follows:

� We present a simple example of an equity factor model. This example sets the
stage for a more formal introduction to factor models presented later.

� We present the basics of factor returns and exposures. We provide two exam-
ples of different types of exposure calculations.

� We provide a taxonomy of equity risk factor models. We organize factor mod-
els by observed and unobserved factor returns.

� We take a detailed look at the linear cross-sectional factor model. We present
local and global factor models. Typically, global factor models incorporate
country and currency factors whereas local factor models do not.

� We turn our attention to measuring and identifying sources of risk in a factor
model. This section begins with definitions of various aspects of portfolios,
then presents numerous formulas used in calculating contributions to risk, and
concludes with an example from PACE, Goldman Sachs’ proprietary risk and
return attribution platform.

� Finally, we summarize the risk estimation process and show the various steps
required to estimate a linear factor model in practice.

SIMPLE EQUITY FACTOR MODEL: AN EXAMPLE

What are factor models and what should managers know about them? We address
these questions with an example that involves a particular application of a factor
model. Specifically, we are interested in measuring the risk of a portfolio of stocks.
The risk statistic that we calculate, whether it’s standard deviation or some measure
of Value at Risk (VaR), depends on the covariance matrix of stock returns. Hence,
our focus is on estimating this covariance matrix.

Suppose that our current portfolio consists of four stocks and that all time is
measured in months. To calculate the portfolio’s covariance matrix for the follow-
ing month, from t to t + 1, we would do the following:
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1. Collect monthly excess returns2 for each of the four stocks over the prior 60
months. The choice of 60 months is arbitrary and is used only for illustrative
purposes.

2. Construct a 60 × 4 matrix of returns, R(t), where each column of R(t) corre-
sponds to a historical time series of returns over the prior 60 months. For ex-
ample, the first column of R(t) represents the time series of mean-zero returns3

for stock 1; the second column of R(t) represents the time series of mean-zero
returns for stock 2; and so on.

3. The one-month volatility forecast, at time t, is based on the simple covariance
matrix estimator4 V(t):

(20.1)

where the superscript “T” represents the transpose of the return matrix.

The covariance matrix V(t) has 10 elements (6 covariances and 4 variances). In
general, if our portfolio consists of N stocks, then the covariance matrix consists of
N(N + 1)/2 variances and covariances. Obviously, even moderate-sized portfolios
require many variance and covariance estimates. In practice, it is not uncommon to
have a portfolio consist of 100 stocks, in which case we would have to estimate
5,050 parameters (100 variances and 4,950 covariances). In order to have a proper
covariance matrix (i.e., positive semidefinite), this would require that we have at
least 100 historical returns (i.e., about eight years of data) for each asset. However,
a stable covariance matrix5 would require even more observations.

Factor models are of interest not only because they offer an intuitive under-
standing of the sources of risk and return, but also because they provide parsimony.
And in covariance matrix estimation, parsimony is a virtue. Therefore, it should
not be surprising that much work has gone into developing methods that provide a
good estimate of V(t) without requiring the estimation of a large number of para-
meters. The way that factor models provide parsimony should become clear in the
following example.

Consider a factor model that describes four stock returns in terms of two fac-
tors. For the time being we treat factors as an abstract concept. A standard factor
model, at time t, can be written as follows:

(20.2)

r t B t F t B t F t u t

r t B t F t B t F t u t

r t B t F t B t F t u t

r t

1 11 1 12 2 1

2 21 1 22 2 2

3 31 1 32 2 3

4

1 1

1 1

1 1

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( )

= − + − +
= − + − +
= − + − +
= BB t F t B t F t u t41 1 42 2 41 1( ) ( ) ( ) ( ) ( )− + − +

ˆ ( ) ( ) ( )V t R t R tT= 1
60
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2Briefly, excess returns are defined as the difference between total returns and the return on
the one-month risk-free rate.
3We subtract the sample mean from these excess returns.
4We use the simple covariance matrix estimator just as an example. We could also employ
an estimator of the covariance matrix that applies an exponential weighting scheme to
the data.
5By “stable covariance matrix” we mean a covariance matrix with a low condition number.



where rn(t) = nth stock’s monthly excess return from time t – 1 to t (n = 1,
2, 3, 4)

Fk(t) = Monthly factor returns from time t – 1 to t (k = 1, 2)
Bnk(t – 1) = Factor loadings that are known at time t – 1 (i.e., at the

beginning of the tth month). These loadings measure the
sensitivity between the factor returns and the original set of four
returns (n = 1, 2, 3, 4; k = 1, 2)

un(t) = nth stock’s specific return from time t – 1 to t

Using matrix notation, we can write (20.2) in a more condensed format:

R(t) = B(t – 1)F(t) + u(t) (20.3)

where R(t) = 4 × 1 vector of excess stock returns from t – 1 to t
F(t) = 2 × 1 vector of factor returns from t – 1 to t

B(t – 1) = 4 × 2 matrix of factor loadings that are known at time t – 1
u(t) = 4 × 1 vector of stock-specific returns from t – 1 to t (it is assumed

that these returns are uncorrelated with one another)

We use the factor model presented in (20.3) to write the covariance matrix of
excess returns, V(t), in terms of variances and covariances of the factor returns and
the security-specific returns. Taking the variance of (20.3), we get

V(t) = B(t – 1)Σ(t)B(t – 1)T + ∆(t) (20.4)

where Σ(t) = 2 × 2 covariance matrix of factor returns
∆(t) = 4 × 4 covariance matrix of specific returns (we assume that specific

returns are uncorrelated; therefore, ∆(t) is a diagonal matrix with
specific return variances as elements)

Equation (20.4) shows how the covariance matrix of stock returns can be written
in terms of the covariance matrix of factor returns and the covariance matrix of
stock-specific returns. Next, we describe how we can estimate Σ(t), ∆(t), and the co-
variance matrix of stock returns.

Assume for the moment that the factor loadings matrix B(t – 1) is known at time
t – 1 and that we have 60 months of history on factor returns F(t) (t = 1, 2, . . . , 60).
We can form an estimate of the stock return covariance matrix as follows.

1. Use the historical time series of factor returns over the past 60 months to esti-
mate the factor return covariance matrix, Σ^ (t).

2. Use (20.3) to construct a time series of stock-specific returns that are defined as
u(t) = R(t) – B(t – 1)F(t). This involves generating a 4 × 1 vector of specific returns,
u(t), each month (one month at a time) over the 60-month estimation period.

3. Use the time series of stock-specific returns to estimate the stock-specific co-
variance matrix ∆^(t). By assuming zero correlation among specific returns, this
simply requires the estimation of stock-specific variances.

4. An estimate of the stock return covariance matrix is given by V
^
(t) = B(t – 1)

Σ^(t)B(t – 1)T + ∆^(t). Note that we are not restricted to estimate Σ^(t) and ∆^(t) in
any particular way.
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FACTOR RETURNS AND EXPOSURES: THE BASICS

Thus far, factors and factor returns have been treated as abstract concepts. In this
section we define factors and provide some examples of their practical application.

We begin with a definition. A factor is a random variable that, at a particular
point in time, can explain or account for the variation among a set of security re-
turns.6 Put another way, a factor is a variable that is common to a set of security
returns, influencing each return through its factor loading. There are five key
points to remember about equity factors:

1. Their values take the form of factor returns. For example, if the market is a fac-
tor, then its value is the market return.

2. A factor is common to all stocks at a particular point in time.
3. Estimates of factor return covariance matrices are based on time series of factor

returns.
4. Factor loadings individualize factor returns. Loadings measure the sensitivity

of a stock’s return to a factor return. Alternatively, we can say that a factor re-
turn measures the sensitivity of a stock’s return over a period for a given
change in the factor’s exposure.

5. Stock-specific returns, u(t), measure the difference between the nth stock’s ex-
cess return and the factor return contribution (loadings times factor returns),
u(t) = R(t) – B(t – 1)F(t).

Factors can be defined in a variety of ways. The definition of different fac-
tors leads us to consider different types of factor models. Some examples of 
factors include:

� Macroeconomic factors (e.g., gross domestic product and the default pre-
mium).

� Market factors (e.g., the capital-weighted market portfolio).
� Fundamental factors (e.g., price/earnings and price/book value).

Regardless of the type of factor, managers require a time series of their values
(i.e., factor returns) so that we can estimate a factor return covariance matrix. For
example, returns to macroeconomic factors, such as the U.S. default premium
(measured as the difference between the return on a high-yield bond index and the
return on long-term government bonds), are observed time series. And, at each
point in time, one value of the default premium corresponds to all values of stock
returns. While we know the value of the factor, we do not know its sensitivity (fac-
tor loading) to each stock return. Hence, we have to use time series information on
stock returns and the default premium to estimate factor loadings. The loading on
the default premium factor may appear as the coefficient in a regression of stock re-
turns on the return to the default premium factor. Alternatively expressed, we esti-
mate the loading from the time series model

338 RISK BUDGETING

6This set contains one or more security returns.



rn(t) = Bn,default premiumFdefault premium(t) + un(t) (20.5)

where rn(t) = Excess return on the nth stock at time t
Bn,default premium = nth stock’s loading on the default premium

Fdefault premium(t) = Default premium at time t
un(t) = nth stock’s specific return

Numerical Example Suppose that the current (time t) one-period return on a
stock is 3.0 percent. If the current default premium is 1.5 percent (i.e., Fdefault premium(t)
= 1.5%) and the factor’s sensitivity or loading to this stock is 0.5 (i.e., Bn,default premium
= 0.5), then the stock’s implied return due to the default premium is 0.75 percent
(0.5 × 1.5%). The stock-specific return is 2.25 percent. Now, suppose that
spreads are expected to widen over the forthcoming month by 50 basis points.
Assuming a constant factor exposure, the expected change in the stock’s return 
is 0.25 percent (0.5% × 0.5 = 0.25%). (We take the expected specific return to 
be zero.)

This simple example shows how, by using factor models, practitioners can ad-
dress questions about the movement of different stocks by considering a change in
the factor’s return and exposure. Unfortunately, however, we do not always ob-
serve a time series of factor returns and, therefore, may be required to first esti-
mate these returns.

Suppose that instead of using a macroeconomic factor we use a fundamental
factor such as value. A common measure of a stock’s exposure to the value 
factor is its ratio of net earnings to share price (E/P). In this case, we observe
each stock’s exposure to the value factor but not the factor itself—that is, we do
not know the factor return. This is the complete opposite of the situation where
we knew the default premium but not the exposure of each stock to the default
premium.

Mathematically, this translates into observing each stock’s factor loadings,
Bn(t – 1), but not the factor return F(t); that is, we know the value of the load-
ing but not the factor return. Since we do not observe the factor return and we
have information on a cross section of stocks, we estimate the return to the ex-
posure to the value factor at a particular point in time, using a regression of 
N excess stock returns on N earnings-to-price exposures. Each time this regres-
sion is run, it produces one estimate of the value factor return. If we conduct
these regressions over a period of time, say 60 consecutive months, then we 
can construct a time series of value factor returns. Once we have estimates of
these factors, we can estimate the factor and stock-specific covariance matrix as
described earlier. Note that the fundamental approach (value factor) is more
computationally intensive than the time series method (macroeconomic factor)
since we must first estimate the factor returns from a series of cross-sectional 
regressions.

We conclude this section by expounding on the notion of factor returns and ex-
posures. The values of F(t) in the cross-sectional approach are often referred to as
factor returns. We offer two examples to help explain why the F(t)s in (20.2) are re-
ferred to as factor returns.
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Example 1 Suppose that we have 100 stocks whose returns we want to explain in
terms of one factor—the value factor. For a particular month, we collect returns for
all 100 stocks as well as each stock’s exposure to the value factor. Using these data,
we estimate the factor return F(t), which turns out to be 5 percent.7 Suppose that,
for a particular stock, its exposure to the value factor is measured to be two stan-
dard deviations8 (2 std) above the mean of all stocks in some predefined universe of
stocks; that is, B(t - 1)= 2 std for this stock. Using F(t), we can determine the change
in the average or expected stock return, given a change in exposure. In other words,
we can address the question, what is the return to an increased exposure to stocks
with high earnings-to-price values? It follows from Equation (20.2) that ∆E[r(t)] =
∆B(t – 1)E[F(t)] where ∆E[r(t)] and E[F(t)] represent the expected change in stock
return and the expected value of the factor return, respectively. If we expect a par-
ticular stock’s exposure to the value factor to increase, say, 0.5 std—that is, the
stock becomes more of a value play—then the expected change in its stock return,
given this change, is

∆E[r(t)] = ∆B(t – 1)F(t)
= 0.5 std × 0.05 (20.6)
= 250 basis points

In this example, F(t) represents the return from an increase in the exposure to value
stocks. To see this, we can rewrite (20.6):

(20.7)

So, F(t) represents the change in the average excess return for an increase (decrease)
in exposure to stocks with high earnings-to-price levels.

Example 2 Factor returns are sometimes defined by first constructing a so-called
factor-mimicking portfolio (FMP). Simply put, an FMP is a portfolio whose returns
mimic the behavior of some underlying factor. There is a variety of techniques
available to construct FMPs. A simple way9 to build a portfolio that mimics the be-
havior of, say, the value factor return works as follows.

1. First, sort all assets in your portfolio according to their E/P.
2. Split the sorted assets into two groups. The first group contains assets that fall

in the top half of assets ranked by E/P. We refer to these assets collectively as

E F t
E r t
B t

[ ( )]
[ ( )]
( )

=
−

∆
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7An explanation of the factor return estimation procedures is provided in the section on
cross-sectional regressions later in the chapter.
8Exposures are sometimes normalized so that they are comparable. This normalization
process will be discussed in more detail in the section on standardizing exposures later in the
chapter.
9The academic literature is replete with better ways to construct a factor-mimicking portfo-
lio. Here, the example we provide is for expositional purposes only.



group H. The second group contains assets that fall in the bottom half of all as-
sets ranked by E/P. We refer to these assets as group L.

3. Use the market values and returns on each asset to form group returns. That is,
we compute the return on group H and group L, respectively.

4. The return to the value factor is defined as the difference between the return on
group H and the return on group L.

The return H minus L represents a return on a zero investment strategy that is
long the high E/P assets and short the low E/P assets. The return on this strategy is
what is known as the factor return because it reflects movements in the underlying
factor. A mimicking portfolio that exhibits large return volatility is consistent with
the underlying factor contributing a substantial common component to return
movements.

A TAXONOMY OF EQUITY FACTOR RISK MODELS

Equity risk factor models take a variety of forms. In this section we provide an
overview of the different types of factor models that are used by practitioners.
We categorize factor models based on whether the model assumes the factor 
returns are observed or unobserved. Factor models that rely on observed fac-
tor returns include the market model and the macroeconomic factor model. 
Alternatively, factor models that assume factor returns are unobserved and,
therefore, require that we estimate their values include statistical, technical, and
fundamental models.

Background

Understanding a factor model begins with understanding factors. Given the wide
application of factor models and the different variables that factors attempt to ex-
plain, it should not be surprising that the term “factor” has come to mean almost
anything. For example, Chan, Karceski, and Lakonishok (1998) offer the following
categorization of factors:

� Macroeconomic
� Fundamental
� Technical
� Statistical
� Market

Within each of these sets of factors are different variables, each of which at-
tempts to capture a particular feature of individual security returns. Figure 20.1
presents a classification of factors. In order to make this classification a bit less ab-
stract, Table 20.1 presents examples of factors for each factor class.

In addition to the different types of factors, factor models are differentiated by
the data and model estimation methods that are used to estimate factor returns. For
the most part, this estimation process consists of a combination of cross section and
time series modeling. Figure 20.2 shows the relationship between the type of factor
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and the data required to estimate the risk parameters of a factor model (i.e., factor
return covariance matrix and specific variances).

In the next few sections, we explain the different methods shown in Figure
20.2. We introduce the reader to different types of factors so that the term “factor”
becomes more precise. We begin by considering observed factors and then move on
to factor models where the factor returns are unobserved.

It is important to note that in the factor models presented, factors are used to
model the conditional mean of stock returns in equation (20.3). There are other
types of factor models such as the one studied by King, Sentana, and Whadwani
(1994) where factors are part of the conditional covariance matrix specification.
We do not consider such factor models in this chapter.

Observed Factor Returns

The first class of factors that we consider is one that has observed factor returns.
Two examples of factors that have observed returns are market factors and macro-
economic factors.

The Market The market model is probably the most common and simplest repre-
sentation of a factor model. Suppose we want to model the relation between the ex-
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FIGURE 20.1 Hierarchy of Factors

Market Macro Technical Sector Fundamental Statistical

Security
Specific

Observed Unobserved

Factors

TABLE 20.1 Examples of Factors

Factor Class Examples

Market S&P 500, Wilshire 5000, MSCI World indexes
Macroeconomic Industrial production, unemployment rate, interest rates
Technical Excess stock return on previous month, trading volumes
Sector Energy, transportation, technology
Fundamental Value, growth, return on equity
Statistical Principal components



cess return (over the risk-free rate) on a particular security and the return on the
market portfolio. We assume that the number of securities totals N. The mathemat-
ical expression for the excess return on the nth security can be described by the fol-
lowing one-factor model:

rn(t) – rf(t) = αn(t) + βn(t)[r
m(t) – rf(t)] + en(t) (20.8)

where rn(t) = Total return on the nth security at time t
rf(t) = Return on a risk-free security at time t

αn(t) = Stock return’s alpha for the nth return (alpha also represents the
expected return on a stock that has zero correlation to the market)

βn(t) = Market beta (beta measures the covariation between the market and
the security return)

rm(t) = Return on a market portfolio at time t
en(t) = Mean-zero disturbance term at time t

Equation (20.8) describes how the excess return of the nth security varies over
time with the return on the market portfolio, its uncorrelated expected value (al-
pha), and an idiosyncratic term. The factor return in this model is rm(t) – rf(t) and it
represents the systematic component of the nth stock’s return. The idiosyncratic
component of the nth stock’s return is given by αn(t) + en(t).

In practice, in order to estimate the risk of an asset or portfolio using the mar-
ket model we must estimate the market beta. This is done via time series regression.
For example, we may collect, say, monthly stock and market returns over the past
five years. We then regress10 60 excess stock returns on a constant and 60 market
portfolio returns (over the risk-free rate). This yields an estimate of alpha and the
market beta. Beta measures the sensitivity between the nth stock’s excess return and
the market portfolio return over this five-year period. In addition to the estimates
of alpha and the market beta, practitioners want to know how much of the varia-
tion in excess returns is explained by the variation in market returns. The R-
squared statistic provides such a measure. Specifically, the R-squared provides a
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FIGURE 20.2 The Relationship between Factors, Data, and Model Estimation
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10Due to the statistical properties of the stock’s return and the market return, estimation may
involve more than ordinary least squares.



measure of the linear relationship between excess returns and the return on the
market portfolio (over the risk-free rate).

Although simple, the market model may not offer the practitioner a useful way
to measure and explain risk. A manager may mistakenly select the wrong market
portfolio in the analysis or may simply be interested in a richer model to help ex-
plain sources of risk and return. Also, Fama and French (1996) have shown that
the market portfolio does a rather poor job at explaining movements in individual
stock returns. The market return is not the only factor that may explain movements
in excess stock returns, and therefore more factors are needed.

Macroeconomic Factors It is natural to think that stock returns reflect the state
of the economy so that various measures of macroeconomic conditions serve as
a basis for a set of additional factors. Chen, Roll, and Ross (1986) have investi-
gated whether macroeconomic factors can explain stock returns. Examples of
macroeconomic factors include: (1) the growth rate in monthly industrial pro-
duction; (2) a measure of default premium (discussed earlier), measured as the
difference between the monthly return on a high-yield bond index and the return
on long-term government bonds; (3) the real interest rate; (4) the maturity pre-
mium, measured as the difference between return on the long-term government
bond and the one-month Treasury bill return; and (5) the change in monthly ex-
pected inflation.

We incorporate macroeconomic factors into the market model as follows. As-
sume that, in addition to the market factor, there are K – 1 other factors that im-
pact the nth security’s excess return at time t. These additional factors enter into the
market model through the residual or error, which for each security reflects the ex-
tent to which a stock’s return is out of alignment with the expected relationship to
the market portfolio return. Residual returns for common stocks arise in part from
common factors that extend across many stocks, and in part from specific returns,
which are unique to an individual company. Taking these issues into consideration,
the market model now takes the following form:

rn(t) – rf(t) = αn(t) + βn(t)[r
m(t) – rf(t)] + en(t) (20.9)

(20.10)

where fk(t) = Return on the kth macroeconomic factor at time t
γn,k(t) = Loading (exposure) of the kth factor on the nth asset
un(t) = nth security’s idiosyncratic return

Note that in (20.10) we no longer assume that the residual error term, en(t), has a
zero mean. In fact, its expected value will depend on the macroeconomic factor re-
turns and factor loadings. Combining (20.9) and (20.10), we get the standard form
of the so-called market model:

rn(t) – rf(t) = αn(t) + βn(t)[r
m(t) – rf(t)] + γn,1(t)f1(t) 

+ γn,2(t)f2(t) + ... + γn,K–1(t)fK–1(t) + un(t)
(20.11)

Time series regression methods can be used to estimate (20.11).

e t t f t t f t t f t u tn n n n K K n( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ), , ,= + + + +− −γ γ γ1 1 2 2 1 1L

344 RISK BUDGETING



Unobserved Factor Returns

In the preceding section we briefly considered observed factors. Such factors appear
as time series whose values are common to all stocks at a particular point in time.
In this section we consider models where the values of factors are unobserved. Two
examples of such factors are fundamental and industry factors.

Fundamental, Technical, and Industry (Sector) Factors When factor returns are un-
observed, we need to estimate their values using information on their exposures
and stock returns. This estimation is done using either a cross section of returns or
their time series.

In the case where factors are unobserved and they are defined in terms of fun-
damental, technical, or industry designations, a popular factor model is a linear
cross-sectional model.

R(t) = B(t – 1)F(t) + u(t) (20.12)

where R(t) = N-vector of one-period asset (stock) returns
B(t – 1) = N × K matrix of asset exposures to factors as of time t – 1

F(t) = K-vector of one-period factor returns
u(t) = N-vector of one-period specific returns

The columns of B(t – 1) represent exposures to a particular factor. The values of
F(t) are estimated, typically, by a cross-sectional regression of time t returns on time
t – 1 exposures. We explain the linear cross-sectional factor model in more detail
later in this chapter.

Principal Components Principal component analysis (PCA) is often used to extract
a number of unobserved factors from a set of returns. It is important to review
principal component methods for two reasons. First, some commercially available
risk systems use principal component analysis as part of their risk models. Second,
for many practitioners principal components are what often come to mind when
thinking about factors and factor models. We begin by reviewing the standard prin-
cipal component method to estimate factors, and then discuss an alternative
method to estimate principal components. This alternative method is known as the
asymptotic principal component (APC) method.

A typical application of PCA to factor models11 begins with the factor model
(20.12) for t = 1, . . . , T. We assume that the factor returns are orthogonal and spe-
cific returns are uncorrelated so that the variance of R(t) is

V(t) = B(t – 1)B(t – 1)T + ∆(t) (20.13)

where ∆(t) is diagonal. We can relax the assumption that security-specific returns
are uncorrelated and allow for nonzero off-diagonal elements of ∆(t), in which case
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11See, for example, Johnson & Wichern (1982). In this section we explain a very simple
method to extract factors. There are other approaches that involve, for example, maximum
likelihood estimation. For an application of maximum likelihood to estimate factors see Lit-
terman, Knez, and Scheinkman (1994).



we will be working with a so-called approximate factor structure. However, for the
following exposition we maintain the standard factor model.

We assume that ∆(t) is small enough to be ignored, so that

V(t) ≅ B(t – 1)B(t – 1)T (20.14)

In the PCA approach, we first need to estimate the exposures matrix. A simple
sample estimator of V(t) is

(20.15)

We find the exposures matrix, B, by decomposing V(t) in terms of its eigen-
system12

V(t) = P(t)Θ(t)P(t)T (20.16)

where P(t) = N × N matrix of eigenvectors with each eigenvector stacked
columnwise; that is, P(t) = [p1(t) | p2(t) | . . . | pN(t)] and pn(t)
represents the nth column of P(t)

Θ(t) = N × N diagonal matrix with the eigenvalues θn(t) (n = 1, . . . , N) as
its elements.

(20.17)

It follows from (20.14) and (20.16) that BBT = P(t)Θ(t)P(t)T and the factor
loading matrix B is determined by the K largest eigenvalues and their correspond-
ing eigenvectors; that is,

(20.18)

Equation (20.18) says that each column of the factor loading matrix, B, con-
sists of an N × 1 eigenvector scaled by its corresponding eigenvalue. Given our esti-
mate of B(t – 1), we can estimate the factor returns, F(t), by regressing R(t) on B

^
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12Factor models suffer from what can be referred to as “rotational indeterminacy,” meaning
that the parameters of the factor model are determined only up to some nonsingular matrix.



(20.19)

or, more specifically

(20.20)

The term pK(t)TR(t) represents the kth principal component of returns. Equation
(20.20) shows that each estimated factor return is a simple weighted average of the
asset returns where the weights are given by its corresponding (scaled) eigenvector.
In practice, estimating the principal components over time generates a time series of
factor returns.

This concludes our discussion of standard PCA; next we explain the asymp-
totic principal component (APC) method developed by Connor and Koraczyk
(1986).

Connor and Koraczyk (1986, 1988) apply an asymptotic principal component
technique introduced by Chamberlain and Rothschild (1983) to estimate the fac-
tors influencing asset returns. The APC method is somewhat different from the typ-
ical Wall Street application of principal component analysis.

To motivate the asymptotic principal component approach, recall that factors
are pervasive in that they relate to all N securities at a point in time. In practice, it is
typical to have many more securities than historical observations; that is, N (num-
ber of assets) is much bigger than T (number of observations over time) and that
the K market factors are not observed. We write the return process for each of the
N assets over all T time periods—compare to Equation (20.12)—as

R = BF + u (20.21)

where R = N × T matrix of excess returns; each row of R represents a time series
of excess returns on the nth security

B = N × K matrix of factor loadings
F = K × T matrix of factor returns; each row of F represents a time series of

factor returns
u = N × T matrix of specific returns

The asymptotic principal component method is similar to standard PCA ex-
cept that it relies on large sample (asymptotic) results as the number of cross sec-
tions (N) grows large. From a practical perspective, standard PCA and APC
differ in how we estimate V(t). In APC we derive factors from the T × T cross
product matrix
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(20.22)

V
^

is the cross-sectional counterpart to V
^
(t) given in (20.15). The K factors

are given by the first K eigenvectors of V
^
. That is, each eigenvector represents a

time series of a particular factor. Note, however, as in the case of standard principal
components there is an indeterminacy issue. Connor and Koraczyk show that fac-
tors can be determined only up to some nonsingular linear transformation.

This concludes our discussion of principal component analysis.

A DETAILED LOOK AT THE LINEAR CROSS-SECTIONAL
FACTOR MODEL

In this section we explain the linear cross-sectional factor model, which forms the
basis of estimating risk. In order to estimate risk, we need to generate a time series
of factor returns. Estimation of factor returns begins by assuming that each asset
has an exposure to one or more factors. These exposures to factors are measurable
and may be industry classifications, investment style exposures (e.g., book-to-
price), or something else. Given the exposures, returns on individual securities are
regressed, cross-sectionally, on the factor exposures. The estimates from this regres-
sion are the one-period factor returns. Repeating this process over time generates a
time series of factor returns.

Local Framework

The local linear factor model posits a relationship between a cross section of re-
turns and asset exposures, returns to factors, and specific returns. Specifically, the
model describes the cross section of N (n = 1, . . . , N) asset returns as a function of
K (k = 1, . . . , K) factors plus N specific returns. Mathematically, we have

(20.23)

where R�(t) = N-vector of local excess asset returns (over the [local] risk-free
rate) from time t – 1 to t. We take t as the current date.

B�(t – 1) = N × K matrix of exposures that are available as of t – 1. In
practice, the factor exposures may not be updated at the same
frequency as the asset returns. In this case the information in the
matrix B will be dated earlier than t – 1.

F�(t) = K-vector of factor returns. The return period is from t – 1 to t.
u�(t) = N-vector of mean-zero specific returns, from t – 1 to t, with

covariance matrix σ2(t)I where I = N × N identity matrix
σ2(t) = Variance of u�(t) at time t

The security returns in (20.23) are computed as follows. Let R�
n(t) represent the nth

asset of R�(t). R�
n(t) is defined as:

R t B t F t u tl l l l( ) ( ) ( ) ( )= − +1

V̂
N

R RT= 1
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(20.24)

where P�
n(t) = Time t local price of security or asset

dn(t – h,t) = Dividend (per share) paid out at time t for period t – h through t

Global Framework

In the global framework we begin by defining exchange rates. Exchange rates are
defined as the reporting currency over the base currency (reporting/base). The base
currency is sometimes referred to as the risk currency. For example, USD/GBP
would be the exchange rate where the reporting currency is the U.S. dollar and the
base or risk currency is the British pound.

Suppose a portfolio with USD as its reporting currency has holdings in Ger-
man, Australian, and Japanese equities. The base currencies in this example are
EUR, AUD, and JPY, respectively. The total return of each equity position consists
of the local return on equity and the return on base currency.

We assume that a generic portfolio contains N assets (n = 1, . . . , N). Let P�
n(t)

represent the local price of the nth asset at time t. For example, P�
n(t) represents the

price, in euros, of one share of Siemens stock. Xij(t) is the exchange rate expressed
as the ith currency per unit of currency j. For example, with USD as the reporting
currency, the exchange rate Xij(t) = USD/EUR (i is USD and j is EUR) is used to con-
vert Siemens equity (expressed in euros ) into USD. In general, the exchange rate is
expressed as reporting over base currency. Note that this may differ from the way
currency is quoted in the foreign exchange market.

It follows from these definitions that the price of the nth asset expressed in re-
porting currency is

(20.25)

We use equation (20.25) as a basis for defining the reporting return, local re-
turn, and exchange rate return. The total return of an asset or portfolio is simply
the return that incorporates both the local return and the exchange rate return. Fol-
lowing directly from equation (20.25), an asset’s reporting return, using percent re-
turns, is defined as

(20.26)

where Rn(t) = One-period total reporting return on the nth asset
R�

n(t) = One-period local return on the nth asset
Eij(t) = One-period return on the ith exchange rate per unit of currency j
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Combining the local factor model with equation (20.26), we can write the lin-
ear factor model in terms of total returns:

(20.27)

where xc(t) = R�
n(t) × Eij(t) is a cross term between local returns and exchange rate

returns.

Equation (20.27) allows us to explain the cross section of international asset
returns. So, for example, we can identify a set of factors that explain the cross-sec-
tional dispersion of U.S., European, and Japanese stock returns.

Finally, note that in equation (20.27), F �(t) is not restricted exclusively to so-
called local factor returns. As we show later, F �(t) may include returns to global
factors such as the Global Industry Classification Standard (GICS) classifications.

Having explained the basic framework for the local and global models, we will
now describe how the asset exposures in these models are constructed.

Asset Exposures

In the linear cross-sectional factor model, exposures are defined at the asset level
and then aggregated to generate portfolio exposures. Each asset is related to (i.e.,
has exposure to) some factor. For example, an asset can have exposure to:

� Itself.
� A particular industry or sector.
� A country (local market).
� A currency.
� Investment styles and/or risk factors.

Examples of Asset Exposures An asset’s exposure to a particular factor depends on
the type of exposure we are dealing with. For example, typically an asset’s exposure to
an industry is either one (the asset belongs to an industry) or zero (the asset does not
belong to an industry). On the other hand, consider the calculation of an asset’s expo-
sure to volatility. When computing this exposure, three steps are usually involved:

1. We compute some measure of historical volatility for each asset. This is known
as the raw exposure.

2. We define an estimation universe and compute the average volatility exposure
across all assets, as well as the standard deviation of volatility exposure (again,
across all assets).

3. We standardize the value of each raw volatility exposure by subtracting the
mean and then dividing by the standard deviation.

The next section discusses various types of exposures covering industries, in-
vestment styles, countries, and currencies.

Industry Exposures Probably the easiest set of exposures to understand is indus-
try exposures. An asset’s exposure to an industry is usually one if it is in that indus-

R t B t F t u t E t xc tij( ) ( ) ( ) ( ) ( ) ( )= − + + +l l l1
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try, zero otherwise. Some classification schemes allocate an asset’s exposure to mul-
tiple industries. For example, rather than allocating a company 100 percent to
computer hardware, a company may have an allocation 60 percent computer hard-
ware and 40 percent electronic equipment. For a given asset, the sum of industry al-
locations across all industries is equal to one (or 100 percent).

Industry assignments are provided by various vendors; some of the more
popular are presented in Table 20.2. The Global Industry Classification Stan-
dard, which has been developed by Standard & Poor’s and Morgan Stanley Cap-
ital International, provides a consistent set of global sector and industry
definitions. Note that each industry classification scheme has associated with it a
set of sector definitions. Sectors are groups of industries and provide a coarser
grouping of assets.

Investment Style/Risk Exposures Also known as risk exposures, investment style
exposures capture an asset’s sensitivity to a particular investment strategy. For ex-
ample, a portfolio may have a high exposure to large-cap assets. This exposure
would come about from either an overweight in large-cap stocks and/or an under-
weight of small-cap stocks, or some combination of both.

Table 20.3 provides some examples of investment style factors. We provide a
brief description of each factor and an example of how we measure an asset’s expo-
sure to the factor.

Country or Local Market Exposures We present two ways in which to define an
asset’s country exposure. In the first approach, an asset exposure takes a value of
one if it belongs to a country, zero otherwise. An important question is, what do we
mean by the term belongs? To answer the question, we can think of two types of as-
sociations that a company can have with a country:

1. Country of domicile—the country where a company has been registered.
2. Country of issuance—the country where stock has been issued. This is the

same location as the stock exchange. Note that certain stocks may be issued in
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TABLE 20.2 Some Popular Industry Classification Vendors 
by Region

Market Vendor

United States Russell, Barra, Standard & Poor’s (pre-GICS), GICS
Canada MSCI (pre-GICS), GICS
Europe FTSE, MSCI (pre-GICS), Dow Jones STOXX, GICS
Japan Topix, GICS
Asia except Japan GICS
Global MSCI (pre-GICS), GICS

GICS—Global Industry Classification Standard.
MSCI—Morgan Stanley Capital International.
FTSE—Result of joint effort between the Financial Times and the London
Stock Exchange.



more than one location (e.g., Allied-Irish stock shares are traded in both
Dublin and London).

In general, there can be problems with using the country of domicile as defining
a country’s exposure. A good example of this is companies that are domiciled in
Bermuda. Clearly, a large part of their market risk may be independent of
Bermuda’s local economic effects.

An alternative approach to defining an asset’s exposure is to use local market
betas. For example, an asset’s exposure to a particular country, using realized betas,
may be computed as follows:

Step 1 Assign each asset to a country or countries.

Step 2 Identify the market portfolio corresponding to each country. This
portfolio is referred to as the local market index.

Step 3 Regress the returns of the asset on the returns of the local market index
to get the beta.

Step 4 The estimated value of beta is that asset’s exposure to the country.
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TABLE 20.3 Examples of Investment Style Asset Exposures

Factor Brief Description How Calculated

Volatility This factor is designed to capture the An asset’s exposure to volatility 
relative volatility of assets. Assets may be computed as the standard 
that have high (low) historical deviation of its historical returns.
volatility have a high (low) 
exposure to the volatility factor.

Momentum This factor captures the common An asset’s exposure to the 
variation in returns related to momentum factor may be 
historical price behavior. Assets computed as its cumulative return 
that had positive excess returns over the previous 12 months over 
in the recent past are grouped the risk-free rate.
separately from those that 
displayed negative excess returns. 
Assets that have high (low) excess 
returns over the risk-free rate have 
a high (low) exposure to the 
momentum factor.

Market Also known as the size factor, this An asset’s exposure to this factor is
capitalization factor distinguishes among defined as the observed market 

assets on the basis of their capitalization of the factor.
company’s market capitalization.
Companies with large (small) 
market capitalization have high 
(low) exposure to the size factor.

Value This factor distinguishes among An asset’s exposure to value 
companies on the basis of their may be defined as the ratio of its 
value orientations. price to book value.



This four-step process applies to estimating multiple country exposures (i.e., multi-
ple betas) for a particular asset. In this case, the regression in step 3 becomes a mul-
tivariate regression.

Within the context of the local model, we can estimate the return to the local
market. In the case where the exposures matrix consists of a vector of ones—that
is, a constant—the corresponding factor return may be interpreted as the return on
the market after controlling for other local factors (such as industry and investment
styles). Another way of deriving the return on the market is to use local market be-
tas as each asset’s exposure to the local market. In the case of the global model, if
one of the columns of the exposures matrix is a vector of ones, then the corre-
sponding factor return is the global factor return.

Currency Exposures An asset’s currency exposure attempts to capture how sensi-
tive its returns are to the returns on a particular currency. Currency exposure may
be computed in the same way as country exposure. For example, if you hold IBM
stock that trades in Germany, your country exposure is to United States and the
currency exposure is to the euro.

Standardizing Exposures In practice, we standardize some asset exposures to in-
vestment style factors. A primary reason for doing so is to make exposures across
different investment styles comparable. In other words, the values of different types
of exposures can be very different, and, therefore, we need to rescale them in such a
way as to make their comparisons useful. Take the example of comparing an asset’s
exposure to market size and volatility.

One measure of an asset’s market size exposure is the square root of its current
market capitalization. A company may have a market capitalization of $1 billion,
which produces a market size exposure of $31,663. The same asset’s exposure to
volatility may be 24 percent (historical volatility annualized). Therefore, any such
analysis comparing $31,663 and 24 percent would be more meaningful if these val-
ues were converted to some standardized units. After standardizing, we may find
that the asset’s market exposure and volatility exposure turn out to be 1.0 and 1.5
standard deviations, respectively. As explained in more detail later, we interpret
these numbers as showing that this asset has a high exposure to the market size and
volatility factors.

We discuss two methodologies for standardizing asset exposures. The first ap-
proach works as follows. For a particular exposure (e.g., market size), carry out the
following steps.

Step 1 Define the universe of assets over which a particular group of exposures
will be standardized.

Step 2 Compute the average exposure of this universe where the average is
based on the market capitalization weights of each asset.

Step 3 Compute the simple standard deviation of exposures for this universe.

Step 4 An asset’s standardized exposure is defined as the raw (original)
exposure, centered around the mean (computed in step 2), all divided by the
standard deviation of exposures.
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The resulting standardized exposures from this approach are measured in
units of standard deviation. In practice, there are some variations to this method-
ology. For example, the universe used to standardize investment style exposures
may be based on the individual assets industry classification. Suppose we were go-
ing to standardize the size factor according to this approach. In this case, we
would first group all size exposures (measured by market capitalization) according
to their respective companies’ industry designations. So, the market caps of stocks
belonging to the automotive industry would make up one group, all financial
stocks would make up another group, and so on. Next, within each group we
would compute the mean market capitalization (mean exposure) and the standard
deviation of the market capitalizations (standard deviation of exposures). Third,
we would standardize each asset’s exposure by its group (i.e., industry) mean and
group standard deviation.

Chan, Karecski, and Lakonishok (1998) suggest an alternative approach for
standardization. Their methodology consists of three steps.

Step 1 Define the universe of assets over which a particular group of
exposures is to be standardized.

Step 2 Rank exposures.

Step 3 Rescale the ranked exposures so that their values lie between 0 and 1.

How Asset Exposures Are Used in a Linear Factor Model In the case of the linear
factor model, asset exposures measure the sensitivity between returns on factors
(e.g., momentum) and the asset’s return. To show this, let’s consider a three-asset,
two-factor example: One of the factors is market size, while the other is an indus-
try—computer hardware. Moreover, assume that we use the first method when it
comes to standardizing exposures. We assume that asset 1 has an exposure of 1.0
standard deviation to market size and is in the computer hardware industry. Assets
2 and 3 have exposures of –1.0 and 0.5 standard deviations to market size and
both are not in the computer hardware (HW) industry. The linear factor model
posits the following relationship:

(20.28)

Asset 1’s total return Return to market size

 Return to computer HW

 Asset 1’s specific return

Asset 2’s total return Return to market size

 Asset 2’s specific return

Asset 3’s total return Return to market size

 Asset 3’s specific return

= ×
+ ×
+

= − ×
+

= ×
+

1 0

1

1 0

0 5

.

.

.

Standardized exposure
Rank of raw exposure

Maximum (Rank of raw exposure
= −

−
1

1)

Standardized exposure
Raw exposure Cap-weighted mean exposure

Standard deviation of exposures
= −
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Equation (20.28) shows that asset 1’s total return is positively related to the re-
turn on the market size factor. This means that, holding all other things constant,
an increase in the return to market size will lead to an increase in asset 1’s return.
Similarly, the same increase will lead to a decrease in asset 2’s return, again, holding
all things equal. The exposures govern the sensitivity between the returns on the
factors and the returns on the assets. Figure 20.3 shows the relationship between
the time exposures and total returns computed.

Note that in the linear factor risk model, we try to explain the cross section
of asset returns at a point in time (time t) in terms of exposures as of the previ-
ous period.

SOME IMPORTANT PRACTICAL CONSIDERATIONS

Futures Some assets represent composites—that is, they consist of one or more as-
sets. An example of this is a futures contract on a stock index (e.g., S&P 500 fu-
tures). In this case, the overall risk (and return) provided by the futures contract
depends on the value of the underlying index (e.g., S&P 500 index). We recom-
mend that practitioners compute the exposure of this contract to factors as follows:

Step 1 Identify each asset contained in the underlying index.

Step 2 Compute the factor exposures of each asset using the methodology
described earlier.

Step 3 Multiply the weight of each asset in the index by the asset exposure.

Step 4 The futures contract’s exposure to a particular factor is given by the
sum of the values computed in step 3 for that factor.

ADRs and GDRs American depositary receipts (ADRs) are securities traded in
the United States and issued by U.S. depository institutions that represent equity
shares of foreign-based companies. For U.S. investors, ADRs provide an alternative
to investing in overseas equities directly without the inconveniences such as cur-
rency conversion and foreign settlement procedures. For non-U.S. investors, ADRs
provide an alternative way to own shares of a company without holding its stock
locally. Holders of ADRs, will not have exposure to the same level of currency risk
as those who hold the underlying stock in its original country of domicile.
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FIGURE 20.3 Time Line of Exposures
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ADRs are treated in the same manner as U.S. securities for all legal and admin-
istrative purposes. The main advantages of ADRs are (1) there is no currency con-
version in trading and receiving dividends, (2) they help in minimizing higher
overseas transaction costs and custodial fees, and (3) there is uniformity in infor-
mation available due to mandatory disclosures.

Histories In order to generate a time series of returns to factors, histories of expo-
sures are required. Often, it may be difficult to obtain/procure comprehensive his-
torical exposures. In addition, the definition of exposures can change over time,
making it necessary to link old and new classifications. For example, the Internet
became a new industry classification according to some schemes in 1999. In order
to estimate the risk associated with investing in Internet stocks, the volatility of the
returns to the Internet industry is required. This volatility estimate requires a time
series of returns to the Internet industry, which, in turn, requires a time series of In-
ternet exposures. If we need three years of history to estimate Internet volatility,
one question would be, what was the return to the Internet industry in 1996?

In order to answer this question, we could find proxy industries that have simi-
lar price behavior to the Internet industry at a time when we have no exposures to
the Internet. One example of such a proxy would be the commercial services indus-
try. In this case, we would use the returns to this industry as a substitute for the un-
known returns to the Internet industry.

Estimating Factor Returns

Equation (20.27) provides us with a mathematical description of a linear factor
model. In this section we explain how we estimate the factor returns, F �(t), which
are required to estimate risk. Briefly, a time series of factor and specific returns are
generated as follows:

Step 1 Define a set of exposures to factors for each asset in the estimation
universe.

Step 2 At each point in time (e.g., each day) run a cross-sectional regression of
asset returns [R�(t)] on a set of exposures [B�(t – 1)]. This requires asset
returns from period t – 1 to t (where t denotes one day) and exposures as of
period t – 1. In some cases, however, exposures and asset returns are updated
at different frequencies.

Step 3 A time series of factor returns, F �(t), and specific returns, u�(t), is
generated by repeating these regressions over successive periods.

Define Assets Used in Estimating Factor Returns The estimation universe men-
tioned earlier is a group of security returns that are used to estimate the factor re-
turns. It comprises one of four universes that we define in the factor return
estimation process.

1. The asset universe is the set of all assets tracked.
2. The estimation universe represents the set of all assets used to estimate factor

returns. Estimation universes can be defined in a variety of ways. For example,
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in the United States we may define an estimation universe in terms of U.S.
benchmark portfolios (e.g., Frank Russell 3000).

3. The nonestimation universe represents all the assets that have exposure and re-
turn information but do not qualify for the estimation universe. These assets
may be excluded on the basis that they have extreme returns.

4. The proxy universe represents all assets that do not have exposure information
or lack other data that are required to estimate factor returns. IPOs are exam-
ples of assets that fall in the proxy universe.

This information forms the basis for factor return estimation. Note that factor
return estimation does not require any portfolio-level information.

Cross-Sectional Regressions Our main objective is to use a set of asset exposures
to explain the cross-sectional dispersion of asset returns. At a point in time (e.g., a
day), factor returns are estimated from the cross-sectional regression model in
equation (20.23). Under standard assumptions, u�(t) is an N-vector of mean-zero
specific returns with covariance matrix σ2(t)I where I is an N × N identity matrix.
Note that we are assuming that the specific returns are homoscedastic—the vari-
ances are constant across security returns.

The ordinary least squares (OLS) estimate of F�(t) is given by

(20.29)

Ordinary least squares estimation assumes that the covariance matrix of spe-
cific returns is σ2(t)I, and that the variances of specific returns are constant across
assets (i.e., returns are homoscedastic). In practice, this assumption is likely to be
violated, which would lead to inefficient estimates as described by the OLS estima-
tor. Alternatively expressed, a more reasonable description of the covariance matrix
of specific returns, u�(t), is given by

(20.30)

We can transform Σ(t) into a homoscedastic covariance matrix, σ2(t)I, by mak-
ing some assumption about the relationship between each asset’s specific variance,
σ2

n(t), and a “common variance,” σ2(t). One specification is

σ2
n(t) = vn(t)σ

2(t) (20.31)

where vn(t) is a scalar that captures differences in volatilities across assets. In this
case,
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(20.32)

Given the covariance matrix described in equation (20.32), we need to trans-
form (20.30) to the model where the covariance matrix of u�(t) is σ2(t)I. This trans-
formation from a heteroscedastic to a homoscedastic model is done as follows.

From (20.32) it follows that P–1/2Σ(t)P–1/ 2 = σ2(t)I or Σ(t) = σ2(t)P. We transform
the original heteroscedastic model into a homoscedastic model

(20.33)

where R*(t) = P–1/2R�(t)
B*(t – 1) = P–1/2B�(t – 1)

u*(t) = P–1/2u�(t)

The specific returns in equation (20.33) are homoscedastic and the least
squares estimate of F�(t), based on equation (20.33), is

(20.34)

F
^�(t) is the weighted least squares (WLS) estimate of F�(t). Given F

^�(t), esti-
mates of specific returns are u�(t) = R�(t) – B�(t – 1)F

^�(t). Taking a closer look at
(20.33), note that for the nth asset, the transformed regression model is

(20.35)

where B�
n(t) is a 1 × K vector of exposures for the nth asset. Equation (20.35) shows

that the larger (smaller) the scale factors vn(t), the less (more) weight is given to the
asset returns. So, for example, if we set vn(t) equal to one over the log of market
capitalization, then we would be weighting large-cap stocks more than small-cap
stocks.

How do you choose vn(t) in practice? A common specification is to let vn(t) be a
function of one of the regressors. For example, some empirical research has shown
that large-cap stocks have smaller residual volatilities [σ 2

n (t)] than small-cap stocks.
To reflect this phenomenon—that is, to give more weight to large-cap stocks and
less weight to small-cap stocks—we would set vn(t) equal the inverse of market cap-
italization of the nth stock13; refer back to (20.32). Table 20.4 provides a list of po-
tential candidates for the weights.
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13Alternatively, we could use 1 divided by the square root of market capitalization as the
weight. Whether to use market capitalization or its square root is an empirical issue.



By repeating the cross-sectional estimation each day over a period of time, say
two years, we generate a time series of factor and specific returns. For example,
suppose we run the cross-sectional regressions for T days (t = 1, . . . , T). Then we
would have the T × K factor return matrix F�(T) where the tth row is a row vector
of K elements representing the K factor returns at time t. In addition we would have
a T × N specific return matrix, U�(T), where the tth row is a vector of N-specific re-
turns at time t.

All risk calculations are based on covariance matrices of factor and specific re-
turns. We obtain estimates of these covariance matrices using the data in F�(T) and
U�(T), respectively. We describe the methods used to generate the covariance matrix
estimates later in the chapter in the section on predicted factor and specific return
covariance matrices.

Factor-Mimicking Portfolios

In this section we explain an interesting relationship between the regressions de-
scribed earlier, and a particular trading strategy. Understanding this relationship fa-
cilitates the interpretation of factor returns.

Factor returns generated from the cross-sectional regressions presented above are
often described as returns to factor-mimicking portfolios. The term factor-mimicking
portfolio comes from the idea that a portfolio of assets can be constructed in such a
way that its behavior emulates the behavior of some factor. This portfolio is known
as a long-short portfolio. A long-short portfolio consists of nearly equal amounts of
long and short positions. Together, these positions have the ability to mimic partic-
ular factors. For example, a portfolio that consists of long positions in large-cap
stocks and short positions in small-cap stocks is said to mimic the size factor. Large
positive returns on such a portfolio show that large-cap stocks outperform small-
cap stocks.

Similarly, we can emulate the behavior of, say, the value factor by constructing
a portfolio that is long assets with very high earnings-to-price (E/P) ratios (high
value) and short assets with low E/P values (low value). High positive returns on
such portfolios demonstrate that high-value stocks outperform low-value stocks.

The reader may wonder how one can equate the return estimated from the
cross-sectional regression specified by equation (20.34) and the return on a long-
short portfolio. After all, they are both factor returns. Next, we show why the
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TABLE 20.4 Candidates for Weights in Weighted Least Squares Regression

Weight [vn(t)] Explanation

Inverse of market Weigh large-cap stocks more. Empirical research has shown 
capitalization that large-cap stocks have lower specific risk than small-

cap stocks.

Square root of inverse of Same as above.
market capitalization

Inverse of the volatility of Gives more weight to stocks that are better explained by the 
residual return from Capital Asset Pricing Model (CAPM). Residual is based 
market regression on regression from historical time period.



factor returns estimated from cross-sectional regression are returns on long-short
portfolios or factor-mimicking portfolios. To keep things simple and to facilitate
our example, we assume that there is only one factor that can explain returns,
and that factor is market capitalization.

The cross-sectional return model, when there is only one factor, is given by

(20.36)

where b�
n(t – 1) is an N × 1 vector of exposures and R�(t) is an N-vector of a cross

section of asset returns. The weighted least squares estimator of F�(t)—where the
weights are market capitalizations—can be written as

(20.37)

where cn(t – 1) represents the market weight on the nth asset and we have imposed
the assumptions that the exposures are standardized to have a cap-weighted mean
of zero.14 Now we can write the estimate of the factor returns as the weighted aver-
age of the original N asset returns.

(20.38)

where 

Equation (20.38) shows that the return to the market capitalization factor is es-
sentially the return on a portfolio consisting of the N assets used in the cross-sec-
tional regression. This portfolio has interesting properties that we now summarize.

� The return, F
^�(t), represents the return on a portfolio that follows a zero net-in-

vestment strategy. This follows from the fact that the portfolio weights sum to
zero, that is,

In practice, such a strategy can be approximated by constructing a long-short
portfolio.

w tn
n

N

( )− =
=

∑ 1 0
1

w t
c t b t

c t b t

n
n n

n
n

N

n

( )
( ) ( )

( ) ( )

− = − −

− −
=

∑
1

1 1

1 1
1

2

l

l

ˆ ( ) ( ) ( )F t w t R tn
n

N
l l= −

=
∑ 1

1

F t
b t R t

b t

c t b t R t

c t b t

n

n

n
n

N

n

n
n

N

n

l

l l

l

l l

l

( )
( ), ( )

( )

( ) ( ) ( )

( ) ( )

=
−[ ]

−[ ] =
− −

− −

=

=

∑

∑

covariance  

variance

1

1

1 1

1 1

1

1

2

R t b t F t u tn
l l l l( ) ( ) ( ) ( )= − +1

360 RISK BUDGETING

14Note that both the mean and standard deviation are computed on a cross-sectional basis.



� The long positions—where wn(t – 1) > 0—correspond to positions in assets that
have exposures (to market cap) above the average. That is, these positions are
in large-cap assets.

� The short positions—where wn(t – 1) < 0—correspond to positions in assets
that have exposures (to market cap) below the average. That is, these positions
are in short small-cap assets.

Extending our analysis to the multivariate framework, the least squares esti-
mate of factor returns is

(20.39)

WF = (B�TB)–1B�T is a K × N matrix of portfolio weights where each row represents
a set of portfolio weights corresponding to a particular factor-mimicking portfolio.
For example, the first row of WF may correspond to portfolio weights that com-
prise the mimicking portfolio for the market size factor. The second row may con-
tain the weights of the portfolio that mimics the value factor, and so on.

Note that WFB
�(t – 1) = I (where I is the identity matrix). This means that

each factor portfolio—that is, each row of WF—has a unit exposure to its factor
(the weighted average of exposures is equal to one) and zero exposure to all
other factors.

In summary, we have shown that the least squares estimator of a cross-sec-
tional regression of asset returns on size exposures is the return on a portfolio that
is long large-cap assets and short small-cap assets. Therefore, factor returns repre-
sent returns on factor-mimicking portfolios.

Predicted Factor and Specific Return Covariance Matrices

Each cross-sectional regression generates one set of factor returns at a particular
point in time. Repeating the cross-sectional estimation each day over a period of
time, say two years, we generate a time series of factor and specific returns. Then
we would have the T × K factor return matrix F�(T) where the tth row is a row vec-
tor of K elements representing the K factor returns at time t. In addition we would
have a T × K specific return matrix, U�(T), where the tth row is a vector of K spe-
cific returns at time t. We begin (again) with the linear factor model for asset re-
turns as shown in equation (20.23).

In order to compute predicted tracking error, we need a forecast of the covari-
ance matrix of asset returns, R�(t), which we denote by V�(t). Taking the variance of
R�(t), as specified in (20.23), yields

(20.40)

where Σ�(t) = K × K forecast factor return covariance matrix, which we estimate
from the T × K matrix of factor returns F�(T)

∆�(t) = N × N diagonal matrix with specific return variances along the
diagonal that are estimated from the data in U�(T)
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This structure assumes that:

� Specific returns are uncorrelated variables.
� The correlation among assets is captured exclusively by the correlation among

factors and the asset exposures.

In ex ante risk analysis we are interested in forecasts of covariance matrices of
factor returns and specific returns. Let Σ�(t | t – 1) and ∆�(t | t – 1) denote condi-
tional estimates (forecast) of covariance matrices of factor and specific returns, re-
spectively. Forecasts of Σ�(t | t – 1) and ∆�(t | t – 1) may be obtained by different
methods—an important point to remember. Therefore, the forecast of the asset re-
turn covariance matrix, which is used to estimate total risk and tracking error, may
be actually a combination of two different forecast covariance matrices. Next, we
explain how forecasts of the factor return covariance matrices are generated.

Factor Return Covariance Matrix Forecasts There are a variety of different
methodologies that can be employed to estimate factor return covariance matrices.
In this section, we explain one particular methodology that has gained widespread
use. When forecasting covariances among factor returns we place relatively more
weight on recent returns by weighting the data exponentially. This methodology is
consistent with the empirical research that shows that the volatilities of financial re-
turns tend to cluster over time.

Exponentially weighted covariance matrices are constructed as follows:

Step 1 Start with time series of daily returns on, say, 10 factors over the prior
two years (504 days). Let F�(504) with element f �

k (t) (tth row, kth column of),
denote a 504 × 10 matrix of factor returns (each row represents one day of fac-
tor returns and each column represents a time series of a different factor re-
turn). Moreover, the first row of F�(504) denotes the most recent day’s factor
returns whereas the last row represents the factor returns occurring 504 days
ago. Each column of F�(504) is mean-centered (it has subtracted from it the
equally weighted sample mean [taken over time]).

Step 2 Weight the factor returns in F�(504) so that the weight applied to returns
at some past date is half the value it is currently. For example, suppose we set
the half-life—the time it takes the weight to reach one-half its current value—to
25 days. In this case, we would apply the weight λ0 = 1 to the most recent day’s
factor returns in row 1 of F�(504), λ1 to the previous day’s return, λ2 to returns
from two days ago, and so on, until 25 days prior, λ25 = 0.50. Solving for the
weight λ, we get λ = 0.501/25 = 0.97.

Now, when we form the covariance matrix estimate, we normalize the
weights so that they sum to one. We construct new weights such that at � days
ago their value, ω

�
, is given by

where T = 504
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Using these weights we form the exponentially weighted factor return matrix F
~
:

Step 3 An exponentially weighted covariance matrix forecast is given by 

The principal advantage of using exponentially weighted forecasts is that they
allow the covariance matrix to react quickly to recent market movements. How-
ever, some portfolio managers may find that the exponentially weighted covariance
matrix forecasts are unreasonably volatile. In this case, we can decrease the decay
rate so as to more evenly distribute the weight across historical observations.

As discussed at the beginning of this section, within the context of a linear fac-
tor model, the estimation of the total return covariance matrix requires that we es-
timate (1) the covariance matrix of factor returns and (2) the covariance matrix of
specific returns. Next, we discuss the estimation of the covariance matrix of spe-
cific returns.

Specific Return Covariance Matrix Forecasts Specific risk estimates are a function
of the estimate of the specific return covariance matrix. The specific return covari-
ance matrix is simply a matrix of zeros with specific return variances along the di-
agonal. That is, in the calculation of specific risk, it is assumed that specific returns
are uncorrelated with each other.

We write the forecast for the specific return covariance matrix of N assets at
time t as

(20.41)

where the variance of the nth specific return at time t is given by δ2
n(t | t –1). Note

that, unlike the factor return covariance matrix,15 the specific return covariance ma-
trix has the same dimension as the number of assets (returns). Practitioners apply
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15Recall that the dimension of the factor return covariance matrix is based on the number of
factors.



different types of methodologies to forecast specific risk. One approach consists of
three steps:

Step 1 Generate an estimate of each specific return variance using the exponen-
tial model described above. This results in N variance estimates where s2

n(t | t –
1) represents the nth estimate.

Step 2 Compute the average specific return variance estimate (taken over all N
assets). Denote this value by s–2

n (t).

Step 3 The estimate of specific risk is given by a weighted combination of s2
n(t |

t – 1) and s–2
n (t). In other words, we shrink each specific return variance com-

puted in the first step to the average specific return.

(20.42)

where γ is the shrinkage parameter.

On average, large-cap stocks tend to have smaller specific volatilities than
smaller-cap stocks. Consequently, we observe the specific volatilities of large-cap
stocks falling below the sample average—that includes both large and smaller-cap
stocks—and the specific volatility estimator presented in (20.42) would tend to in-
crease the specific volatilities of large-cap stocks and reduce the specific volatilites
of smaller-cap stocks.

In order to minimize the effect that (20.42) has on the specific volatility of
large-cap stocks, we can modify it so that it applies only to assets whose specific
volatilities are greater than the average, s– 2

n (t). In this case, (20.42) becomes

When estimating a specific returns covariance matrix, there are numerous prac-
tical issues that arise. Among them are:

� New assets may not have enough historical return data to estimate specific
returns. Reasons for this may include initial public offerings (IPOs) and
mergers/spin-offs. In this case, using some average of specific variances as a
proxy may be reasonable.

� Specific variances may exhibit extreme outliers, to the extent that they dom-
inate risk analysis. In this case, a large value of the shrinkage parameter 
may be required to mitigate the effect of such outliers on the resulting risk
estimates.

� Specific return variances may be excessively volatile over time.

This concludes our discussion on estimating the covariance matrices of re-
turns based on factor models. Next, we turn our attention to global equity factor
models.
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Global Equity Factor Risk Models

Thus far the information presented on equity factor risk models has covered both
the local and global frameworks. We now turn our attention to global equity factor
risk models. In this discussion, “global equity” refers to equities traded in markets
covering North America, South America, Continental Europe, the United King-
dom, Japan, and the Pacific Rim. A global equity portfolio consists of equities that
are traded in two or more of these regions. In principle, global equity can include
any equity market. A global equity risk factor model involves a set of factors that
can explain the risk in a portfolio that contains global equities.

Global equity factor models pose an important problem for portfolio man-
agers because it is relatively difficult to define a set of factors that can describe the
variation in a portfolio that consists of global equities. This is particularly the case
when the global equity portfolio has pockets of concentrations. For example, a
portfolio that consists of concentrations in exposures to Japanese and U.S. stocks
requires a large amount of factors to properly describe its risk. One set of factors
is needed to describe Japanese stocks, while another set of factors is needed to de-
scribe the U.S. stocks. Furthermore, we may consider a third set of factors to cover
the covariation among the Japanese and U.S. stocks. Ideally, we would seek a
smaller number of global factors to describe the risk; however, this set may be dif-
ficult to identify in practice.

Before we turn our attention to modeling global equity, we provide an
overview of some research that has recently taken place on international equity
models. This research has implications for building global equity factor models.

Country and Industry Effects Understanding the relative importance of country
and industry effects has been an area of great interest among global equity portfo-
lio managers. Historically, global equity management has been structured around
country allocation. A two-step procedure is typically employed, with the first step
being country allocation and the second the selection of industries and stocks
within these countries.

The reason for the emphasis on country allocation stems from the belief that it
is better to diversify among countries. From a statistical perspective, this belief is
based on the empirical finding of low correlations among countries.16 Researchers
and practitioners offer three explanations as to why correlation among country re-
turns is relatively low compared to correlation among industry returns.

1. Home bias or investor myopia. Instead of diversifying across all markets and
holding a portfolio that mirrors the world portfolio, investors have historically
strongly overweighted domestic securities in their portfolios. Country portfo-
lios may in part reflect different sentiment among local residents, and investor
sentiment varies from country to country. Home bias is often reinforced by reg-
ulatory constraints that require certain types of investors to hold their assets
primarily, or even exclusively, in their home markets. This is true, for example,
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of Latin American pension funds and of insurance companies in a number of
countries.

2. Industrial diversification. When using country indexes to determine the rela-
tive importance of country effects, it is important to note that country indexes
differ in terms of sector composition. For example, relative to Switzerland, the
Swedish index contains more firms in basic industries while Switzerland has
more banks. So, each country really is a sector and correlations between sectors
are low.

3. Country-specific economic shocks. Important economic shocks that affect
firms differ across countries. This may be because the shocks are regional in na-
ture, such as a change in fiscal or monetary policy that is specific to a country.
Alternatively, it may be because national markets behave differently from
global shocks. Either way, economic shocks can cause variation in stock re-
turns that is country specific. In sum, the occurrence of shocks that affect banks
in Switzerland differently from banks in Sweden is more important for explain-
ing the low correlation between their country returns than the fact that Sweden
has fewer banks.

More recent research has emphasized the increasing importance of industry
factors for explaining risk relative to country factors. Most notable among this
research have been publications by Aked, Brightman, and Cavaglia (2000);
Munro and Jelicic (2000); and Rouwenhorst (1998a). The general conclusion
from this research is that diversification across industries now provides greater
risk reduction benefits than diversification across countries. Intuitively, argu-
ments supporting an increasing role for industry factors in explaining risk fall
along two lines:

1. Decline in trade barriers—for example, the General Agreement on Tariffs and
Trade (GATT) and the North America Free Trade Agreement (NAFTA)—and
economic policy coordination—for example, the Economic and Monetary
Union (EMU).

2. Increasing globalization of firms’ revenues and operations and the increasing
proportion of intra-industry mergers and acquisitions.

When it comes to quantifying the relative importance of industry and country
effects in explaining the variation of security returns, published research has been
less than conclusive. We identify four reasons for this inconclusiveness:

1. Geographical scope of study (Europe vs. global; developed vs. undeveloped).
Results vary with the choice of countries analyzed.

2. Industry classification (broad sectors vs. finer industries). Results can vary with
the type of industry classifications scheme (e.g., Dow Jones STOXX vs. MSCI).

3. Historical period analyzed.
4. Definition of security exposure to a country. For example, some researchers de-

fine a security’s exposure to a particular country in terms of a 0/1 indicator
variable. Others assume that the security’s beta is its country exposure. Results
can clearly depend on the choice of exposure, and both definitions have their
advantages and disadvantages.
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Academics and industry professionals have conducted a wide array of re-
search into measuring and identifying so-called global factor returns. The broad
thrust of this research has focused on understanding better the relative impor-
tance of industry, country, and global factors. We summarize this literature in
terms of five key points:

1. Holding all other things equal, the standard deviation of factor returns is a
measure of the relative importance of a factor in explaining risk. The rationale
is that if a factor is going to explain variability in returns it has to have some
variability itself.

2. Improving industry classifications from “broad” to “narrow” appears to in-
crease the relative importance of industries.

3. Over the past two years, industries appear to play a more significant role
within Europe than they do worldwide.

4. Within Europe, the relative importance of industries has been increasing over
time.

5. It is misleading to analyze the correlations of country and industry indexes over
time because they do not provide hard evidence about the relative importance
of industry and common factors. In short, it is difficult to disentangle industry
and country effects from the returns on observed indexes. A factor model,
which we explain later, allows one to separate country from industry effects.

Ultimately, the scope for active strategies along the industry dimension will be
determined by the relative importance of industry factors in explaining security re-
turns, by managers’ ability to predict the future evolution of these factors, and by
the degree of liquidity in industry indexes.

Country and Currency Effects Country and currency exposures depend on the geo-
graphical distribution of a firm’s activities. For example, a company with a head-
quarters in the United States but with most of its costs and sales in Germany and
Japan would have country exposures to Germany and Japan, and currency expo-
sures to the euro and yen (vs. the U.S. dollar). In order to properly account for
these exposures, a global equity factor model needs to incorporate both country
and currency factors. Typically, and as shown below, country factors explain the
cross-sectional variation in local returns. Currency factors, on the other hand, ex-
plain the total (currency plus local) returns.

Modeling Global Equities In a global equity model, risk is derived from estimating
the covariance matrix of total returns, R(t). This involves volatilities and corre-
lations among a variety of factor returns, including industries, investment styles,
countries, and currencies. In practice, there is a trade-off between the number 
of factors that need to be estimated in a properly specified global equity model
and the number of historical data points (returns) required to estimate a covari-
ance matrix.

We present four different methods of modeling global equities, which are vari-
ations of the linear cross-sectional factor model discussed earlier. These models are:
(1) global equity (cross-sectional) factor model, (2) combined single region model
(SRM), (3) block diagonal model, and (4) an enhanced block diagonal model.
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1. Global equity (linear cross-sectional) factor model. In this model, there is one
estimation universe, and one (complete) set of global factors is used to explain
the cross-sectional variation in local stock returns. The term “global” is de-
rived from the fact that returns to stocks issued in more than two countries
around the globe are used in the cross-sectional regression to estimate factor re-
turns. A primary advantage of this model is that it may not require a large
number of factors. That is, the number of global factors is typically less than
combining the factors from various single regions (such as the United States,
Europe, and Japan). A potential drawback of this approach is the loss of power
to explain the cross section of stock returns.

2. Combined SRM global model (full-information methodology). This model
starts out with factor returns from each of the SRMs. For example, we may
have a total of four SRMs, one each for the United States, (Western) Europe,
Japan, and Asia except Japan. We estimate the factor return covariance matrix
by combining factor returns across all SRMs. This covariance matrix is then
combined with the specific variances from the SRMs to form the total covari-
ance matrix.

3. Block diagonal model. Unlike the combined SRM model, we assume that the
factor returns among different SRMs are uncorrelated and we estimate the fac-
tor return covariance matrix for each SRM separately. In fact, this is not a
model of returns. Instead, it is a compilation of the various single region (local)
covariance matrices. According to this approach, we start with the single re-
gion covariance matrices estimated using the techniques described earlier in the
chapter. For example, we may estimate factor covariance matrices for the single
regions: United States, Canada, continental Europe, United Kingdom, Japan,
and Asia except Japan. Each region’s factor covariance matrix represents a
block. We then assume zero correlation among the blocks. So, for example, we
assume that the U.S. equity market factors (and specific returns) are uncorre-
lated with the factors that explain the Canadian equity market. Specific risk is
treated in an analogous manner to factor risk.

A primary practical advantage of the block diagonal approach is that it
provides managers with the same risk estimates as the single region models. So,
for example, a U.S. equity portfolio’s risk that is generated from a U.S. single
region model is the same as that from the block diagonal model. An important
disadvantage of the block diagonal approach is that it assumes zero correlation
between major equity markets (such as the U.S. and Canadian markets).

4. Enhanced block diagonal model. According to this methodology, SRMs are
used to estimate factor return risk similar to the way they were applied in the
block diagonal model. However, it is no longer assumed that the factor returns
across SRMs are uncorrelated. Rather, we estimate the correlations among fac-
tor returns of different SRMs and incorporate them into the block diagonal
model. An algorithm has been developed and applied to ensure that the result-
ing factor return covariance matrix is fully consistent. A primary advantage of
this approach is that it takes into account potentially important correlations
among SRM factor returns. However, unlike the other methods discussed, this
approach can be more computationally intensive. 

Table 20.5 provides a brief comparison of these four methodologies.
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Global Equity Factor Model In this approach, we define a set of global factors—
which may simply be the entire set of single country factors—and estimate the co-
variance matrix of these factors and the respective specific volatilities. One
specification of a global equity factor model can be written as

R(t) = R�(t) + Eij(t) + xc(t)

R�(t) = G(t) + S(t – 1)FS(t) + I(t – 1)FI(t) + C(t – 1)FC(t) + u(t) (20.43)

where R�(t) = N × 1 vector of local excess returns from time t – 1 to t. That is,
the return expressed in local terms over the local risk-free rate.
R�

n(t) is the return on the nth asset.
G(t) = Constant term (across all assets) at time t. In certain situations—

see Heston and Rouwenhorst (1994)—G(t) represents a “global
factor return”—that is, a return on a globally diversified portfolio
of returns contained in R�(t).

S(t – 1) = N × M matrix of investment style exposures at time t – 1. Sn(t – 1)
is a vector of M investment styles for the nth asset.

I(t – 1) = N × J matrix of industry exposures at time t – 1. In(t – 1) is a
vector of J industry exposures for the nth asset.

C(t – 1) = N × K matrix of country exposures at time t – 1. Cn(t – 1) is a
vector of K country exposures for the nth asset.

Fs(t) = M × 1 vector of returns on investment styles (factor returns) from
time t – 1 to t. FS,m(t) is the return on the mth investment style.

FI(t) = J × 1 vector of industry returns (factor returns) from time t – 1 to
t. FI,j(t) is the return on the jth industry.

FC(t) = K × 1 vector of country returns (factor returns) from t – 1 to t.
FC,k(t) is the return on the kth country.

u(t) = N × 1 vector of specific returns (on local equity) from time t – 1 to t.
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TABLE 20.5 A Comparison of Methods

Methodology Pros Cons

Global equity risk Accounts for correlation (among Problems with portfolios
model factor returns) when estimating that have highly 

factor returns concentrated 
exposures

Combined SRM • Directly incorporates factor Large number of factors
returns from SRMs

• Handles portfolios with high 
concentrations

Block diagonal model • Risk estimates consistent with Assumes zero correlation
SRMs among SRM factor 

• Handles portfolios with high returns
concentrations

Enhanced block • Addresses con in the block Computationally 
diagonal model diagonal approach intensive

• Handles portfolios with high 
concentrations



For the nth asset, we have

R�
n(t) = G(t) + Sn(t – 1)FS(t) + In(t – 1)FI(t) + Cn(t – 1)FC(t) + un(t) (20.44)

where the subscript n refers to the nth asset and there are K (k = 1, . . . , K) coun-
tries, J (j = 1, . . . , J) industries, and M (m = 1, . . . , M) investment styles. The
model represented in equation (20.44) states that the local return on the nth asset
is the sum of:

Global factor return, G(t)

Contribution from investment styles, Sn(t – 1)FS(t)

Contribution from industries, In(t – 1)FI(t)

Contribution from countries, Cn(t – 1)FC(t)

According to this specification we can write the return on the nth stock that be-
longs to the jth industry and kth country as

R�
n(t) = G(t) + Sn(t – 1)FS(t) + FI,j(t) + FC,k(t) + un(t) (20.45)

Equation (20.45) provides a rather restricted representation of reality even
when viewed against the backdrop that models are supposed to simplify reality so
that we can better understand and interpret complex phenomena. There are two
major assumptions supporting (20.45):

1. Industry effects are global. Alternatively expressed, each stock is allocated to
one industry that represents a global industry (e.g., global automotive). This
assumption ignores potentially strong regional effects that could result from
differences in capital-labor ratios across countries.

2. Securities in the same country have similar exposures to domestic and global
factors. For example, Citigroup and JDS Uniphase are affected by the U.S. fac-
tor and the global factor in the same fashion. This is clearly unrealistic given
the different exposure of each company to non-U.S. factors as reflected, for in-
stance, in each company’s proportion of foreign sales to total sales.

Equation (20.44) may be estimated using least squares regression. While it is
beyond the scope of this chapter to explain the estimation process in detail, we re-
view some important issues related to estimating (20.44).

� Since industry and country exposures sum to one across all stocks, we have
two sources of perfect collinearity (including the constant vector). Therefore,
we need to drop one industry and one country when estimating factor returns.
In practice, one can get quite different estimates of factor returns depending on
which variables are dropped from the regression.

� Rather than arbitrarily choosing an industry (country) to interpret the industry
(country) factor returns, we may measure the industry (country) factor returns
relative to a value-weighted portfolio. In practice, this means that to estimate
equation (20.44) using weighted least squares, where the weights are the market
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capitalization values, we need to impose two restrictions: (1) the sum of the mar-
ket capitalization weighted industry factor returns is equal to zero, and (2) the
sum of market capitalization weighted country factor returns is equal to zero.

� The constant in this regression is equal to the value-weighted return on the
portfolio of all stocks in the cross-sectional regression. One interpretation is
that the constant is the “global” factor return. In the case of a local model,
note that if we add a constant term to the regression model, this would be
equivalent to assigning a beta of one to each asset. In this case, the return on
the local market is the estimate of the coefficient on the constant.

Combined SRM In the combined model, factor returns are first estimated for each
single region model using the techniques outlined earlier in the chapter. The exact
definition of the single region model, and in particular what geographical area it
covers, is up to the developer. For developed markets, single region models are typ-
ically defined for Canada, United States, western continental Europe, United King-
dom, Japan, and Pacific Rim. The factor return covariance matrix used to estimate
risk is generated from taking the union of all SRM factor returns. This approach
directly accounts for correlation between all factors.

Block Diagonal Model In the block diagonal approach, there is no formal model
of asset returns as in (20.44). Instead, this approach works as follows: Assume
there are M (m = 1, . . . , M) single region models (i.e., factor and specific return co-
variance matrices). For each single region model, the security return covariance ma-
trix is expressed by

Vm(t) = BmΩm(t)BmT + ∆m(t) for m = 1, . . . , M (20.46)

where Vm(t) = Nm × Nm covariance matrix of security returns at time t for mth model.
Bm = Nm × Km matrix of exposures to investment style, industry and local

market for mth model.
Ωm(t) = Km × Km covariance matrix of factor returns at time t for mth model.
∆m(t) = Nm × Nm diagonal matrix of variances of specific returns at time t

for mth model.

In order to compute the risk of global equity portfolios, we generate an N × N
matrix of security returns as follows:

First, construct the global covariance matrix contribution to the total covari-
ance matrix. This term is given by

(20.47)

Note that ΩBD(t) incorporates the factor exposures from the SRMs.
Next construct the global matrix of specific variances. This term is given by
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(20.48)

Finally, the global covariance matrix of security returns, based on the block di-
agonal factor return covariance matrix, is

VG(t) = ΩBD(t) + ∆BD(t) (20.49)

Currencies (and risk associated with currency exposures) can enter the block
diagonal covariance matrix as a separate block. That is, it is assumed that curren-
cies are uncorrelated with noncurrency factor returns so that the covariance matrix
of asset returns can now be written as

(20.50)

where VBD
ccy (t) is a C × C covariance matrix of currency returns.

The main problem with the block diagonal covariance matrix is that it ignores
potentially important correlations. For example, if one block represents the United
States and another Canada, it clearly would not seem credible to assume zero cor-
relation among these equity markets. A natural next step would be to improve
upon the block diagonal approach so that we are completely consistent with the
single region models while, at the same time, estimating important correlations
among factor returns. This leads to the enhanced block diagonal methodology,
which is discussed next.

Enhanced Block Diagonal Model In the enhanced block diagonal model, we at-
tempt to provide the consistency that the SRMs offer while, at the same time, en-
abling us to estimate correlations between the SRM factor returns. In addition, we
seek a methodology that is flexible enough to allow for situations where the blocks
of the covariance matrix are estimated differently than the off-block elements.
There are three situations where we may be required to use different estimation
techniques for the block and off-block elements of the factor return covariance ma-
trices. First, there may be too many factors when we consider the union of all SRM
factor returns. This can lead to problems when estimating the combined SRM. Sec-
ond, there may be situations where the SRM covariance matrices are available but
not their underlying factor returns. In this case, we may need to use proxy factor re-
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turns to estimate cross-SRM correlations. Third, we may decide to use start dates
or histories for the SRM factor return correlations that are different from the histo-
ries used to estimate the off-block correlations.

The steps required to produce the asset return covariance matrix based on the
enhanced block diagonal methodology are:

Step 1 Estimate the block diagonal covariance matrix of factor and specific
returns.

Step 2 Estimate the complete, full-information factor return covariance matrix
using the combined SRM methodology. We generate this by first defining the
union of all factor returns—across all SRMs—and then estimating the correla-
tion among these factor returns.

Step 3 Complete the block diagonal factor return covariance matrix by filling
in the off-diagonal blocks (i.e., the zeros) with the correlation estimates from
the combined SRM matrix. An algorithm has been developed that performs
this operation and that satisfies the following properties:

� The blocks of the original block diagonal matrix remain unchanged. This
ensures that the individual SRMs are fully consistent with the enhanced
block diagonal covariance matrix.

� The condition number of the completed block diagonal covariance ma-
trix—the enhanced factor return matrix—is bounded to be less than or
equal to some predefined value.17 This ensures that the final covariance
matrix has the proper statistical properties and that the resulting covari-
ance matrix is fully consistent (i.e., pairwise correlations make sense) and
positive definite.

� The completed covariance matrix converges to a positive definite matrix.

Step 4 Create the covariance matrix of asset returns by combining the en-
hanced factor return covariance matrix with the specific return covariance
matrix.

MEASURING AND IDENTIFYING SOURCES OF RISK

In this section, we present various measures of predicted risk as defined in the linear
factor model. These measures range from tracking error and portfolio volatility es-
timates to contributions to risk by asset. A portfolio’s sources of risk are deter-
mined by:

� Each asset’s exposure to some factor, regardless of whether that factor be the
asset itself, some fundamental factor, or something else.

� The distribution of the returns on assets.
� The weight of each asset in the portfolio benchmark (if applicable).
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Portfolio Definitions

Thus far, the discussion in this chapter has been at a relatively abstract level. 
In this section, our focus shifts to portfolios and portfolio analytics. These ana-
lytics include the definition of portfolio returns and various portfolio measures
of exposure.

There are four types of portfolios that we are concerned with—the managed
portfolio, the benchmark portfolio, the active portfolio, and the market portfolio.

1. The managed portfolio is directed by the portfolio manager.
2. The benchmark portfolio is what the portfolio manager manages against. Ex-

amples of benchmark portfolios include the S&P 500 and the MSCI World.
3. The active portfolio is the difference between the managed and benchmark

portfolios.
4. The market portfolio is supposed to be representative of the relevant market.

Often, the benchmark and market portfolios are the same. In situations where
they are different, risk and return may be calculated relative to the benchmark
and market portfolios.

At each point in time we have the following quantities:

Pn(t) Closing price of the nth asset as reflected in the base currency.

qp
n(t) Quantity—the number of shares held of the nth asset in the managed

portfolio; this value can be positive, negative, or zero.

posp
n(t) nth asset’s position defined as price times quantity of shares held,

that is, Pn(t) × qp
n(t).

posP(t) Total market value of the managed portfolio. By definition, 

where there are Np assets in the managed portfolio; posP(t) can be
positive, negative, or zero.

wP
n (t) nth asset’s weight in the managed portfolio. It’s defined as 

We define similar quantities for the benchmark, the active, and the market
portfolios where we use a superscript “b,” “a,” and “m” to denote benchmark, ac-
tive, and market, respectively. That is,

qb
n(t) Quantity—the number of shares held of the nth asset in the

benchmark portfolio.

qm
n (t) Number of shares outstanding of common stock, or the number of

shares held of the nth asset in the market portfolio.

wb
n(t) nth asset’s weight in the benchmark portfolio. Note that this weight

is not necessarily a market cap weight.

w a
n (t) nth asset’s weight in the active portfolio. Also known as the active
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weight, it is defined as the difference between the managed weight
and the benchmark weight. That is, wa

n (t) = wp
n (t) – wb

n(t).

w m
n (t) nth asset’s weight in the market portfolio, defined as 

Next, we define estimates of a portfolio’s return. These estimates assume that
there are no intraperiod cash flows or intraperiod trading. For example, if we are to
compute a portfolio’s one-day return, then we would assume that the two assump-
tions hold intraday. Using these definitions we define the portfolio return on a man-
aged, benchmark, and market portfolio as follows.

For the managed portfolio, its one-period return from t – 1 to t is:

(20.51)

For the benchmark portfolio, its one-period return from t – 1 to t is:

(20.52)

For the active portfolio, its one-period return from t – 1 to t is:

(20.53)

For the market portfolio, its one-period return from t – 1 to t is:

(20.54)

Cash The term “cash” broadly applies to any amount that invests in some risk-free
(or very low risk) account. In an equity portfolio, cash usually is defined as the sum of:

� The margin value of futures contracts. Portfolio managers equitize cash by
buying futures contracts.

� Trade date cash. This represents the cash available to buy and sell securities on
any particular day.

� The dollar (or equivalent) amount of repurchase agreements. Portfolio man-
agers may lend funds short-term and earn interest (i.e., they enter reverse re-
purchase agreements). Reverses (lending) enter as positive cash whereas
repurchase agreements are negative cash (borrowing).

� The dollar (or equivalent) amount of any other short-term instruments held. In
the United States, for example, this includes the dollar value of holding Trea-
sury bills.

In practice, cash enters the portfolio return calculation by simply changing the
base (denominator) of the portfolio weight calculation. For example, consider a
portfolio that has two assets with equity positions $10 and $2. Its portfolio weights
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are 5/6 and 1/6, respectively. Now, suppose we add $3 cash to the portfolio. In this
case, the total portfolio value is $15, which results in portfolio weights of 10/15 (eq-
uity position 1), 2/15 (equity position 2) and 3/15 (cash).

Cash is taken as riskless, so adding cash to a portfolio lowers its absolute risk
(volatility) since it reduces the amount (weight) of the risky positions. In the previ-
ous example, the weights in the two equity positions decreased by 3/16 and 1/30. Note
that although cash is a risk-less asset, it can increase risk when a portfolio’s perfor-
mance is measured against a benchmark and the benchmark portfolio holds risky
assets. The impact of cash on a portfolio’s tracking error is explored on page 390.

Futures When measuring risk, futures should be treated as distinct assets. In this
section, our focus is on equity index futures. As explained earlier, futures are com-
posite assets as their value is derived from an underlying asset(s). Take the example
of a futures contract on the S&P 500. The return on this contract is a function of
the return on the S&P 500 index that in turn is a function of returns on the assets
which comprise the S&P 500.

An equity index futures exposure is its contract value. Its contract value is defined
as the contract size times the index value. For example, the contract size of a June
2002 S&P 500 futures contract on March 21, 2002, was approximately $286,950.
This is equal to the value of 1 point ($250) times the index’s market value on that date
(1,147.80). The exposure of holding 10 futures contracts would be $2,869,500.

The weight of the equity index future is given by ratio of its total exposure
(e.g., $2,869,500) divided by the total market value of the portfolio. Note that the
exposure is not the same as the futures market value. The futures total exposure is
never incorporated in the computation of the portfolio’s total market value.

ADRs and GDRs When evaluating the risk of American and global depositary re-
ceipts, some portfolio managers prefer to map these securities to their underlying
parent companies. In other words, the exposures of the ADR or GDR are replaced
by the exposures of the parent company. For example, suppose a portfolio held the
BP Amoco ADR but not its parent (i.e., BP Amoco shares traded in the United
Kingdom). In this situation, the ADR’s exposures will be replaced by the parent
company’s exposures. The mechanics of mapping an ADR or GDR to its parent can
be described in three steps. First, compute the portfolio weights of the ADR. Sec-
ond, if the portfolio has positions in both the ADR and the parent company, com-
pute the portfolio weights of both and combine them to get an aggregate weight.
Third, use the parent company’s exposures to represent the exposure of the aggre-
gate position (i.e., the position that contains both the ADR and the parent).

One potentially important drawback to mapping an ADR to its parent involves
currency risk. Suppose a portfolio with a base currency in British pounds holds
shares in a stock that is traded locally in Russia. In addition, this portfolio manager
holds the ADR of this company. Without combining positions, this portfolio would
have two types of exchange rate risk—to the Russian ruble and to the U.S. dollar.
By mapping the ADR to the parent company, the portfolio reduces its dollar expo-
sure and increases its currency risk to the Russian ruble.

Currencies A portfolio’s currency positions are derived from the quantity of
shares of a particular asset that is held as well as any direct currency exposure. For
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example, a portfolio that has a reporting currency of Japanese yen may hold both
U.S. cash as well as U.S. stocks. Positions in both contribute to the portfolio’s over-
all position in USD.

Realized and Predicted Risk Calculations In the linear factor model framework, a
portfolio risk statistic is a function of a forecast covariance matrix that, itself, is a
function of asset exposures and factor and specific return covariance matrices. This
model allows us to decompose risk into factor and specific components. Before we dis-
cuss portfolio risk calculations based on the linear factor model, it is important to note
the differences between realized (ex post) and predicted (ex ante) risk calculations.

The calculation of a portfolio’s realized risk (or tracking error) consists of
two steps.

Step 1 A time series of the portfolio’s actual (realized) returns is obtained. Typ-
ically, there are two sources of these actual returns.

1. Officially reported returns as maintained by a firm’s accounting systems or
as computed by a custodian. These returns are usually what appear in
monthly statements that report the portfolio’s performance.

2. Estimates of the officially reported returns.18 These returns are mostly used
in cases where daily performance reporting is required and no official re-
turns are available. In this case, a portfolio’s return is approximated by us-
ing returns as of time t and weights as of time t – 1.

For example, an estimate of a portfolio’s active returns over a 20-day pe-
riod are expressed as

ra(t) = wa(t – 1)TR(t) for t = 1, . . . , 20 (20.55)

where ra(t) and w a(t –1) represent the active portfolio return and weights, 
respectively.

Step 2 Compute the standard deviation, or some other risk statistic, of the time
series of actual returns. For example, realized tracking error is defined as the
standard deviation of actual active returns.

Unlike realized risk calculations, predicted risk calculations rely only on the
most recent set of portfolio holdings. For example, a predicted tracking error calcu-
lation at time t –1 for some future period would use portfolio weights as of time t –
1. This is an important difference since by using only the most recent holdings we
are allowed to carry out risk decompositions (explained later).

Next, we discuss predictive risk calculations in the context of the linear factor
model.

Factor Model Framework

We work with the global linear factor model presented earlier in the chapter in the
section on global framework. There, the cross section of returns, expressed in some
base currency, is modeled according to:
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R(t) = B� (t – 1)F�(t) + u� (t) + Eij (t) + xc(t) (20.56)

where, in the discussion below, we assume that asset returns have exposures to the
following classes of factors: investment styles, industries, countries, and currencies.
Let’s rewrite (20.56) so that the exchange rate returns appear as factors. To do so
we add columns of ones and zeros to the exposures matrix B�(t – 1) and rows (of
returns) to the vector F�(t).

R(t) = B(t – 1)F(t) + u�(t) (20.57)

where F(t) = [F�(t)|Eij(t) + xc(t)] and B(t – 1) incorporates the exposures to currency
factors. In practice, we may choose to ignore the cross term xc(t).

The forecast covariance matrix of asset returns, as of time t – 1, is based on
forecasting the variance of the N-vector R(t – 1) as specified by equation (20.57).
The forecast covariance matrix of R(t – 1) is

V(t | t – 1) = B(t – h)Σ(t | t – 1)B(t – h)T + ∆(t | t – 1) (20.58)

where h > 1 and Σ(t | t – 1) is the covariance matrix of factor returns which include
investment styles, industries, countries, and currencies. The notation “t | t – 1”
reads as “the time t forecast given information up to and including time t – 1.” 
∆(t|t – 1) is the specific return variance matrix. We can think of the factor return co-
variance matrix as a four-by-four block expressed thus:

(20.59)

Equation (20.59) shows that each class of factors represents a block along the
diagonal of Σ(t | t –1). The off-diagonal elements involve the interaction among the
factor returns. When we measure the risk of a portfolio, the part coming from fac-
tors is, in effect, a sum of components of the matrix in (20.59) that are weighted by
the factor exposures, that is, B(t – h).

Equipped with expressions for the covariance matrix of stock returns, we can
formulate the expression for the variance of the managed and active portfolios.

Portfolio Risk Measures The variance of the managed portfolio return is given by
the expression

σ2
p(t) = wp(t)TV(t | t – 1)wp(t)

= bp(t – 1)Σ(t | t – 1)bp(t – 1)T + wp(t – 1)T∆(t | t – 1)wp(t – 1) (20.60)

where bp(t – 1) = wp(t – 1)TB(t – h). Equation (20.60) provides a measure of a man-
aged portfolio’s total risk (squared). In practice, this number is usually reported in
standard deviation terms, that is, σp(t). The portfolio’s factor and specific risk com-
ponents are given by

Σ( | )t t − =




















1

Investment styles (IS)  Ind &  IS          Cty &  IS           Ccy &  IS

IS & Ind                     Industry (Ind)   Cty &  Ind         Ccy &  Ind

IS &  Cty                    Ind &  Cty       Countries (Cty)  Ccy &  Cty

IS &  Ccy                    Ind &  Ccy      Cty &  Ccy        Currencies (Ccy)
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σ2
factor,p(t) = bp(t – 1)Σ(t | t – 1)bp(t – 1)T (20.61)

σ2
spec,p(t) = wp(t – 1)T∆(t | t – 1)wp(t – 1) (20.62)

Note that risks, as defined in terms of standard deviations, are not additive.
That is, the factor risk and specific risk do not sum to the managed total risk. Were
we to measure risk using variances—see equation (20.60)—in place of standard de-
viations, then the risks would be additive. In practice, the standard deviation is
used as a measure of risk since its units are in returns and not returns squared.

Similarly, the forecast variance of the return on the active portfolio is

σ2
a (t) = ba(t – 1)Σ(t | t – 1)ba(t – 1)T + wa(t – 1)T∆(t | t – 1)wa(t – 1) (20.63)

Equation (20.63) provides a measure of an active portfolio’s total risk
(squared). In practice, this number is usually reported in standard deviation terms,
that is, σa(t), and is known as tracking error. The active portfolio’s factor and spe-
cific risk components are given by

σ2
factor,a(t) = ba(t – 1)TΣ(t | t –1)ba(t – 1) (20.64)

σ2
spec,a(t) = wa(t – 1)T∆(t | t – 1)wa(t – 1) (20.65)

A Risk Budget and Hot Spots One way to evaluate a portfolio’s positions is in terms
of their contributions to risk. In order to understand the meaning of these contribu-
tions, it is useful to think of a portfolio’s risk defined in terms of a risk budget. Sim-
ply put, a risk budget is the amount of risk that a portfolio manager can allocate to
different factors or securities.

A portfolio manager managing her portfolio against a benchmark would con-
sider the portfolio’s tracking error as representing 100 percent of its overall risk.
With a risk budget, we decide how much risk should come from different factors
and/or assets. The sum of the contributions to risk from each of the factors and as-
sets is equal to 100 percent.

It is important to note that a portfolio’s risk budget is separate from the ab-
solute level of risk that the portfolio incurs. For example, a portfolio might have a
target tracking error of 5 percent, but currently its realized (and predicted) track-
ing error is running about 4 percent. In this example, the portfolio has 100 basis
points of unused risk that it could employ in order to improve its chances of in-
creasing returns.

Contributions to risk are defined by assets (stocks), investment style factors, in-
dustry factors, countries, and currencies. (In fact, any factor falls into the frame-
work we discuss in this section.) Contributions to a portfolio’s risk (e.g., tracking
error) measure a position’s marginal impact on that portfolio’s risk. They answer
questions such as, if we change a position’s size by 2 percent, how much does the
portfolio’s tracking error change? What proportion of my portfolio’s overall risk
budget comes from a bet geared to the U.S. momentum factor? And how is the risk
in my portfolio allocated across different securities and sectors?

As contributions to risk measure the marginal effect on risk, they are typically
defined in terms of (mathematical) derivatives. This is not to say, however, that
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there are not alternative ways of computing contributions to risk. We may compute
contributions to risk using numerical simulation rather than derivatives. Both ap-
proaches have their advantages and disadvantages. The primary advantage of the
mathematical approach is that the calculations are extremely fast because you have
closed-form results for the contributions to risk.

The mathematical derivatives that we employ measure the percentage change
in risk for a given percentage change in position value. These derivatives are based
on the factor model expression for tracking error (squared).

σ2
a (t) = ba(t – 1)Σ(t | t – 1)ba(t – 1)T + wa(t – 1)T∆(t | t – 1)wa(t – 1) (20.66)

Using this expression, we can answer the following three questions:

Question 1: How much does tracking error change when there is a change in
the number of shares held in the nth stock position? A related question is, how
much does the nth position contribute to the overall tracking error?

Question 2: How much does tracking error change when there is a change in
the exposure to the kth factor? How much does the kth factor contribute to the
total tracking error?

Question 3: What is the breakdown of total tracking error to factor and spe-
cific risk?

We address each question separately.

Contributions to Risk by Asset To answer the first question we need to find an ex-
pression for the change in tracking error, σa(t), for a given change in the nth ele-
ment (asset) of wa(t – 1), which we represent by wa

n(t – 1). The Na-vector of
absolute marginal contributions to tracking error (ACTE) is given by the derivative
of the portfolio’s tracking error with respect to the position vector wa(t – 1),

(20.67)

where the nth element of ACTE(t), denoted ACTEn(t), is the nth asset’s absolute
marginal contribution to tracking error. Since σ a(t)2 = wa(t – 1)TV(t | t – 1)wa(t – 1),
if we premultiply (20.67) by wa(t – 1)T, we get

(20.68)

Or we can write equation (20.68) as 

That is, the tracking error is equal to the weighted average of the absolute marginal
contributions to tracking error, where the weights are defined as the active portfolio
weights. Dividing both sides of (20.68) by tracking error yields
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(20.69)

or

(20.70)

where 

represents the relative marginal contribution to tracking error (RCTE). RCTE mea-
sures the relative change in tracking error given the relative change in active
weights. Mathematically, RCTE is defined

(20.71)

As (20.71) shows, RCTE measures the relative change in tracking error given a
relative change in weight. Hot spot reports (Litterman 1996) are based off of the
RCTE calculation.

Let’s consider a numerical example. Suppose that an asset’s active weight in a
portfolio is 50 basis points and that the current predicted tracking error (annual-
ized) is 3.5 percent. Assuming an absolute marginal contribution to tracking error
of 8 percent would imply that the relative contribution to tracking error for this as-
set is 1.1428 percent.

(20.72)

The RCTE for the nth asset, interpreted as 1.143 percent of the portfolio’s risk
budget, is consumed by this asset. Alternatively, if we focus on the ACTE, we find
that if we increase our position in this asset by 200 bps (i.e., from 0.50 percent to
2.50 percent), then the tracking error increases by 16 bps. A similar decrease in the
position would lead to a decrease in tracking error.

A key distinction between ACTE and RCTE lies in the way a change in posi-
tion is defined. Suppose the current active weight in a position is –0.5 percent (an
underweight). An increase in this weight, from a RCTE perspective, would mean
making this weight more negative (e.g., going from –0.5 percent to –1.0 percent). In
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ACTE, an increase in this weight would mean making it less negative (e.g., going
from –0.5 percent to 0).

Since RCTE measures the relative change in risk, given a relative change in
weight, a positive RCTE means that if the current active weight is:

� Positive, an increase in this weight (making it more positive) would lead to an
increase in tracking error.

� Negative, a decrease in this weight (making it less negative) would lead to a de-
crease in tracking error.

Similarly, a negative RCTE means that if the current active weight is:

� Positive, an increase in this weight (making it more positive) would lead to a
decrease in tracking error.

� Negative, a decrease in this weight (making it less negative) would lead to an
increase in tracking error.

Table 20.6 summarizes the relationship between RCTE and ACTE.
In addition to computing an asset’s change on the total tracking error, we can,

in the context of a linear factor model, measure an asset’s change on the factor and
specific components of total tracking error. From the decomposition of tracking er-
ror into factor and specific components, we have

(20.73)

Equation (20.73) has the benefit of having the factor and specific contributions
add up to the total contribution to tracking error. A disadvantage with using
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TABLE 20.6 Comparison of RCTE and ACTE

Current Value Change in Active Weight Change in Tracking Error

RCTE
Positive Negative weight becomes more negative Increase

Positive weight becomes more positive Increase

Negative Negative weight becomes more negative Decrease
Positive weight becomes more positive Decrease

ACTE
Positive Negative weight becomes less negative Increase

Positive weight becomes more positive Increase

Negative Negative weight becomes less negative Decrease
Positive weight becomes more positive Decrease



(20.73) as a risk decomposition, however, is that it is not easy to interpret the fac-
tor and specific components because they are not defined in the same way as ACTE
(that is, not defined by a derivative).

An alternative way to find the factor and specific component of an asset’s
change on total tracking error is to first define the total factor and specific compo-
nent of tracking error and then take derivatives of each with respect to the asset po-
sitions. The factor component of tracking error (squared) is given by

ϕa(t)2 = wa(t – 1)TB�(t – h)Σ(t | t – 1)B�(t – h)Twa(t – 1) (20.74)

The nth asset’s contribution to the factor component of tracking error is repre-
sented by the nth element of

(20.75)

and

(20.76)

The specific component of tracking error is

δa(t)2 = wa(t – 1)T∆(t | t – 1)wa(t – 1) (20.77)

It follows from equation (20.77) that the nth asset’s contribution to the specific
component of tracking error is represented by the nth element of

(20.78)

and

(20.79)

Note that σa(t) ≠ ϕa(t) + δa(t) but rather σa(t)2 = ϕa(t)2 + δa(t)2.
As done previously, we can define relative contributions to tracking error.
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Contributions to Risk by Industry, Investment Style, or Other Factor In the pre-
vious section we computed the absolute and relative marginal contribution to the
factor component of tracking error for a given change in the underlying asset posi-
tion. Next, we compute the impact on tracking error from changing a portfolio’s
exposure to a factor. We begin by defining a 1 × K vector of active factor expo-
sures ba(t – 1).

(20.82)

Absolute marginal factor contributions to tracking error (AFCTE) are com-
puted with respect to each of the K elements in ba(t – 1). Specifically, the contribu-
tion to total tracking error from each of the K factors is given by the K × 1 vector.

(20.83)

There are two things to note about the absolute marginal contributions to
tracking error by factor:

1. AFCTE is a K × 1 vector whose kth element is the marginal contribution to
tracking error from the kth factor.

(20.84)

2. AFCTE does not contain any specific risk terms because specific risk does not
contain any factor exposures.

AFCTE can also be written in relative terms, that is, as an RFCTE. The kth
term of the relative marginal factor contribution to tracking error (RFCTEk) is

(20.85)

Note that the sum of the RFCTEk’s is equal to the proportion of factor risk in
tracking error. That is,
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Note that the term ba
k(t – 1) is a weighted average of exposures (for a particular

factor) of all assets in the active portfolio. So, when we refer to taking a deriva-
tive with respect to the kth exposure we are not specifying whether that deriva-
tive is with respect to the active portfolio weights or the asset exposures.
Similarly, we can compute the relative specific contribution to tracking error—
(RSCTE(t)). That is, for the nth asset, its relative specific contribution to tracking
error is

(20.87)

Note that the sum over all assets of the RSCTEn(t)’s is equal to the proportion of
specific risk in tracking error. That is,

(20.88)

Therefore, the sum of RSCTE’s over all assets plus the sum of RFCTE’s over all fac-
tors is equal to one (or 100 percent).

When determining a portfolio’s sources of risk, it is important that we can drill
down to the most detailed level. Sometimes its not enough to know how much a
factor (e.g., price momentum) contributes to a portfolio’s tracking error. Instead,
we may need to know what assets are most responsible for a particular factor’s risk
contribution. Alternatively stated, suppose our goal is to lower our portfolio’s risk
that is coming from the price momentum factor. In order to do so we would need to
reduce exposure to assets that contribute highly to price momentum’s contribution
to tracking error.19 This is not the same as simply reducing the weights in assets that
have high exposure to price momentum. Rather, we need to reduce the weight in
the risky assets that contribute to the price momentum factor’s contribution to risk.

In order to determine which assets contribute to a particular factor’s risk, we
need to measure the nth asset’s relative contribution to the kth factor. This measure
is given by

(20.89)

This expression tells us how much risk the nth asset contributes to the kth fac-
tor. Note that when we sum RFCTEn,k over all stocks, the result is the factor’s con-
tribution to tracking error.

(20.90)RFCTE RFCTEn k
n

N

k

a

,
=

∑ =
1

RFCTE AFCTEn k
n
a

n k
T

a k
w t B t h

t
,

,( ) ( )

( )
=

− × −
×

1

σ

RSCTEn
n

N a

a
t

t

t

a

( )
( )

( )=
∑ =

1

2

2

δ
σ

RSCTEn
n
a a

a
t

w t t t w t

t
( )

( ) ( | ) ( )

( )
= − − −1 1 1

2

∆
σ

Equity Risk Factor Models 385

19Here, we assume that overweight positions have high price momentum exposure.



Having the ability to work with (20.88) is very important for hot spot report-
ing because it allows portfolio managers to view their portfolios’ risk in a variety
of ways.

Important Note: Contribution to Risk by Sector Sectors contain one or more in-
dustries. In practice, it is common to report exposures by sector as well as contribu-
tion to tracking error by sector. For a particular sector, its exposure is simply the
sum of all industry exposures that belong to that sector. Similarly, for a particular
sector, the sum of its respective industry contributions to risk is equal to that sec-
tor’s contribution to risk.

For example, suppose that a sector consists of two industries—industry A
and industry B—and a portfolio has an active exposure of 25 percent to industry
A and –25 percent (underweight) to industry B. Since these industries are (the
only industries) in the same sector, the portfolio’s sector exposure is zero. More-
over, suppose that both industries have a contribution to risk of 30 percent.
(Note that the total contributions to risk over both industries is not 100 percent
because we are assuming that the portfolio has exposure to other industries.)
When we add the two industry contributions to risk, we find that the contribu-
tion to risk from the sector is 60 percent. Mathematically, we have established
the following result. Let there be Si (s = 1, . . . , Si) industries in the ith sector. In
this example, the sum of the industry exposures for a particular sector is zero:
that is,

(20.91)

Now, the contribution to tracking error from a sector computed as the sum of
contributions to tracking error by the individual industries is given by

(20.92)

In our example, (20.92) is equal to 0.60.

Predicted Beta

A portfolio manager seeking a forward-looking view of how the managed portfolio
varies with a market or benchmark portfolio can look at the portfolio’s predicted
beta. In order to derive a portfolio’s predicted beta, we refer back to the market
model introduced in the section on macroeconomic factors. The market model for
the nth asset return is

Rn(t) = αn(t) + βn(t)rm(t) + en(t) (20.93)

where Rn(t) = Excess return on the nth asset over the risk-free rate at time t.
rm(t) = Return on a market portfolio over the risk-free rate.
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βn(t) = Beta—a measure of the covariation between asset return and return
on market portfolio.

en(t) = Mean-zero, random component known as residual return. This
return is uncorrelated with the market return.

αn(t) = Alpha—captures difference between market component and asset
return.

Using the definition, rm(t) = wm(t – 1)TR(t), we can derive an expression for pre-
dicted beta. For the nth asset, its predicted beta is:

(20.94)

where v(t | t – 1) is an N × 1 vector of covariances, representing the nth row of the
covariance matrix V(t | t – 1). To better understand the definition of predicted
beta, consider the case where the market portfolio consists of two assets and we
are interested in finding the predicted beta for these two assets. In this case, rm(t) =
wm

1 (t – 1)R1(t) + wm
2 (t – 1)R2(t) and

(20.95)

In terms of a linear factor model, the expression for predicted beta is given by

(20.96)

Here, β(t | t – 1) is an N × 1 vector of predicted betas. A portfolio’s beta is defined
as the weighted average of individual betas βp(t) = wp(t – 1)Tβ(t | t – 1). Similar re-
sults hold for the benchmark and active portfolios.

Note from (20.96) that predicted beta consists of two components—factor and
specific. This is a useful result because we can determine the source of a portfolio’s
beta. If a large amount of a portfolio’s beta is due to factor exposure, then we can
reduce its overall exposure to the market by reducing its factor exposure. On the
other hand, if the specific risk component dominates a portfolio beta, then a man-
ager should not focus on factors to reduce market exposure.

Predicted beta is also known as fundamental beta since its value depends on
asset exposures to fundamental factors through the term B(t – h). Another mea-
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sure that relates a portfolio’s return to a benchmark return is known as the pre-
dicted R-squared.

Measuring the Risk of Futures Exchange and Traded 
Funds Positions

Some equity portfolio managers use futures as a key component of their portfo-
lio construction process. When cash comes into an account, some portfolio man-
agers may choose to “equitize” this cash. That means they purchase futures in
an amount that gives them the same exposure as the cash value. So, for example,
if a portfolio received a $50 million cash inflow, a portfolio manager may go
long S&P 500 futures to the amount of a $50 million exposure.

Since futures can play such an important role in portfolio construction, it’s crit-
ical to understand how to measure the risk of futures positions within the context
of an equity factor model. Before understanding the way that futures positions af-
fect portfolio risk, we first need to analyze how a futures position impacts a portfo-
lio’s value.

The market value of a futures contract is its initial margin plus any variation
margin. Variation margin results from the mark-to-market (MTM) feature of fu-
tures contracts. For example, variation margin increases as the futures contract
moves out-of-the-money. We consider an example using a futures contract on the
S&P 500 index.

Currently, each S&P 500 futures contract is worth 250 times the current mar-
ket value of the spot S&P 500 index. So, if the value for the index is $1,500, then
the market exposure of the S&P 500 futures contract is $375,000. Assuming a
margin requirement of 5 percent, a portfolio manager would have to put down
about $18,750. Naturally, if a portfolio manager purchases N futures contracts,
then the market value would be N times $375,000 and the initial margin would be
N times $18,750.

At the end of each trading day, the mark-to-market of the futures contract is
based on the formula MTM = 250 × (Close-of-business price of futures contract –
Beginning-of-day price of futures contract).

So, if the futures price at the beginning of the day is $1,500 and it closes at
$1,450, then the MTM would be a loss of $12,500.

MTM = 250 × ($1,450 – $1,500) = –$12,500

As futures are settled each day, the variation margin in this case is $12,500 and this
amount would be added to the initial margin amount.

A future’s position weight in a portfolio is defined as its total market exposure
($375,000) divided by the portfolio’s total invested capital. For example, suppose
that a portfolio consists of two stock positions and one futures position. The fu-
tures position has a total market exposure of $375,000 and the stock positions are
currently valued at $100,000 and $200,000. In this case, the total capital invested
is $318,750 and the portfolio weights are: 31.4 percent ($100,000/$318,750), 62.7
percent ($200,000/$318,750), 117.6 percent ($375,000/$318,750), and 5.9 per-
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cent ($18,750/$318,750). Note that the sum of the portfolio weights does not
equal 100 percent.

A popular methodology, and one used in some commercially available risk sys-
tems, measures the risk of futures by assuming a no-arbitrage condition. According
to this approach, entering into a futures contract involves converting the futures
position into a long spot position on the underlying asset (e.g., S&P 500) and an
equivalent short cash position. This methodology assumes that holding a short-
dated futures contract is equivalent (in both risk and return terms) to borrowing
cash at the spot price and buying the underlying asset.

For example, an S&P 500 futures position with a total market value of
$500,000 would enter a portfolio as a short $500,000 cash position and a long
$500,000 position in the underlying S&P 500 spot composite. By treating futures
in this way, we note that:

� The portfolio’s market value remains unchanged.
� The total market value of equity positions increases by the amount of the fu-

tures position.
� Adding a futures position is indistinguishable from adding a set of the underly-

ing assets.

An alternative methodology for measuring the risk of futures positions would
treat these positions as separate and distinct whose risk and return are driven by an
underlying composite. Futures positions would be mapped to the underlying equity
exposures, returns, and prices. Since entering into a futures contract is costless, the
futures position does not affect the cash in the portfolio, except for the margin that
is allocated to enter into the futures contract.

To understand this approach to modeling futures, refer to the previous example
of an S&P 500 futures position with a total exposure of $500,000. In this case, we
would increase the portfolio’s cash position by the initial margin and compute the
weight on the futures contract as $500,000 divided by the portfolio’s total invested
capital.

Exchange-traded funds (ETFs) are securities that represent underlying 
composite portfolios but are traded on exchanges like stocks. Two examples of
ETFs are Russell iShares and Standard & Poor’s Depositary Receipts, or “spi-
ders” (SPDRs).

SPDRs are exchange-traded securities, or units (like a mutual fund), that repre-
sents ownership in the SPDR unit investment trust. The SPDR trust was established
to accumulate and hold a portfolio of common stocks that is intended to track the
price performance and dividend yield of the S&P 500 composite index. Hence, it
is reasonable to expect the market value of a SPDR to move closely with the S&P
500. SPDRs are engineered to provide a security whose market value approxi-
mates one-tenth of the value of the underlying S&P 500 index. SPDRs are created
and redeemed with an actual portfolio of securities and in quantities of 50,000
SPDR creation units.

SPDRs or any other ETFs should be modeled the same way as common stock.
That is, an ETF takes in positions, prices, and returns, and computes weights and
related risk and return statistics.
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When computing risk, ETFs and futures on composite assets require a specific
type of handling. Specifically, an adjustment needs to be made so as to not overes-
timate the contribution of risk from a composite asset. This adjustment is re-
quired because a portfolio may hold an asset (e.g., IBM) and then hold a futures
contract on a composite portfolio that contains that asset (e.g., S&P 500). With-
out such an adjustment, we are not guaranteed zero specific risk in the presence
of a perfect hedge.

In order to correctly measure specific risk when dealing with futures and ETFs,
we need to create a new set of managed weights. These new weights—represented
as an N-vector—are computed as follows:

wp
mod(t – 1) = wp

ex future(t – 1) + wp
future(t – 1) × wp

u(t – 1) (20.97)

where wp
ex future(t – 1) = Original managed weights, excluding the futures position

w p
u(t – 1) = Managed weights on the underlying assets in the futures or

ETFs
w p

future(t – 1) = Weight of the futures contract in the managed portfolio;
defined as the futures market exposure divided by the
portfolio’s net worth

To understand how (20.97) works, suppose that a portfolio held a common
stock outright and its weight in the portfolio is 3 percent (excluding the futures). In
addition, the portfolio holds futures contracts on a composite portfolio. The weight
of the futures contract in the portfolio is 5 percent and the weight of the asset in the
composite portfolio is 4 percent. In this case, we have wp

u (t – 1) = 4%; w p
future(t – 1) =

5%; and w p
ex future(t – 1) = 3%.

Note that when a futures position is not held with respect to a particular asset,
then w p

future(t – 1) = 0 and w p
mod(t – 1) = w p

ex future(t – 1), and the modified weights are
the same as the original portfolio weights without the futures.

How Does Cash Affect Tracking Error?

At some point, an equity portfolio will hold some amount of cash. In this section
we study the role that cash plays in the tracking error of an equity portfolio.
First, we need to be clear on the definition of cash. By cash, we mean the local
risk-free investments. Investments in foreign risk-free assets (i.e., foreign cash)
have currency risk associated with them and, therefore, do not fall under our def-
inition of cash. Second, we need to be clear on the definition of risk. While it is
straightforward to understand the impact of changes in cash to a portfolio’s
volatility, it is not so simple when it comes to understanding the role of cash in af-
fecting tracking error.

As explained in the section on cash, an increase (a decrease) in the amount of
cash in a portfolio decreases (increases) the weights of the equity positions. Hence,
since cash is assumed to be a riskless asset (it has zero volatility and zero correla-
tion), increases in cash tend to reduce a portfolio’s volatility. This effect comes basi-
cally from reducing the weights in the risk positions and increasing the weight in
the riskless position. This is an intuitive result.

Now, when measuring tracking error, we need to understand how changes in
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cash affect a portfolio’s active weights. Recall that active weights are defined as the
difference between managed and benchmark portfolio weights. And we know that
the larger (smaller) the active weights are in absolute value, the larger (smaller) a
portfolio’s tracking error is. Since—holding all other things equal—an increase in
cash reduces a portfolio’s managed weights in equities, the impact on tracking er-
ror depends on the original values of the active weights and whether the corre-
sponding stocks are positive or negative contributors to tracking error. Take a
particular stock, for example, whose active weight, prior to any change in cash, is
close to zero and is a positive contributor to tracking error. Holding all other
things equal, if we were to add enough cash to the portfolio, then that stock’s ac-
tive weight would become negative, and thus add to tracking error. If, on the other
hand, the stock starts off with a small overweight, then it would be possible to add
enough cash to the portfolio to make this stock’s active weight zero. In this case
(holding all things equal) the stock’s contribution to the portfolio’s tracking error
would decrease.

In summary, the impact that changes in cash have on a portfolio’s tracking er-
ror depends on the original (i.e., prior to adding cash) values of the active weights
and the stocks’ contributions to tracking error. Broadly, if most of a portfolio’s
tracking error is coming from overweights, then an increase in cash will decrease
(increase) the portfolio’s tracking error. Similarly, if most of a portfolio’s tracking
error is due to underweights, then an increase (a decrease) in cash will reduce the
managed portfolio weights and increase the absolute value of the active weights
even more, thereby leading to higher tracking error.

An Example

We conclude the section with an example of a risk decomposition as provided by
Goldman Sachs’ PACE system. Figure 20.4 shows the first page of a PACE Risk
Monitor Summary report for a hypothetical portfolio as of December 31, 2001.

The report shows that the portfolio’s value on this day is $488,481,650. Its
benchmark portfolio (i.e., the portfolio that is used in calculating tracking error) is
the S&P 500. This portfolio currently contains 106 assets and 2.63 percent of its
total value is in cash. Looking at the left-hand side of the top box in this report, we
see that its annualized predicted tracking error (US Predicted TE) is 4.81 percent.
The target TE for this portfolio is 4.50 percent, so this portfolio is running slightly
above target. For comparison, this report shows a predicted tracking error from an
alternative model (US RMG Daily TE). According to this model, the predicted
tracking error is 4.84 percent. Reading down, we come to a box called “Risk De-
composition.” This information shows that about 49.94 percent of the risk is spe-
cific and the remaining (50.06 percent) is coming from factors. In particular, 23.04
percent and 27.02 percent of the total tracking error is attributed to industries and
investment styles, respectively.

Continuing down the page, we come to a table that shows contribution to
risk by asset (stock). These contributions are based on the RCTE calculations.
For example, Intel is the highest contributing stock to tracking error. It con-
sumes 7.14 percent of the overall risk budget and has an underweight (versus the
benchmark) of 114 basis points. Similarly, Oracle is also an underweight (its ac-
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tive weight is negative 74 basis points), and it consumes 4.33 percent of the
overall risk budget.

THE RISK ESTIMATION PROCESS

Measuring risk requires that we quantify the future distribution of portfolio20 and
constituent returns. In this section we present an eight-step process for the practical
implementation of an equity factor risk model. We continue to assume that a portfo-
lio’s return can be decomposed into common factor and specific components, and
that the distribution of portfolio returns depends on only its mean and variance (i.e.,
first two moments). In addition, we assume that the factor model is applicable to the
U.S. equity market. Hence, the information required to compute risk includes covari-
ance matrices, factor exposures, and portfolio holdings (i.e., portfolio weights).

The standard deviation of the portfolio return yields the total portfolio risk es-
timate. Since a portfolio’s return is modeled in terms of factor and specific compo-
nents, we decompose total risk into factor and specific risks. We can further
decompose factor risk into investment styles, industries, sectors, and so on.
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FIGURE 20.4 Risk Decomposition Example

20In this context, a portfolio return is simply a weighted average of all stock returns in that
portfolio. Each stock’s weight represents its contribution, in value, to the portfolio.



As discussed previously, a portfolio manager may manage a portfolio relative
to some benchmark portfolio. The risk of a managed portfolio relative to its bench-
mark is calculated by computing the standard deviation of the difference between
the managed portfolio and benchmark returns. This yields the relative risk measure
that is commonly referred to as tracking error.

Suppose that a manager currently uses the market model to measure risk and
attribute return. The manager’s stock selection ability can be measured by the resid-
ual return—the difference between the managed portfolio return and the market’s
systematic component (market beta times market return). The standard deviation
of the systematic component is a measure of systematic risk. The standard devia-
tion of the residual return measures residual risk. Residual risk can be further de-
composed into residual factor (i.e., the factors that can explain the residual returns)
and residual specific risk.

Figure 20.5 presents a flowchart of the risk estimation process supporting a
U.S. equity factor model. This process, which is presented in eight parts, extends to
other markets as well as across markets.

We explain each of the eight steps in the risk estimation process:

Step 1 Source and collect exposure and market data. Exposure data may in-
clude industry classifications, fundamental data (e.g., book values), earnings es-
timates, and macroeconomic variables. Market data refers to daily asset prices
and total returns as well as trading volume.

Step 2 Transform the raw exposure information and market data into asset ex-
posures that will be used to estimate the parameters of the factor model. In the
U.S. market, there are three basic types of exposures: (1) industry, (2) invest-
ment style, and (3) market.

Step 3 Construct an exposure matrix21 (for each factor we have one exposure
per asset) that consists of industry exposures, style exposures, and a possible
new set of exposures that are generated from running time-series regressions of
stock returns on market returns. This regression generates a market beta that
we can use to measure a stock’s exposure to the local market.

Step 4 Determine which assets qualify for our estimation universe. The estima-
tion universe represents a set of assets that will be used to determine the para-
meters of the factor model (i.e., the factor returns). The estimation universe
may change quite a bit over time. One reason why an asset would not qualify
for a particular estimation universe is that there is not enough historical infor-
mation on its stock returns and/or company information.

Step 5 Estimate factor returns by running a cross-sectional regression of asset
returns—as defined by the estimation universe—on their factor exposures. The
coefficients in this regression are estimates of factor returns.

Step 6 Run cross-sectional regressions each day over some sample period. Re-
peating these regressions over successive periods of time generates a time series
of factor and specific returns. We use these time series of returns to estimate
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factor and specific return covariance matrices (separately). These covariance
matrices are predictions of future movements and comovements of returns.

Step 7 At this point we begin to construct our risk estimates that are a function
of holdings, exposures, and variance and covariance statistics. Thus far we
have loaded all the information we need except for holdings. In order to com-
pute portfolio weights:

� We take the number of shares held for that asset on a particular date (e.g.,
100 shares held on November 15, 1999) and multiply this amount by the
close-of-business price for the 15th (e.g., $10).

� We compute the total market value of the portfolio by taking the sum of all
individual assets’ market values (computed in the previous step).

� Each asset’s portfolio weight is given by the ratio of its market value to the
market value of the entire portfolio.

On each day we need to load portfolio files for all the accounts as well as
benchmark portfolios.

For each asset, we compute its managed weight (its weight in the managed
portfolio), its benchmark weight (its weight in the benchmark portfolio), and its
active weight (defined as the difference between the managed and benchmark
weights). Note that in the case where an asset is not held in the benchmark, its
benchmark weight is zero and the active weight is equal to the portfolio weight.
Conversely, for assets that are in the benchmark but not in the portfolio, their
active weight is equal to the negative of the benchmark weight.

Given the portfolio weights, active weights, exposures, and covariance ma-
trices, we compute forecasts of portfolio risk and tracking error.

Step 8 In this example, the final step in the risk estimation process involves
finding the sources of risk. For example, we can decompose tracking error and
portfolio volatility into various sources including the local market, industries,
and investment styles.

SUMMARY

This chapter presented an overview as well as a detailed look into the linear factor
model. The overview was presented in the form of a taxonomy of equity factor
models. We classified factor models into those with observed and unobserved fac-
tor returns.

Next, we took an in-depth view of the linear cross-sectional factor model. We
presented both local and global specifications. As part of this discussion we defined
the various types of asset exposures used in linear factor equity models.

The linear cross-sectional factor model forms the basis of risk calculations. We
presented these risk calculations, introduced both relative and absolute contribu-
tions to risk, and showed how risk can be attributed to factors and assets.

Finally, we summarized the practical implementation of the linear cross-sectional
model. The eight-step process includes the data collection and the computations.
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CHAPTER 21
An Asset-Management 

Approach to Manager Selection
David Ben-Ur and Chris Vella

INTRODUCTION: THE IMPORTANCE 
OF INVESTMENT PHILOSOPHY

The starting point for any successful investment process is a sound, coherent, tested
investment philosophy that is held as an article of faith by the team of professionals
implementing it. Similarly, manager selection requires a set of “first principles” in
seeking to research and identify such managers who can be expected to outperform
their peers and the benchmark, thus creating alpha for clients in the future.

The manager-selection endeavor—its goals, structures, tools, and processes—
is analogous to the security selection and portfolio construction process pursued
by analysts and portfolio managers at active equity and fixed income investment
organizations. In this framework, managers are viewed as businesses and multi-
manager structures as portfolios of highly liquid assets. The insights gained from
this philosophy form a strong cultural and intellectual basis for approaching the
manager-selection problem, and, in our view, will yield a high-quality process
with demonstrable investment results over time.

In seeking to apply a buy-side research approach to manager selection, any
manager-selection team has at its disposal a powerful source of best practices: the
asset managers with whom the team interacts each day.

How does an asset-management philosophy apply to a manager-selection team?
Consider the following generic asset-selection process. The process can be broken
into several distinct subcomponents:

1. Universe determination:
� Determine the investable universe for the discipline.

2. Idea generation:
� Quantitative screens.
� Industry sources (conferences, trade publications, referrals).

3. Analysis of securities:
� Quantitative modeling (historical and pro forma).
� Fundamental analysis (management discussions, industry and business

analysis).
� “Triangulation” (via competitors, suppliers, customers, and other sources).
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4. Security ranking and selection:
� Team-based debate of each security’s merits; assignment of “buy/hold/sell”

rating.
� Decision-making process for inclusion/exclusion.

5. Portfolio construction:
� Sizing of positions.
� Matching security weights to overall portfolio risk and return targets.
� Application of sophisticated risk management techniques.

6. Monitoring:
� Updates with management.
� Continued industry and company triangulation.
� Monitoring of risk positioning and portfolio structure.

When infused with the best practices of elite money-management organizations
and applied to a manager-selection business, this generic process takes on a shape
that is distinct from traditional manager due diligence. For a manager-selection
group, the asset-management approach to manager selection strongly impacts
group structure, culture, work flow, investment tools, and even recruiting—in
short, this philosophy remakes the manager-selection team in the image of an asset-
management group.

The current chapter deals with the first four steps of this generic process; Chap-
ter 22 focuses on the portfolio construction process. At each step, we describe how
insights gleaned from elite asset-management organizations can inform and
sharpen the investment process, with the ultimate goal of generating superior in-
vestment results for institutional and individual clients.

MANAGER SELECTION USING AN 
ASSET-MANAGEMENT APPROACH

The opportunity set of managers and products is nearly as vast as the opportunity
set of securities in the equity market. As of March 31, 2002, there were over
7,000 mutual funds registered for investment in the United States, and there were
more than 10,000 offshore funds registered outside the United States. This does
not include locally registered mutual funds, separate accounts, and private part-
nerships. The task of identifying the best money manager in a particular arena
can be quite daunting at first glance and is similar to a portfolio manager’s task in
finding the most promising company for a portfolio out of thousands of potential
choices. In both cases, a systematic approach to a massive database of informa-
tion is utilized to reduce the amount of time and effort expended on ultimately
unattractive options.

The first step in paring the universe of managers is to identify and screen for a
specific type or style of manager. This step is analogous to quantitative screens em-
ployed by most asset managers to identify a universe of securities appropriate to the
manager’s style. For example, just as a U.S. large-cap value manager must sift
through roughly 1,000 large-cap securities to determine which ones exhibit value
characteristics, the manager-selection team must sift through thousands of U.S. eq-
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uity managers to identify the roughly 300 that invest specifically in large-cap value
securities. Like many asset-management organizations, the manager-selection
group seeks to isolate the right style of investment using both measurable metrics
and intangible considerations. Measurable metrics include the manager’s official
database classification and quantitative screening; the main qualitative considera-
tion is a subjective overlay by the investor based on industry knowledge and subjec-
tive interpretation of the quantitative data.

The manager’s self-classification should be used, but not to the exclusion of
other metrics. A manager might believe that its investment style is, for example,
truly large-cap value, but that manager’s definition of value may differ dramatically
from other value managers or, in certain cases, from the basic characteristics of tra-
ditional value benchmarks. The quantitative screening typically eliminates this type
of manager from the analysis. At this stage quantitative screens embrace a number
of factors, including style consistency, risk-adjusted performance over rolling peri-
ods of time, performance consistency, downside risk (or drawdown) analysis, and
substyle analysis (to differentiate, for example, a deep value manager from a rela-
tive value manager). These screens are analogous to an asset manager’s search of
databases for companies meeting specific return on equity, net income, and valua-
tion criteria. There are two key factors that the manager-selection team looks for in
identifying successful managers from a quantitative perspective: superior risk-ad-
justed performance in various market environments and over a full market cycle
and consistent results relative to an appropriate benchmark.

Any quantitative screen, no matter how powerful and robust, should serve only
as a starting point; for both asset managers and manager-selection groups, quanti-
tative pitfalls abound. For manager pickers, survivorship bias (the tendency of
database providers to expunge the entire track record of products that shut down)
represents a significant drawback of manager databases. Furthermore, pure quanti-
tative screens fail to provide fundamental information about the investment man-
ager, the experience of the team, the team’s length of time at the firm, the depth of
firm resources, the ownership structure of the firm, and so forth. A returns-based
screen will also exclude information on how the track record was built—for exam-
ple, the assets under management.

These pitfalls speak to the need for a qualitative overlay to the screening
process. Often asset-management teams will qualitatively add and delete companies
from their screens based on their history with the management team, prior experi-
ence investing in the security, or industry knowledge. Similarly, the manager-selec-
tion process should allow for making subjective additions to the list and deletions
from the screened list of managers. Such qualitative overrides could derive from
any number of sources: There may be a new team from a different organization
taking over a bad track record that should be added to the list of managers. There
may be a manager with an outstanding track record that screened very well but lost
several key investment professionals and should therefore be eliminated from the
list. A great team with a solid track record might be housed within a parent com-
pany that the manager-selection team knows to be ineffective at retaining talent;
such a manager might be eliminated from the process. In summary, a good man-
ager-selection screening process, like a good asset-management investment process,
should take into account both observable, objective performance and risk criteria
and less formal but equally important qualitative considerations. Managers that
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meet these joint criteria receive a request for proposal (RFP) and become eligible to
proceed to the next phase of the investment process.

FUNDAMENTAL ANALYSIS

The heart of many traditional asset-management processes is fundamental analysis.
This stage becomes even more important when assessing asset managers, whose
strategic assets are the individuals managing the money and the processes they put
into place. The primary forum for fundamental analysis is the on-site meeting with
the manager.

The purpose of the on-site meeting is manifold. The selection team seeks 
to observe and absorb an organization’s physical setting, corporate culture,
quality of personnel, and, importantly, the quality of interpersonal relations and
communications.

A competent manager-selection team uses several techniques to arrive at a deep
understanding of these factors. First, all meetings should take place without the
presence of sales or marketing personnel. These individuals—particularly the
highly skilled ones—tend to redirect the conversation to highlight the manager’s
strengths or to “spin” or explain away its weaknesses. Speaking with individuals
one-on-one allows for a more candid, less directed discussion. Additional insight
comes from asking the same sets of questions to different individuals. Solid, healthy
organizations tend to generate very similar answers from different individuals,
whereas contrasting answers or angles often signify poor communications or polit-
ical undertones.

The roster of meetings is also important. Just as savvy asset-management ana-
lysts will meet with many individuals in a company (CEO, CFO, line managers,
etc.), the selection team should seek to meet not only the portfolio managers and
analysts, but, where applicable, the CEO, chief investment officer, director of re-
search, operations and technology personnel, and traders. In addition, young re-
cruits to the firm—often individuals straight out of college—tend to represent a
strong leading indicator of corporate health. In a strong firm, these individuals are
accomplished and motivated, and have a clear sense of their role and trajectory
within the organization. At less attractive firms, new hires tend to be less qualified,
shorter-term in their horizon, and less focused on broad firm-level issues. Meeting
with such people—from all parts of the organization—is an important piece in the
on-site mosaic.

The selection team should employ several other techniques during the on-site
visit. A view of the physical layout allows for inferences about communication, hi-
erarchy, and group culture. Similar inferences can be drawn by end-of-day sessions
with the entire investment team (as opposed to individuals) and by scheduling
meetings that run late in the day; leaving a firm at seven o’clock in the evening af-
fords an invaluable perspective on the work ethic of the firm. By asking the same
series of questions to portfolio managers and research analysts, the selection team
can assess the degree that similar investment philosophy and process has permated
the entire organization. Often identification of these small nuances can be attained
through an on-site visit to the organization.

The goal of the on-site visit is to ensure familiarity with both the overtones and
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the undertones of the corporate culture, structures, and processes. At the same
time, most managers will appreciate the care, effort, and time taken by a team that
mounts a significant effort; by day’s end, strong professional and network relation-
ships have been formed.

TRIANGULATION

The next step in manager evaluation is gathering information on the manager from
numerous external sources in order to compare and contrast stories from different
sources. Similar to the way a portfolio manager would conduct background checks
on a company through questioning customers, suppliers, and the competition, we
would also interview the competition (other portfolio managers with a similar in-
vestment style), customers (clients of the portfolio manager), and suppliers (sell-
side research analysts and corporate management). The objective is to gather facts
from various sources in order to confirm or refute a consistent positive pattern the
team has developed on a particular manager.

Competitors, while clearly biased in their viewpoints, often reveal pertinent in-
formation about their peers. This information must be used carefully due to the bi-
ases involved; however, at times this information can lead to meaningful insights.
For example, competitors will often have insight into whom they are seeing fre-
quently in finals and who is winning business. Competitors often know which firms
are losing talent and which firms are gaining it; they can also provide information
on which organizations are great breeding grounds for solid analysts.

Information from customers can take several forms. Savvy manager-selection
teams typically insist on reference checks from not only existing clients, but also
new clients and terminated clients. The type of reference check typically speaks vol-
umes about the manager under review. Managers who offer as references personal
friends in the business or individuals or entities that do not have a solid under-
standing of the manager typically do so for lack of better references. Higher-quality
reference checks would involve a seasoned professional with unique insights into
the manager under review. New clients have often recently completed the same type
of search currently being undertaken by the manager-selection team; as such, these
conversations tend to be very useful in understanding how the new client became
comfortable with the manager issues. Finally, terminated clients can at times be dif-
ficult to reach or may not be willing to offer much information, but every once in a
while there is very useful information embedded in the conversation. Consistency in
the information gathered is a key to identifying managers worth pursuing further,
and inconsistent information at this stage will help identify managers with signifi-
cant issues.

A third source of external “triangulation” information is the supplier com-
munity. When evaluating money managers, suppliers of information to portfolio
managers tend to consist of sell-side analysts and corporate management. Each
manager uses the sell side and corporate management to different degrees. No
two managers are the same in this regard, so one must be very careful to assign
the appropriate weight to these conversations. For example, a manager that uses
the sell side extensively and talks to brokers on a daily basis should be well re-
garded by the Street and should have excellent sell-side reference checks; lack of
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such references could signal a problem. If a portfolio manager rarely uses sell-side
research, such as a quantitative manager that relies on purely objective data or a
bottom-up manager that relies solely on its own research, he or she should be
able to provide excellent corporate management references. As always, one must
be cognizant of the biases imbedded in these views. Sell-side analysts may want to
direct new business to their largest client, and corporate management may have
similar interests in mind; for example, they may be quite favorable if a manager
own a large stake in their business.

QUANTITATIVE ANALYSIS

Most asset managers include quantitative modeling in their research—whether as
the backbone of the process (as for quantitative strategies) or as a crucial decision-
making input (as in traditional fundamental approaches). In either case, the quanti-
tative analysis provides a systematic framework for evaluating investment
opportunities on both a stand-alone and a comparative basis. A best-practices ap-
proach to manager selection involves the development of a comprehensive quanti-
tative package that is produced for each manager involved in the investment
process. Such a package provides an in-depth view of the manager from two key
perspectives: a point-in-time (current) snapshot and, crucially, a historical overview.

When a manager is selected to participate in a search, the RFP package
should include a request for monthly returns since inception and, importantly,
full monthly holdings since inception. This information is thoroughly analyzed
through multiple risk and style analysis systems. A thorough quantitative package
is four-dimensional in nature: It looks at managers on both a stand-alone and a
comparative basis, and it looks at managers during the current snapshot and over
the longer course of history. Along these dimensions, the following characteristics
should be examined:

� Returns-based attribution, not only by sector, but also by style, such as, in the
case of equities, market cap, price-earnings (P/E) ratio, dividend yield, price-
book (P/B) ratio, and earnings growth category.

� Factor attribution of returns, including security selection, factor exposures,
beta exposures, and sector exposures.

� Factor attribution of risk, including security selection, factor exposures, beta
exposures, and sector exposures.

� Returns-based analysis, including correlation studies, style exposures, draw-
down analysis, and upside/downside capture.

The manager-selection team is looking to identify consistency in the sources of
alpha generated by the manager under analysis. The quantitative package is devel-
oped in order to help pinpoint areas of weakness and strength in the process that
have filtered through to the portfolio’s results—for example, a manager whose five-
year track record is in the top quartile relative to peers, though 95 percent of the al-
pha generated came from one sector where the relevant research analyst has recently
left for a hedge fund. This example is clearly an exaggeration; however, the quantita-
tive package provides the manager-selection team with the data to dig very deep into
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historical drivers of performance, and allows the team to ask portfolio managers spe-
cific questions to better understand the degree to which the manager understands
these drivers and the risks taken within the portfolio to achieve success or failure over
a specific time period. The package ultimately serves as both a decisionmaking tool
and a historical benchmark for future manager performance and positioning.

INVESTMENT DECISION MAKING

The amount of information gathered throughout this process is massive, and one
can easily become lost in the minutiae of each manager evaluated. All managers
have positives and negatives associated with some part of the analysis; the goal is to
identify all issues, compare managers to an appropriate peer group, determine the
future risks, and evaluate whether those risks are worth the investment with the
manager. The ultimate goal is to identify managers that will provide clients with al-
pha over the next several years. There are a few important factors that deserve fo-
cus throughout the final decision-making process: the application of a quantitative
rating to all aspects of a firm, the involvement of several investment professionals in
the investment process and final decision making, and the encouragement of debate
among investment professionals on the merits and issues of each manager.

The rating of external managers should be standardized across each asset class
and subclass. By standardizing the key factors, the manager-selection team is able
to cross-fertilize ideas across teams (such as U.S. equities and international equities)
and undertake healthy cross-team debates on multi-asset-class organizations. Each
category should be assigned a rating—say, of 1 to 4. This scale would help to avoid
defaulting to an average rating and force investment professionals to rate managers
above or below the average for each category. Possible categories for rating include
organization, investment philosophy, investment process, portfolio manager, re-
search capabilities, risk management, robustness of product, user-friendliness, and
overall rating.

The categories suggested are all-encompassing in order to give a full picture of
an organization and pinpoint the areas of strength and areas of weakness or con-
cern. Each category should be fully defined in order to standardize the research
product for all managers. The investment process category, for example, could en-
tail some or all of the following subcategories:

� Sensible investment process:
Vis-à-vis investment philosophy.
Vis-à-vis makeup of team, organization.

� Idea generation:
Screens.
Access to Street research.
Network—corporate management.

� Quality of research:
Models.
Company evaluation criteria.
Access to management.
Access to and utilization of tools.
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� Effective communication between various parties:
Are the best ideas getting into the portfolio?
Is the process working effectively and efficiently?

� Consistency in approach.
� Sell discipline.

These subcategories need not be individually rated but rather help the team keep
the appropriate framework in mind as a rating is assigned.

Each investment professional involved in a particular manager review or search
should determine his or her ratings independently. A larger investment meeting
should be held to debate the final rating of each category for each manager in-
volved in the search process. A typical investment meeting should be intense, in-
vestment-oriented, and open to vigorous debate. Such meetings could take as long
as one full day and are rarely shorter than four hours.

CONCLUSIONS

The asset management approach to manager selection imparts many benefits, both
tangible and intangible, to the manager-selection team. First and foremost, it pro-
vides a systematic, results-driven framework in which to pursue strong investment
results for clients. In addition, this approach provides ancillary and mutually rein-
forcing benefits, including:

� Strong relationships and open access to money managers who are appreciative
of and familiar with the investment approach.

� Enhanced information networks via multiple “touch-point” contacts in each
organization.

� Promotion of a dynamic investment-management culture within the manager-
selection team; this culture in turn helps to attract and retain outstanding in-
vestment professionals within the manager selection group.

� A philosophy that lends itself to an asset-management business structure, in
which payment is based on assets and performance rather than a consulting-style
retainer fee. This structure, in turn, aligns the interests of the manager-selection
group and the client.

� A daily, asset-management-like perspective on manager monitoring, which
in turn drives greater manager knowledge and, ultimately, improved invest-
ment results.

For any asset-management business—including one in which the assets being
managed are investment portfolios—this last benefit is perhaps the most important
from a commercial and client-satisfaction standpoint.
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CHAPTER 22
Investment Program Implementation:

Realities and Best Practices
J. Douglas Kramer

The structuring of a thoughtful investment program is a time-consuming and com-
plex task that requires not only the adherence to sound theoretical investment

philosophy described throughout this book but also the navigation of practical real-
ities during implementation. This chapter will address the interrelationship among
the following practical issues: How does the size of an investment program impact
the ability to implement investment policy? How should investors think about fees?
What are the most cost-efficient methods to rebalance or transition managers?
What are the real risks of asset allocation drift? In the context of those risks, how
often should investors rebalance their asset allocation and manager lineup?

The size of an investment program is the single largest determinant of how an
investment program can be implemented. Most significantly, the size of the plan can
have a material impact on the distribution of risk in an investment program. Fur-
thermore, plan size has a significant role in determining not only manager selection
but also how funds will be invested with the managers: direct separate accounts or
commingled vehicles (e.g., mutual funds, partnerships, etc.). Lastly, plan size deter-
mines the economies of scale and hence investors must adjust their implementation
choices according to plan size in order to maximize after-fee total rate of return.

Classifying investment plans into four sizes facilitates the discussion of the im-
pact of plan size on implementation.1

1. Superlarge programs: >$10 billion.
2. Large programs: $1 billion to $10 billion.
3. Medium-size programs: $100 million to $1 billion.
4. Small programs: <$100 million.

407

1Please note that the following discussion applies generally to institutional portfolios. Indi-
vidual investors should consider the concepts discussed throughout this chapter taking into
consideration the issues of taxes, financial planning, and trust and estate work, as well as
other idiosyncratic needs.



PLAN SIZE: IMPLEMENTATION IMPACT ON RISK

The size of an investment plan can have a significant impact on the distribution of
risk within the overall portfolio. The two main classes of investment risk we will
address in this context are market risk (i.e., benchmark risk) and active manage-
ment risk (see Chapter 13).

In the context of market risk, the size of a plan has historically had a material
impact on which asset classes have been available for investment. Typically, smaller
plans have had less diversification at the asset class level, limiting their investments
to traditional domestic equity and bonds. In the context of Chapters 25 to 28, we
recommend that smaller plans diversify into new and alternative asset classes to im-
prove risk-adjusted returns. Additionally, the proliferation of commingled vehicles
has provided smaller-program investors with access to asset classes that previously
have not been available. Asset classes that are typically overlooked by the smaller
plans include: real estate, high-yield bonds, international equities, emerging market
equities and fixed income, hedge funds, and private equity. Many investors and in-
vestment committees at the smaller end of the size spectrum feel obligated to use
separate accounts to prove their active customized fiduciary oversight role. The
problem with this practice is that separate account fees on small accounts are typi-
cally quite expensive, which leads investment committees to overallocate capital to
individual managers in order to hit fee break points and account minimums at the
expense of good diversified investment policy. The risk associated with this practice
at the smaller end of the size spectrum is the resulting concentration of active man-
ager risk.

Concentrated active management risk can result from too few active man-
agers, in many cases one per asset class. The subsequent lack of diversification of
active manager risk at the total portfolio level can reduce the expected total re-
turn by limiting the plan’s comfort with concentrated, potentially high-return
managers. While there is nothing inherently wrong with significant active man-
agement risk, investors and investment committees recognize that unlike market
risk, active risk creates a divergence of their performance from that of their peers.
This peer risk generally leads plans to feel comfortable with between 100 and 300
basis points of active risk, an amount that does not significantly increase the
volatility of total plan returns.

In the context of Chapters 13 and 14, we discussed the importance of creat-
ing an overall risk budget with the key objective of diversifying active manage-
ment risk. Given the relatively small appetite for active risk of most plans, it is
important to try to create as much return as possible per unit of active risk. It is
especially important at the smaller end of the program size spectrum to make sure
active management risks are desired, understood, monitored, and adequately di-
versified during implementation.

On the other end of the size spectrum, large and superlarge plans typically
have sophisticated internal and external investment resources to create complex
diversified portfolio structures. Larger plans may appear properly diversified
across asset classes on paper but have significant implementation challenges.
One of the biggest challenges to larger plans is finding enough complementary
high-quality managers to implement policy in smaller-capitalization and high-
transaction-cost asset classes.
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As the investment program’s asset allocation and risk budget are developed,
it is commonplace to see the largest plans investing as much as 5 percent to high-
yield bonds, 5 percent to publicly traded real estate, 5 to 10 percent to small-
capitalization stocks, and 5 percent to emerging-market equities—all classic
lower-capitalization, lower-capacity, and high-transaction-cost asset classes. In
Chapter 21, we discussed the importance of investment managers capping prod-
uct capacity in these asset classes in order to maintain product quality. Because
of the low capacity of high-quality products, a $10 billion plan could need two
or three high-yield managers, two or three real estate investment trust (REIT)
managers, five to seven small-capitalization managers, and two or three emerg-
ing-market equity managers in order to be fully invested in the asset class.

The tension between the need to implement an asset allocation and the lack of
high-quality supply to implement the asset allocation creates significant manager
selection work. Many times, this supply/demand imbalance causes the number of
managers in the largest plans to be significant. As the number of managers in the
plan increases, so does the diversification of active management risk. While on the
surface this sounds attractive, in the largest plans with significant numbers of active
managers across asset classes the benefit of diversification must be balanced against
the risk of hiring lower-quality managers as well as the increased costs associated
with higher numbers of active managers.

As discussed in Chapters 12 and 13, investors should construct portfolios so
that the correlation of excess returns among managers works to reduce active risk
to acceptable levels. However, in the largest plans where the number of managers
is highest due to the aforementioned reasons, the marginal opportunities to re-
duce risk are dampened by the sheer number of managers and the ensuing diversi-
fication. Outlined in Figure 22.1 is an example of how large plans get marginally
less diversification benefit (i.e., lower tracking error) from adding new managers
to the plan.

As discussed in Chapter 13, investors overseeing the largest plans must be vigi-
lant in their demand for and monitoring of risk-budgeted tracking error. Active
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managers earn fees for the excess return that they are expected to create, and gener-
ation of excess return requires risk taking. In the context of an overall portfolio,
each manager must generate enough tracking error to create excess return, but not
so much that it leads to a concentration of risk that reduces the plan’s ability to add
other sources of excess return or degradation of their information ratios.

PLAN SIZE: IMPLEMENTING SEPARATE ACCOUNTS 
VERSUS COMMINGLED VEHICLES

Plan size has a significant impact on what type of investment vehicle should be
considered for an investment program. Logically, the largest, most sophisticated
programs typically use separate accounts to implement investment policy, as their
large asset size gives them access and fee scale to the most sophisticated invest-
ment managers.

Furthermore, separate accounts facilitate customization, allowing investors to
specify custom guidelines. Many investors think about guideline customization in
the context of sector exposures (e.g., exposure to Japan must be ±10 percent
around benchmark) or social restrictions (e.g., no sin stocks). However, there are
other important examples of customization. For example, in certain contexts one of
the key benefits of a separate account is that investors can specify customized track-
ing error targets in the investment guidelines. While most managers have a stan-
dard process that leads to a given tracking error and we are not advocating
changing a manager’s inherent investment philosophy, we are highlighting how sep-
arate accounts allow for hands-on specification of risk parameters that in some
cases will allow a manager to dial up or down risk. Such adjustments are not avail-
able to investors who participate in commingled vehicles. Consistent with the need
to create a thoughtful overall risk budget, separate accounts can allow for adjusting
manager risk so that the total mix optimizes return in the context of the overall bal-
anced risk budget.

Customization has its implementation drawbacks, however. Specifically, large
numbers of separate accounts require significant oversight, as each manager must
be monitored on a stand-alone basis and in the context of the overall plan. This
oversight, described in detail in Chapter 15, requires significant human and techno-
logical resources. Moreover, asking a manager to create a customized product that
is not a standard part of his or her process can create implementation risks on the
part of the manager.

For those plans that do not have the resources to select and monitor a large
number of investment managers there is an abundance of commingled vehicles that
provide different kinds of investment solutions. The simplest commingled vehicles
are single-manager mutual funds that provide investors, especially small and
medium-size programs, with access to high-quality active management. It is impor-
tant for investors in these mutual funds to understand the fund’s objectives, guide-
lines, and benchmark. Similar to separate accounts, mutual fund performance can
be measured in the context of excess return, tracking error, and information ratio.
These statistics can, in turn, be included in the program’s risk budget. Single-
manager mutual funds are not just for smaller plans; many medium and large plans
use mutual funds to cost-effectively satisfy allocation to smaller asset classes. One
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drawback, however, of the mutual fund approach is that, as previously mentioned,
smaller programs that invest in one single-manager mutual fund per asset class tend
to have a higher concentration of active management risk in the overall plan. An-
other drawback is the requirement to monitor the manager’s performance, style
consistency, risk, and so forth.

In response to these issues that exist in single-manager mutual funds, there now
exist a number of commingled vehicles in the marketplace that combine managers
together to diversify active management. These commingled vehicles, known as
multimanager portfolios, combine managers usually in the same asset class and/or
style (e.g., large-cap value, high-yield fixed income) and are actively managed by a
sponsor. The sponsor assumes fiduciary oversight of the portfolio and can actively
fire and hire managers within the vehicle. Multimanager portfolios provide in-
vestors with access to a more diversified set of managers all within the same vehicle.

Best practice in multimanager portfolio construction attempts to maximize the
expected return per unit of risk of the portfolio, which requires not only under-
standing manager style, but also risk budgeting and the quantitative monitoring of
return volatilities and correlations across managers. Many multimanager portfolios
in the marketplace are not created with this precision or risk monitoring, but rather
they are created by marketing organizations that market access to a combination of
well-known investment management brands. While multimanager portfolios can
provide access to good managers, the improper combination of managers can result
in a concentrated risk profile that detracts from expected excess returns. Impor-
tantly, multimanager portfolios are not just for smaller and medium-plans. Larger
plans can use multimanager portfolios in certain asset classes to streamline their in-
vestment process by outsourcing manager selection and portfolio construction
within the multimanager portfolio, thus allowing the investment team to focus on
areas where they have relevant expertise or interest. Additionally, many investment
teams use multimanager portfolio where the investment process is more complex or
less well known and where the asset class is complex, volatile, or less mature than
other asset classes. As with single-manager mutual funds, investors can use the
portfolio level excess return, tracking error, and information ratio targets as inputs
into the overall risk budget.

PLAN SIZE: COSTS

While the level of costs associated with running an investment program can vary
dramatically based on the size of the program, the categories of cost are predomi-
nately the same. Investment programs create costs from:

� Investment management—the costs paid directly to those managing the
portfolio.

� Custody—the costs paid to the custodian bank for holding the assets.
� Transaction costs—the costs paid to brokers and intermediaries for providing

liquidity.
� Administration—the costs paid to the CFO, pension fund oversight depart-

ment, consultants, lawyers, accountants, transfer agents, payment agents, tech-
nology, and so on.
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Smaller programs typically do not have the economies of scale to efficiently ad-
dress each category of cost and hence need to pool assets with other plans through
the use of commingled vehicles in order to prevent costs from significantly detract-
ing from performance. While most of this expense control for smaller plans is intu-
itive, one underestimated benefit from the use of commingled vehicles is reduced
transaction costs for larger plans. Some asset classes are very illiquid and hence
have very high transaction costs. If there are significant cash flows in the investment
program, a single manager with concentrated positions can incur very significant
transaction costs from market impact. In this context commingled vehicles spread
the capital more widely and can reduce the market impact on individual securities.

In addition to the use of commingled vehicles to reduce costs, large programs
have other tools at their disposal. In the course of an investment program there will
always be manager transitions due to asset allocation changes as well as the hiring
and firing of investment managers. The movement of dollars among asset classes or
managers creates significant transaction costs that can and should be managed. For
example, terminating Large Cap Value Manager A in favor of Large Cap Value Man-
ager B creates significant portfolio transactions during the transition. While there is
most likely holdings overlap and those securities can be transferred in-kind, there will
be a significant portion of the portfolio that needs to be sold and new securities to be
purchased. If the new manager simply sold unwanted securities on the open market,
the portfolio would be subject to commissions and, depending on the liquidity in the
market, significant price impact (i.e., selling/buying in a lower-liquidity stock, causing
poor price execution). Medium to superlarge plans have service providers available
that can help reduce these costs. Specifically, programs can employ transition man-
agement firms to help them reduce costs during portfolio changes.

Transition managers provide access to centralized pools of cheap liquidity
where buyers and sellers come together to communally reduce transaction costs.
Transition managers reduce costs by crossing assets among contributors, thus not
exposing transactions to the open market. Not all assets in a portfolio can be
crossed within the transition pool, and hence some open-market transactions are
required. However, in aggregate, utilizing a transition manager’s crossing network
can significantly reduce transition costs.

ASSET ALLOCATION DRIFT AND COMPLETION MANAGEMENT2

In a large plan with many specialized managers, unintentional asset allocation risk
is often quite large. While there are many activities that create unintentional asset
allocation risk, the first and most important is drift. Drift occurs when the value of
underlying portfolio holdings moves away from the strategic benchmark due to dif-
ferences in asset class returns and the fact that fixed benchmark weights reset at the
end of every month.3 For example, imagine a 60 percent stock/40 percent bond
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3If left unspecified, multi-asset-class benchmarks reset to their fixed proportions at the same
frequency as performance is reported, typically monthly. Increasingly, clients are specifying
that benchmark weights drift with asset valuations over longer horizons, permitting bench-
mark reset frequencies such as quarterly, semiannually or annually.



portfolio of index funds that is exactly at benchmark at the end of one month. If
stocks outperform bonds by 4 percent over the next month—approximately a one
standard deviation event—at the end of the month its new allocation will be 60.9
percent/39.1 percent.4 This 0.9 percent mismatch equals about 0.19 percent of un-
intentional tracking error to the strategic benchmark.

Naturally, the risk in drift increases in the time between rebalances. Table 22.1
shows the average unintentional drift risk from different rebalance frequencies
based on historical simulations. On average, plans that rebalance once a quarter
experience 0.22% drift risk, while those rebalancing only once a year incur 0.40%
in unintentional risk. This assumes that the underlying asset returns are the same as
the benchmark. Actively managed underlying assets will cause even larger devia-
tions and drift risk.

Even worse, the drift risk is the worst kind of risk because it is highly corre-
lated with the strategic benchmark. In the previous example, that 0.19 percent of
tracking error translates into a 0.17 percent increase in total portfolio volatility.
Such an increase in volatility is equivalent to a 200 basis point increase in uncorre-
lated active risk on the total portfolio. In other words, the drift from a rather typi-
cal one-month return on stocks and bonds has the same impact on total risk of the
plan as the entire active risk budget for an average plan!

Table 22.2 demonstrates the significance of the correlation between drift and
benchmark risk. We simulated returns for an aggressive U.S. plan with a large pool
of active managers and fixed benchmark weights for U.S. large-cap, mid-cap, and
small-cap stocks, international stocks, U.S. bonds, and international bonds.5 We
found that rebalancing only once per quarter meant that 14 percent of the time the
absolute return from unintentional drift exceeded the absolute return from inten-
tional active risk. Rebalancing only once per year increased the frequency to an as-
tounding 39 percent of the time.

When hearing this, our clients sometimes ask whether there is any additional
return to intentionally following a drift strategy, in spite of the clear increase in
risk. Although not rebalancing might be thought of as an asset class momentum
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4For this example, we assume annual stock and bond volatilities are 20 percent and 5 per-
cent, and that stock–bond correlation is 0.1.
5Example was based on an existing client. Their benchmark is 32 percent U.S. large-cap, 12
percent U.S. mid-cap, 14 percent U.S. small-cap, 17 percent international equity, 15 percent
U.S. bonds, and 10 percent international bonds. The example assumes 26 individual man-
agers across these six asset classes with active risk averaging approximately 9 percent for
each equity manager and 2.5 percent for each bond manager.

TABLE 22.1 Average Unintentional Drift Risk

Rebalance Frequency Annualized Drift Risk

Quarterly 0.22%
Semiannually 0.27
Annually 0.40
Biannually 0.70



strategy, the returns to the strategy appear to be zero or slightly negative. Across
hundreds of simulations for a variety of benchmarks and rebalance frequencies, we
find the average return is about –5 basis points per year.

But these averages mask the highly visible and important periods where asset
allocation drift is much worse. Consider a 60/40 plan with no asset allocation
drift at the beginning of 1987. This plan would have entered October 1987 with
a 7 percent stock overweight, resulting in an additional 1.4 percent loss in Octo-
ber 1987. The Long Term Capital Management (LTCM) blowup of 1998 and
September 11, 2001, events created similar impacts on portfolio performance
from not rebalancing.

Of course, drift risk isn’t the only cause of asset allocation risk. Cash sitting in
managers’ accounts, currency deviations driven by stock selection activities, and
manager or benchmark transitions also create unintentional risk that is frequently
left unmanaged.

The solution to controlling these risks for larger plans is a completion manager.
A completion manager coordinates the portfolio’s overall asset allocation and is
charged with explicitly minimizing unintentional asset allocation risk. Complex
schemes with frequent cash flows may use their custodian as a specialized comple-
tion manager given their proximity to the information flows in the portfolio.

The ideal method for implementing a completion strategy is through liquid eq-
uity index futures, bond index futures, and currency forwards. This approach is op-
timal due to the ease of trading and low transaction costs. Currently, there are
approximately 40 global index securities that are liquid enough for completion
strategies. To indicate the magnitude of cost savings, for a normal trade size of $5
million, the cost of trading equity index futures is approximately 90 percent less
than an equivalent trade in physicals. These derivatives also make it possible to
manage the completion portfolio with limited capital due to the minimal margin
and collateral requirements. (See Chapter 25 for further discussion on futures im-
plementation issues.)

These arguments strongly favor the use of liquid derivatives to implement a
completion strategy, but a rebalance strategy may also be implemented using cash
instruments, with a natural reduction in efficiency. For example, some institutions
use so-called “swing” portfolios.6 A swing portfolio generally requires a substantial
carve-out, often 10 to 20 percent of the overall portfolio. This capital is typically
invested in index funds to bring the overall portfolio back toward its strategic
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TABLE 22.2 Simulated Returns for Aggressive U.S. Plan

Frequency That Absolute Return from 
Rebalance Frequency Drift Exceeds Absolute Active Return

Quarterly 14%
Semiannually 24
Annually 39
Biannually 50

6The swing portfolio approach is much more common in Japan than in the United States.



benchmark, reallocating as needed. The availability of index funds, the cost of trad-
ing the funds, as well as the size of the swing portfolio all determine the efficacy of
a cash-implemented swing portfolio.

Implementing a sound investment plan requires adherence to a well-designed
investment policy. Well-designed investment policies require not only a good acade-
mic framework but also navigating the practical realities described in this chapter
during implementation.
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CHAPTER 23
Equity Portfolio Management

Andrew Alford, Robert Jones, and Terence Lim

OVERVIEW

Equity portfolio management (EPM) has evolved considerably since Benjamin Gra-
ham and David Dodd published their classic text on security analysis in 1934. For
one, the types of stocks available for investment have shifted dramatically, from
companies with mostly physical assets (such as railroads and utilities) to companies
with mostly intangible assets (such as technology stocks and pharmaceuticals).
Moreover, Modern Portfolio Theory and the Capital Asset Pricing Model, in con-
junction with new data sources and powerful computers, have revolutionized the
way investors select stocks and create portfolios. Consequently, what was once
mostly an art is increasingly becoming a science: Loose rules of thumb are being re-
placed by rigorous research and complex implementation.

Of course, these new advances, while greatly expanding the frontiers of fi-
nance, have not necessarily made it any easier for portfolio managers to beat the
market. In fact, the increasing sophistication of the average investor has probably
made it more difficult to find—and exploit—pricing errors.1 There are no sure bets,
and mispricings, when they occur, are rarely both large and long lasting. Successful
managers must therefore constantly work to improve their existing strategies and
to develop new ones. Understanding fully the equity management process is essen-
tial to accomplishing this challenging task.

These new advances, unfortunately, have also allowed some market partici-
pants to stray from a sound investment approach. It is now easier than ever for
portfolio managers to use biased, unfamiliar, or incorrect data in a flawed strategy,
one developed from untested conjecture or haphazard trial and error. Investors,
too, must be careful not to let the abundance of data and high-tech techniques dis-
tract them when allocating assets and selecting managers. In particular, investors
should not allow popular but narrow rankings of short-term performance to ob-
scure important differences in portfolio managers’ style exposures or investment
processes. To avoid these pitfalls, it helps to have a solid grasp of the constantly ad-
vancing science of equity investing.
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This chapter provides an overview of EPM aimed at current and potential in-
vestors, analysts, investment consultants, and portfolio managers. We begin with a
discussion of the two major approaches to EPM: the traditional approach and the
quantitative approach. The remaining sections of the chapter are organized
around four major steps in the investment process: (1) forecasting the unknown
quantities needed to manage equity portfolios—returns, risks, and transaction
costs; (2) constructing portfolios that maximize expected risk-adjusted return net
of transaction costs; (3) trading stocks efficiently; and (4) evaluating results and
updating the process.

These four steps should be closely integrated: The return, risk, and transaction
cost forecasts, the approach used to construct portfolios, the way stocks are traded,
and performance evaluation should all be consistent with one another. A process
that produces highly variable, fast-moving return forecasts, for example, should be
matched with short-term risk forecasts, relatively high transaction costs, frequent
rebalancing, aggressive trading, and short-horizon performance evaluation. In con-
trast, stable, slower-moving return forecasts can be combined with longer-term risk
forecasts, lower expected transaction costs, less frequent rebalancing, more patient
trading, and longer-term evaluation. Mixing and matching incompatible ap-
proaches to each part of the investment process can greatly reduce a manager’s abil-
ity to reap the full rewards of an investment strategy.

A well-structured investment process should also be supported by sound eco-
nomic logic, diverse information sources, and careful empirical analysis that to-
gether produce reliable forecasts and effective implementation. And, of course, a
successful investment process should be easy to explain; marketing professionals,
consultants, and investors all need to understand a manager’s process before they
will invest in it.

TRADITIONAL AND QUANTITATIVE APPROACHES TO EPM

At one level, there are as many ways to manage portfolios as there are portfolio
managers. After all, developing a unique and innovative investment process is one
of the ways managers distinguish themselves from their peers. Nonetheless, at a
more general level, there are two basic approaches used by most managers: the tra-
ditional approach and the quantitative approach. Although these two approaches
are often sharply contrasted by their proponents, they actually share many traits.
Both apply economic reasoning to identify a small set of key drivers of equity val-
ues; both use observable data to help measure these key drivers; both use expert
judgment to develop ways to map these key drivers into the final stock-selection de-
cision; and both evaluate their performance over time. What differs most between
traditional and quantitative managers is how they perform these steps.

Traditional managers conduct stock-specific analysis to develop a subjective as-
sessment of each stock’s unique attractiveness. Traditional managers talk with se-
nior management; closely study financial statements and other corporate
disclosures; conduct detailed, stock-specific competitive analysis; and usually build
spreadsheet models of a company’s financial statements that provide an explicit
link between various forecasts of financial metrics and stock prices. The traditional
approach involves detailed analysis of a company and is often well equipped to
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cope with data errors or structural changes at a company (e.g., restructurings or ac-
quisitions). However, because the traditional approach relies heavily on the judg-
ment of analysts, it is subject to potentially severe subjective biases such as selective
perception, hindsight bias, stereotyping, and overconfidence that can reduce fore-
cast quality.2 Moreover, the traditional approach is costly to apply, which makes it
impracticable for a large investment universe comprising many small stocks. The
high cost and subjective nature also make it difficult to evaluate, because it is hard
to create the history necessary for testing. Testing an investment process is impor-
tant because it helps to distinguish factors that are reflected in stock prices from
those that are not. Only factors that are not yet impounded in stock prices can be
used to identify profitable trading opportunities. Failure to distinguish between
these two types of factors can lead to the familiar “good company, bad stock”
problem in which even a great company can be a bad investment if the price paid
for the stock is too high.3

Quantitative managers use statistical models to map a parsimonious set of
measurable factors into objective forecasts of each stock’s return, risk, and cost of
trading. The quantitative approach formalizes the relation between the key factors
and forecasts, which makes the approach transparent and largely free of subjective
biases. Quantitative analysis can also be highly cost-effective. Although the fixed
costs of building a robust quantitative model are high, the marginal costs of apply-
ing the model, or extending it to a broader investment universe, are low. Conse-
quently, quantitative portfolio managers can choose from a large universe of
stocks, including many small and otherwise neglected stocks that have attractive
fundamentals. Finally, because the quantitative approach is model-based, it can be
tested historically on a wide cross section of stocks over diverse economic environ-
ments. While quantitative analysis can suffer from specification errors and overfit-
ting, analysts can mitigate these errors by following a well-structured and
disciplined research process.

On the negative side, quantitative models can be misleading when there are bad
data or significant structural changes at a company (i.e., “garbage in, garbage
out”). For this reason, most quantitative managers like to spread their bets across
many names so that the success of any one position will not make or break the
strategy. Traditional managers, conversely, prefer to take fewer, larger bets given
their detailed hands-on knowledge of the companies and the high cost of analysis.
A summary of the major advantages of each approach to equity portfolio manage-
ment is presented in Table 23.1.4 Given that our expertise is quantitative equity
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2For a discussion of the systematic errors in judgment and probability assessment that people
frequently make, please see Kahneman, Slovic, and Tversky (1982).
3For a good discussion of the traditional approach, please see White, Sondhi, and Fried
(1998).
4For an excellent comparison of clinical (traditional) and actuarial (quantitative) decision
analysis, please see Dawes, Faust, and Meehl (1989). They find clinical analysts do a good
job identifying a set of relevant factors, but actuarial analysts do a better job assigning
weights to each of several factors. For a comparison of traditional and quantitative portfolio
managers, please see Jones (1998).



management, we will primarily apply a quantitative framework for describing the
EPM process in the rest of this chapter.

FORECASTING STOCK RETURNS, RISKS, AND TRANSACTION COSTS

Developing good forecasts is the first and perhaps most critical step in the invest-
ment process. Without good forecasts, the difficult task of forming superior port-
folios becomes nearly impossible. In this section we discuss how to use a
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TABLE 23.1 Major Advantages of the Traditional and Quantitative Approaches to
Equity Portfolio Management

Traditional Approach
Depth Although they have views on fewer companies, traditional 

managers tend to have more in-depth knowledge of the 
companies they cover. Unlike a computerized model, they should 
know when data are misleading or unrepresentative.

Regime shifts Traditional managers may be better equipped to handle regime 
shifts and recognize situations where past relationships might 
not be expected to continue (e.g., where back tests may be 
unreliable).

Signal identification Based on their greater in-depth knowledge, traditional managers 
can better understand the unique data sources and factors that 
are important for stocks in different countries or industries.

Qualitative factors Many important factors that may affect an investment decision are 
not available in any database and are hard to evaluate 
quantitatively. Examples might include: management and their 
vision for the company; the value of patents, brands, and other 
intangible assets; product quality; or the impact of new 
technology.

Quantitative Approach
Breadth Because a computerized model can quickly evaluate thousands of 

securities and can update those evaluations daily, it can uncover 
more opportunities. Further, by spreading their risk across many 
small bets, quantitative managers can add value with only 
slightly favorable odds.

Discipline While individuals often base decisions on only the most salient or 
distinctive factors, a computerized model will simultaneously 
evaluate all specified factors before reaching a conclusion.

Verification Before using any signal to evaluate stocks, quantitative managers 
will normally back test its historical efficacy and robustness. This 
provides a framework for weighting the various signals.

Risk management By its nature, the quantitative approach builds in the notion of 
statistical risk and can do a better job of controlling unintended 
risks in the portfolio.

Lower fees The economies of scale inherent in a quantitative process usually 
allow quantitative managers to charge lower fees.



quantitative approach to generate forecasts of stock returns, risks, and transaction
costs. These forecasts are then used in the portfolio construction step described in
the next main section.5

Forecasting Returns

The process of building a quantitative return-forecasting model can be divided into
four closely linked steps: (1) identifying a set of potential return forecasting vari-
ables, or signals; (2) testing the effectiveness of each signal, by itself and together
with other signals; (3) determining the appropriate weight for each signal in the
model; and (4) blending the model’s views with market equilibrium to arrive at rea-
sonable forecasts for expected returns.

Identifying a list of potential signals might seem like an overwhelming task; the
candidate pool can seem almost endless. To narrow the list, it is important to start
with fundamental relationships and sound economics. Reports published by Wall
Street analysts and books about financial statement analysis are both good sources
for ideas. Another valuable resource is academic research in finance and account-
ing. Academics have the incentive and expertise to identify and carefully analyze
new and innovative information sources. Academics have studied a large number of
stock price anomalies, and Table 23.2 lists several that have been adopted by in-
vestment managers.

For portfolio managers intent on building a successful investment strategy, it is
not enough to simply take the best ideas identified by others and add them to the
return-forecasting model. Instead, each potential signal must be thoroughly tested
to ensure it works in the context of the manager’s strategy across many stocks and
during a variety of economic environments. The real challenge is winnowing the
list of potential signals to a parsimonious set of reliable forecasting variables.
When selecting a set of signals, it is a good idea to include a variety of variables to
capture distinct investment themes, including valuation, momentum, and earnings
quality. By diversifying over information sources and variables, the portfolio man-
ager has a good chance that if one signal fails to add value another will be there to
carry the load.

When evaluating a signal, it is important to make sure the underlying data used
to compute the signal are available and largely error free. Checking selected obser-
vations by hand and screening for outliers or other influential observations is a use-
ful way to identify data problems. It is also sometimes necessary to transform a
signal—for instance, by subtracting the industry mean or taking the natural loga-
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5Some portfolio managers do not develop explicit forecasts of returns, risks, and transaction
costs. Instead, they map a variety of individual stock characteristics directly into portfolio
holdings. However, there are limitations with this abbreviated approach. Because the returns
and risks corresponding to the various characteristics are not clearly identified, it is difficult
to ensure the weights placed on the characteristics are appropriate. Further, measuring risk
at the portfolio level is awkward without reliable estimates of the risks of each stock, espe-
cially the correlations between stocks. Similarly, controlling turnover is hard when returns
and transaction costs are not expressed in consistent units. And, of course, it is difficult to
explain a process that occurs in one magical step.



rithm—to improve the “shape” (i.e., symmetry) of the distribution. To evaluate a
signal properly, both univariate and multivariate analysis is important. Univariate
analysis provides evidence on the signal’s predictive ability when the signal is used
alone, whereas multivariate analysis provides evidence on the signal’s incremental
predictive ability above and beyond other variables considered. For both univariate
and multivariate analysis, it is wise to examine the returns to a variety of portfolios
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TABLE 23.2 Selected Stock Price Anomalies Used in Quantitative Models

Growth/value: Value stocks (high book/price, earnings/price, cash flow/price) outperform
growth stocks (low B/P, E/P, CF/P).

Fama and French (1992)
Lakonishok, Shleifer, and Vishny (1994)
Dechow and Sloan (1997)
LaPorta, Lakonishok, Shleifer, and Vishny (1997)
Daniel and Titman (1997)
Fama and French (1998)

Post-earnings-announcement drift: Stocks that announce earnings that beat expectations
outperform stocks that miss expectations.

Foster, Olsen, and Shevlin (1984)
Rendleman, Jones, and Lutane (1982)
Bernard and Thomas (1989)
Bernard and Thomas (1990)
Collins and Hribar (2000)

Short-term price reversal: One-month losers outperform one-month winners.

Jegadeesh (1990)
Lo and MacKinlay (1990)

Intermediate-term price momentum: Six-month to one-year winners outperform losers.

Jegadeesh and Titman (1993)
Chan, Jegadeesh, and Lakonishok (1996)
Rouwenhorst (1998b)
Hong, Lim, and Stein (2000)
Grundy and Martin (2001)
Jegadeesh and Titman (2001)

Earnings quality: Stocks with cash earnings outperform stocks with noncash earnings.

Sloan (1996)
Collins and Hribar (2000)

Analyst earnings estimates and stock recommendations: Changes in analyst stock
recommendations and earnings estimates predict subsequent stock returns.

Stickel (1991)
Bercel (1994)
Womack (1996)
Francis and Soffer (1997)
Barber, Lehavy, McNichols, and Trueman (2001)



formed on the basis of the signal. Sorting stocks into quintiles or deciles is popular,
as is regression analysis, where the coefficients represent the return to a portfolio
with unit exposure to the signal. These portfolios can be equal-weighted, cap-
weighted, or even risk-weighted depending on the model’s ultimate purpose. Fi-
nally, the return forecasting model should be tested using a realistic simulation that
controls the target level of risk, takes account of transaction costs, and imposes ap-
propriate constraints (e.g., the non-negativity constraint for long-only portfolios).
In our experience, many promising return-forecasting signals fail to add value in re-
alistic back tests—either because they involve excessive trading; work only for
small, illiquid stocks; or contain information that is already captured by other com-
ponents of the model.

The third step in building a return-forecasting model is determining each sig-
nal’s weight. When computing expected returns, more weight should be put on
signals that, over time, have been more stable, generated higher and more consis-
tent returns, and provided superior diversification benefits. Maintaining exposures
to signals that change slowly requires less trading, and hence lower costs, than is
the case for signals that change rapidly. Other things being equal, a stable signal
(such as the ratio of book-to-market equity) should get more weight than a less
stable signal (such as one-month price reversal). High, consistent returns are essen-
tial to a profitable, low-risk investment strategy; hence, signals that generate high
returns with little risk should get more weight than signals that produce lower re-
turns with higher risk. Finally, signals with more diversified payoffs should get
more weight because they can hedge overall performance when other signals in the
model perform poorly.

The last step in forecasting returns is to make sure the forecasts are reasonable
and internally consistent by comparing them with equilibrium views. Return fore-
casts that ignore equilibrium expectations can create problems in the portfolio con-
struction step. Seemingly reasonable return forecasts can cause an optimizer to
maximize errors rather than expected returns, producing extreme, unbalanced
portfolios. The problem is caused by return forecasts that are inconsistent with the
assumed correlations across stocks. If two stocks (or subportfolios) are highly cor-
related, then the equilibrium expectation is that their returns should be similar; oth-
erwise, the optimizer will treat the pair of stocks as a (near) arbitrage opportunity
by going extremely long the high-return stock and extremely short the low-return
stock. However, with hundreds of stocks, it is not always obvious whether certain
stocks, or combinations of stocks, are highly correlated and therefore ought to have
similar return forecasts. The Black-Litterman model was specifically designed to al-
leviate this problem. It blends a model’s raw return forecasts with equilibrium ex-
pected returns—which are the returns that would make the benchmark optimal for
a given risk model—to produce internally consistent return forecasts that reflect the
manager’s (or model’s) views yet are consistent with the risk model. (For a discus-
sion of how to use the Black-Litterman model to incorporate equilibrium views
into a return-forecasting model, please see Chapter 7.)

Forecasting Risks

In a portfolio context, the risk of a single stock is a function of the variance of its
returns, as well as the covariances between its returns and the returns of other
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stocks in the portfolio. The variance-covariance matrix of stock returns, or risk
model, is used to measure the risk of a portfolio. For EPM, investors rarely estimate
the full variance-covariance matrix directly because the number of individual ele-
ments is too large, and for a well-behaved (i.e., nonsingular) matrix, the number of
observations used to estimate the matrix must significantly exceed the number of
stocks in the matrix.6 Instead, most equity portfolio managers use a factor risk
model in which individual variances and covariances are expressed as a function of
a small set of stock characteristics—such as industry membership, size, and lever-
age. This greatly reduces the number of unknown risk parameters that the manager
needs to estimate.

When developing an equity factor risk model, it is important to include all of
the variables used to forecast returns among the (potentially larger) set of variables
used to forecast risks. This way, the risk model “sees” all of the potential risks in an
investment strategy, both those managers are willing to accept and those they would
like to avoid. Further, a mismatch between the variables in the return and risk mod-
els can produce less efficient portfolios in the optimizer. For instance, suppose a re-
turn model comprises two factors, each with 50 percent weight: the book-to-price
(B/P) ratio and return on equity (ROE). Suppose the risk model, on the other hand,
has only one factor: B/P. When forming a portfolio, the optimizer will manage risk
only for the factors in the risk model—B/P but not ROE. This inconsistency between
the return and risk models can lead to portfolios with extreme positions and higher-
than-expected risk. The portfolio will not reflect the original 50–50 weights on the
two return factors because the optimizer will dampen the exposure to B/P, but not to
ROE. In addition, the risk model’s estimate of tracking error will be too low because
it will not capture any risk from the portfolio’s exposure to ROE. The most direct
way to avoid these two problems is to make sure all of the factors in the return
model are also included in the risk model (although the converse does not need to be
true—there can be risk factors without expected returns).

A final issue to consider when developing or selecting a risk model is the fre-
quency of data used in the estimation process. Many popular risk models use
monthly returns, whereas some portfolio managers (including us) have developed
proprietary risk models that use daily returns. Clearly, when estimating variances
and covariances, the more observations, the better. High-frequency data produce
more observations and hence more precise and reliable estimates. Further, by giving
more weight to recent observations, estimates can be more responsive to changing
economic conditions. As a result, risk models that use high-frequency returns
should provide more accurate risk estimates. (For a detailed discussion of factor
risk models, please see Chapter 20.)

Forecasting Transaction Costs

Although often overlooked, accurate trade-cost estimates are critical to the EPM
process. After all, what really matters is not the gross return a portfolio might
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+ 1)/2 = 125,250 unknown parameters to estimate—500 variances and 124,750 covariances.



receive, but rather the actual return a portfolio does receive after deducting all
relevant costs, including transaction costs. Ignoring transaction costs when
forming portfolios can lead to poor performance because implementation costs
can reduce, or even eliminate, the advantages achieved through superior stock
selection. Conversely, taking account of transaction costs can help produce port-
folios with gross returns that exceed the costs of trading.

Accurate trading-cost forecasts are also important after portfolio forma-
tion, when monitoring the realized costs of trading. A good transaction-cost
model can provide a benchmark for what realized costs should be, and hence
whether actual execution costs are reasonable. Detailed trade-cost monitoring
can help traders and brokers achieve best execution by driving improvements in
trading methods—such as more patient trading or the selective use of alterna-
tive trading mechanisms.

Transaction costs have two components: (1) explicit costs, such as commissions
and ticket charges; and (2) implicit costs, or market impact. Commissions and
ticket charges tend to be relatively small, and the cost per share does not depend on
the number of shares traded. In contrast, market impact costs can be substantial.
They reflect the costs of consuming liquidity from the market, costs that increase on
a per-share basis with the total number of shares traded.7 Forecasting price impact
is difficult. Because researchers observe prices only for completed trades, they can-
not determine what a stock’s price would have been without these trades. It is
therefore impossible to know for sure how much prices moved as a result of the
trades. Price impact costs, then, are statistical estimates that are more accurate for
larger data samples.

One approach to estimating trade costs is to directly examine the complete
record of market prices, tick by tick.8 These data are noisy due to discrete prices,
nonsynchronous reporting of trades and quotes, and input errors. Also, the record
does not show orders placed, just those that eventually got executed (which may
have been split up from the original, larger order). Lee and Radhakrishna (2000)
suggest empirical analysis should be done using aggregated samples of trades rather
than individual trades at the tick-by-tick level.

Another approach is for portfolio managers to estimate a proprietary transac-
tion cost model using their own trades and, if available, those of comparable man-
agers. If a sufficient sample is available, this approach is ideal because the resulting
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7Market impact costs arise because suppliers of liquidity incur risk. One component of
these costs is inventory risk. The liquidity supplier has a risk/return trade-off, and will de-
mand a price concession to compensate for this inventory risk. The larger the trade size and
the more illiquid or volatile the stock, the larger are inventory risk and market impact costs.
Another consideration is adverse selection risk. Liquidity suppliers are willing to provide a
better price to uninformed than informed traders, but since there is no reliable way to dis-
tinguish between these two types of traders, the market maker sets an average price, with
expected gains from trading with uninformed traders compensating for losses incurred
from trading with informed traders. Market impact costs tend to be higher for low-price
and small-cap stocks for which greater adverse selection risk and informational asymmetry
tend to be more severe.
8For example, see Breen, Hodrick, and Korajczyk (2000).



model matches the stock characteristics, investment philosophy, and trading strat-
egy of the individual portfolio manager.9

To demonstrate how transaction costs can vary across trade characteristics, we
estimated a nonlinear regression model on a large sample of our own trades. The
sample represented over 60,000 trades over the nine months from October 2001 to
June 2002. We measured costs using implementation shortfall. For purchases, im-
plementation shortfall is equal to the decision price (or the price at the time we de-
cided to trade) minus the average execution price (including commissions), all
expressed as a proportion of the decision price. For sales, the terms in the numera-
tor are reversed: Implementation shortfall is the execution price minus the decision
price, divided by the decision price. Thus, with slippage (i.e., positive transaction
costs), implementation shortfall is negative for both buys and sells. For example, if
the decision price is $10 and a purchase is executed at $10.15, then the implemen-
tation shortfall is –0.015, for a cost of 1.5 percent.

To predict trade costs, our model uses five proxies for trading liquidity: order
size, average trading volume, market capitalization, stock price volatility, and
stock price level. We also control for contemporaneous sector returns, since mar-
ketwide price movements usually account for much of the difference between the
decision price and the execution price, although ex ante these movements are gen-
erally unpredictable. Figure 23.1 presents the model’s cost estimates, expressed as
a proportion of trade value, for trading two baskets of stocks: (1) a large-cap bas-
ket comprising the stocks in the S&P 500 and (2) a small-cap basket comprising
the stocks in the FR 2000 index. Figure 23.1 also shows the liquidity characteris-
tics of an average large- and small-cap stock as of June 2002.

Not surprisingly, the cost of trading a basket of large-cap stocks is lower than
the cost of trading a basket of small-cap stocks with similar liquidity. For example,
a $500-million basket of S&P 500 stocks is expected to incur transaction costs of
about 18 basis points. A trade this size represents about 1.3 percent of the average
daily volume of the underlying stocks. In contrast, the average cost of trading a $25
million basket of Russell 2000 stocks, which represents 1.1 percent of average daily
volume, is 25 basis points. Liquidity is more costly for small-cap stocks because
their prices are more volatile, their prices are lower, and their average daily trading
volume is smaller. Moreover, as the concave curves in Figure 23.1 show, trading
costs increase with order size, but at a decreasing rate.
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9There is a large academic literature on measuring transaction costs. One paper that is espe-
cially relevant to portfolio managers interested in developing a model based on their own
trades is Keim and Madhavan (1997), who investigate the impact of investment style on to-
tal transaction costs for a sample of 21 institutions over the period January 1991 to March
1993. They study transaction costs by trade direction (i.e., buyer- vs. seller-initiated trades)
and investment style: value-fundamental, technical-momentum, and index. The study con-
cludes that total transaction costs are increasing in order size, and decreasing in firm size
and the magnitude of the stock price. Further, costs differ by investment style. Technical
and index investors, who demand immediacy, incur higher costs than the more patient
value investors.
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FIGURE 23.1 Transaction Costs for Large-Cap versus Small-Cap Stocks
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CONSTRUCTING PORTFOLIOS

In this section we discuss how to construct portfolios based on the forecasts de-
scribed in the preceding section. In particular, we compare ad hoc, rule-based ap-
proaches to more formal portfolio optimization. The first step in portfolio
construction, however, is to specify the investment goals. While having good fore-
casts (as described in the previous section) is obviously important, the investor’s
goals define the portfolio management problem. These goals are usually specified
by three major parameters: the benchmark, the risk/return target, and specific re-
strictions such as the maximum holdings in any single name, industry, or sector.

The benchmark represents the starting point for any active portfolio; it is the
client’s neutral position—a low-cost alternative to active management in that asset
class. For example, investors interested in holding large-cap U.S. stocks might select
the S&P 500 or Russell 1000 as their benchmark, while investors interested in holding
small-cap stocks might choose the Russell 2000 or the S&P 600. Investors interested
in a portfolio of non-U.S. stocks could pick the FTSE 350 (U.K.), TOPIX (Japan), or
MSCI EAFE (world minus North America) indexes. There are a large number of pub-
lished benchmarks available, or an investor might develop a customized benchmark to
represent the neutral position. In all cases, however, the benchmark should be a rea-
sonably low-cost, investable alternative to active management.

Although some investors are content to merely match the returns on their
benchmarks, most investors allocate at least some of their assets to active managers
(see Chapter 14 on how to allocate the active risk budget among active and passive
strategies). In EPM, active management means overweighting attractive stocks and
underweighting unattractive stocks relative to their weights in the benchmark.10 Of
course, there is always a chance that these active weighting decisions will cause the
portfolio to underperform the benchmark, but one of the basic dictums of modern
finance is that to earn higher returns, investors must accept higher risk—which is
true of active returns as well as total returns.

A portfolio’s tracking error measures its risk relative to a benchmark. Tracking
error equals the time-series standard deviation of a portfolio’s active return—which
is the difference between the portfolio’s return and that of the benchmark. A port-
folio’s information ratio equals its average active return divided by its tracking er-
ror. As a measure of return per unit of risk, the information ratio provides a
convenient way to compare strategies with different active risk levels.

An efficient portfolio is one with the highest expected return for a target level
of risk—that is, it has the highest information ratio possible given the risk budget.
In the absence of constraints, an efficient portfolio is one in which each stock’s
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10The difference between a stock’s weight in the portfolio and its weight in the benchmark is
called its “active weight,” where a positive active weight corresponds to an overweight posi-
tion and a negative active weight corresponds to an underweight position. For instance, if
the weight of a stock is 3 percent in the portfolio but only 2 percent in the benchmark, then
the active weight is 1 percent, an overweight. On the other hand, if the portfolio weight is
zero (i.e., the stock is not held) and the benchmark weight is 1 percent, then the active
weight is –1 percent, an underweight.



marginal contribution to expected return is proportional to its marginal contribu-
tion to risk. That is, there are no unintended risks, and all risks are compensated
with additional expected returns. How can a portfolio manager construct such an
efficient portfolio? We compare two approaches: (1) a rule-based system and (2)
portfolio optimization.

Building an efficient portfolio is a complex problem. To help simplify this com-
plicated task, many portfolio managers use ad hoc, rule-based methods that par-
tially control exposures to a small number of risk factors. For example, one
common approach—called stratified sampling—ranks stocks within buckets
formed on the basis of a few key risk factors, such as sector and size. The manager
then invests more heavily in the highest-ranked stocks within each bucket, while
keeping the portfolio’s total weight in each bucket close to that of the benchmark.
The resulting portfolio is close to neutral with respect to the identified risk factors
(i.e., sector and size) while overweighting attractive stocks and underweighting un-
attractive stocks.

Although stratified sampling may seem sensible, it is not very efficient. Numer-
ous unintended risks can creep into the portfolio, such as an overweight in high-
beta stocks, growth stocks, or stocks in certain subsectors. Nor does it allow the
manager to explicitly consider trading costs or investment objectives in the portfo-
lio construction problem. Portfolio optimization provides a much better method
for balancing expected returns against different sources of risk, trade costs, and in-
vestor constraints. An optimizer uses computer algorithms to find the set of weights
(or holdings) that maximize the portfolio’s expected return (net of trade costs) for a
given level of risk. It minimizes uncompensated sources of risk, including sector
and style biases. Fortunately, despite the complex math, optimizers require only the
various forecasts we’ve already described and developed in the prior section.11

To demonstrate the benefits of optimization, we compare two portfolios: one
constructed using stratified sampling and the other constructed using an optimizer.
The return and risk forecasts are from our CORE U.S. models.12 The benchmark
and investment universe for both portfolios is the S&P 500 index. The stratified
sampling (or rule-based) method divides stocks into eight buckets, two market-cap-
italization segments within each of four macro sectors. Within each bucket, stocks
were ranked by expected return: Stocks in the bottom third were given a weight of
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11Mathematically, an optimizer solves a formula such as the following (where b denotes
stock weights in the benchmark; w denotes the optimal stock weights in the final portfolio; a
denotes the return forecasts; S denotes the covariance risk matrix; and F denotes the stocks’
characteristics):

Max w� a, subject to
(w – b)� S (w – b) < (Target tracking error)2

| F� w – F � b | < = bounds on sector positions and other stock characteristics
wi > 0 (no short positions)
Σi wi = 1 (budget constraint that stock weights must sum to one)

12The CORE U.S. return model comprises six investment themes: profitability, valuation,
earnings quality, momentum, management impact, and fundamental research. The CORE
U.S. risk model is based on a factor structure that includes all of these investment themes, as
well as other factors without expected returns (size, beta, etc.).



zero; stocks in the middle third were given a neutral weight equal to their weight in
the S&P 500 benchmark; and stocks in the top third were given the remaining
weight in proportion to their original benchmark weight.

Table 23.3 presents some summary characteristics for the two portfolios. The
optimized portfolio was designed to have the same predicted tracking error as the
rule-based portfolio—namely, 2.8 percent. This immediately highlights one advan-
tage of optimization: It can easily target a specific level of tracking error, while
managers who use stratified sampling would need to design a completely different
set of rules to hit a different tracking error objective. The optimized portfolio is
also more efficient: It has a much higher expected alpha (3.4 percent versus 2.1 per-
cent) and information ratio (1.22 versus 0.73) for the same level of risk. Further,
risk is spread more broadly: The 10 riskiest positions in the rule-based portfolio
consume 60 percent of the total risk budget, versus just 37.5 percent for the opti-
mized portfolio. Also, more of the risk budget in the optimized portfolio is due to
the factors that are expected to generate positive excess returns: 45.4 percent versus
23.2 percent. Finally, the forecast beta for the optimized portfolio is closer to 1.00,
as unintended sources of risk (such as the market timing) are minimized.

We can also show the benefits of portfolio optimization graphically. As stated
previously, in an efficient portfolio without constraints, each stock’s marginal con-
tribution to risk should be proportional to its expected return. This means a plot of
each stock’s relative contribution to risk against its contribution to portfolio alpha
should lie on a straight line. In practice, the plot is not a perfectly straight line, even
for an optimized portfolio, because of portfolio constraints (e.g., no net short posi-
tions). As shown in Figure 23.2, the plot for the optimized portfolio falls much
closer to the 45-degree line than the plot for the rule-based portfolio—making it
significantly more efficient.

Another benefit of optimizers is that they can efficiently account for transaction
costs, constraints, selected restrictions, and other account guidelines, making it
much easier to create customized client portfolios. Of course, when using an opti-
mizer to construct efficient portfolios, reliable inputs are essential. Data errors that
add noise to the return, risk, and transaction cost forecasts can lead to portfolios in
which these forecast errors are maximized. Instead of picking stocks with the highest
actual expected returns, or the lowest actual risks or transaction costs, the optimizer
takes the biggest positions in the stocks with the largest errors, namely the stocks
with the greatest overestimates of expected returns or the greatest underestimates of
risks or transaction costs. A robust investment process will screen major data
sources for outliers that can severely corrupt one’s forecasts. Further, as described in
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TABLE 23.3 Summary Portfolio Characteristics

Stratified Sampling Optimized Portfolio

Tracking error 2.8% 2.8%
Expected excess return 2.1% 3.4%
Expected information ratio 0.73 1.22
Risk budget used by top 10 stocks 60.0% 37.5%
Percent of risk from return factors 23.2% 45.4%
Portfolio beta 1.03 1.01
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FIGURE 23.2 Rule-Based Approach versus Optimized Portfolio
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the previous section, return forecasts should be adjusted for equilibrium views using
the Black-Litterman model to produce final return forecasts that are more consistent
with risk estimates, and with each other. Finally, portfolio managers should impose
sensible, but simple constraints on the optimizer to help guard against the effects of
noisy inputs. These constraints could include maximum active weights on individual
stocks, industries, or sectors, as well as limitations on the portfolio’s active exposure
to factors such as size or market beta.

TRADING

Trading is the process of executing the orders derived in the portfolio construction
step. To trade a list of stocks efficiently, investors must balance opportunity costs
and execution price risk against market impact costs. Trading each stock quickly
minimizes lost alpha and price uncertainty due to delay, but impatient trading in-
curs maximum market impact. In contrast, trading more patiently over a longer
period reduces market impact but incurs larger opportunity costs and short-term
execution price risk. Striking the right balance is one of the keys to successful
trade execution.

The concept of striking a balance suggests optimization. Investors can use a
trade optimizer to balance the gains from patient trading (e.g., lower market-im-
pact cost) against the risks (e.g., greater deviation between the execution price and
the decision price; potentially higher short-term tracking error). Such an optimizer
will tend to suggest aggressive trading for names that are liquid and/or have a large
effect on portfolio risk, while suggesting patient trading for illiquid names that
have less impact on risk. A trade optimizer can also easily handle most real-world
trading constraints, such as the need to balance cash in each of many accounts
across the trading period (which may last several days).

A trade optimizer can also easily accommodate the time horizon of a man-
ager’s views. That is, if a manager is buying a stock primarily for long-term val-
uation reasons, and the excess return is expected to accrue gradually over time,
then the optimizer will likely suggest a patient trading strategy (all else being
equal). Conversely, if the manager is buying a stock in expectation of a positive
earnings surprise tomorrow, the optimizer is likely to suggest an aggressive trad-
ing strategy (again, all else being equal). The trade optimizer can also be pro-
grammed to consider short-term return regularities, such as the tendency of
stocks with dramatic price moves on one day to continue those moves on the
next day before reversing the following day. For example, if a manager wants to
buy a stock that was up significantly yesterday, it may pay to wait until tomor-
row to execute the trade given the likelihood it will decline tomorrow relative to
today’s price.

To induce traders to follow the desired strategy (i.e., that suggested by the trade
optimizer), the portfolio manager needs to give the trader an appropriate benchmark,
which provides guidance about how aggressively or patiently to trade. Two widely
used benchmarks for aggressive trades are the closing price on the previous day and
the opening price on the trade date. Because the values of these two benchmarks are
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measured prior to any trading, a patient strategy that delays trading heightens execu-
tion price risk by increasing the possibility of deviating significantly from the bench-
mark. Another popular execution benchmark is the volume-weighted average price
(VWAP) for the stock over the desired trading period, which could be a few minutes
or hours for an aggressive trade, or one or more days for a patient trade. However,
the VWAP benchmark should only be used for trades that are not too large relative to
total volume over the period; otherwise, the trader may be able to influence the
benchmark against which he or she is evaluated.

Buy-side traders can increasingly make use of alternative trading venues
such as electronic communication networks (ECNs), which take advantage of
available liquidity to match buyers and sellers directly. Further, ECNs provide
buy-side traders more anonymity and greater control over their order flows.
ECNs tend to be better for patient trades, however, since a trade might not get
executed in an aggressive time frame given the small odds of finding a cross for
certain trades. Principal package trading is another way to lower transaction
costs relative to traditional agency methods.13 Principal trades may be crossed
with the principal’s existing inventory positions, or allow the portfolio manager
to benefit from the longer trading horizon and superior trading ability of certain
intermediaries.

EVALUATING RESULTS AND UPDATING THE PROCESS

Once an investment process is up and running, it needs to be constantly reassessed
and, if necessary, refined. The first step is to compare actual results to expectations;
if realizations differ enough from expectations, process refinements may be neces-
sary. Thus, managers need systems to monitor realized performance, risk, and trad-
ing costs and compare them to prior expectations.

A good performance monitoring system should be able to determine not only
the degree of over- or underperformance, but also the sources of these excess re-
turns. For example, a good performance attribution system might break excess
returns down into those due to market timing (having a different beta than the
benchmark), industry tilts, style differences, and stock selection. Such systems are
available from a variety of third-party vendors. An even better system would al-
low the manager to further disaggregate returns to see the effects of each of the
proprietary signals used to forecast returns, as well as the effects of constraints
and other portfolio requirements. And, of course, any system will be more accu-
rate if it can account for daily trading and changes in portfolio exposures. Cur-
rently, such systems are not available from outside vendors and need to be
developed in-house.

Investors should also compare realized risks to expectations. At Goldman
Sachs, we have developed the concept of the green, yellow, and red zones to com-
pare realized and targeted levels of risk; see Litterman, Longerstaey, Rosengarten,
and Winkelmann (2000). Essentially, if realized risk is within a reasonable band
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13Please see Kavajecz and Keim (2002).



around the target (i.e., the green zone), then we can assume our risk management
techniques are working as intended and no action is required. If realized risk is fur-
ther from target (the yellow zone), the situation may require closer examination,
and if realized risk is far from target (the red zone), some action is usually called
for. Of course, we also use in-house systems to monitor sources of risk (as we do
sources of return) to make sure we are not getting excessive risk from unintended
sources, and that we are getting enough risk from our intended sources.

Finally, it is important to monitor trading costs. Are they above or below the
costs assumed when making trading decisions? Are they above or below com-
petitors’ costs? Are they too high in an absolute sense? If so, managers may need
to improve their trade cost estimates, trading process, or both. There are many
services that can report realized trade costs, but most are available with a signif-
icant lag, and are inflexible with respect to how they measure and report these
costs. With in-house systems, however, managers can compare a variety of trade
cost estimation techniques and get the feedback in a timely enough fashion to act
on the results.

The critical question, of course, is what to do with the results of these monitor-
ing systems: When do variations from expectations warrant refinements to the
process? This will depend on the size of the variations and their persistence. For ex-
ample, a manager probably would not throw out a stock-selection signal after one
bad month—no matter how bad—but might want to reconsider after many years
of poor performance, taking into consideration the economic environment and any
external factors that might explain the results. It is also important to compare the
underperformance to historical simulations. Have similar periods occurred in the
past, and if so, were they followed by improvements? In this case, the underperfor-
mance is part of the normal risk in that signal and no changes may be called for. If
not, there may have been a structural change that might invalidate the signal going
forward—for example, if the signal has become overly popular, it may no longer be
a source of mispricing.

Similarly, the portfolio manager needs to consider the source of any differences
between expectations and realizations. For example, was underperformance due to
faulty signals, portfolio constraints, unintended risk, or random noise? The answer
will determine the proper response. If constraints are to blame, they may be lifted—
but only if doing so would not violate any investment guidelines or incur excessive
risk. Alternatively, if the signals are to blame, the manager must decide whether the
deviations from expectations are temporary or more enduring. Finally, if it is just
random noise, no action is necessary. Similarly, any differences between realized
and expected risk could be due to poor risk estimates or poor portfolio construc-
tion, with the answer determining the response. Finally, excessive trading costs
(versus expectations) could reflect poor trading or poor trade cost estimates, again
with different implications for action.

In summary, ongoing performance, risk, and trade cost monitoring is an inte-
gral part of the EPM process and should get equal billing with forecasting, portfo-
lio construction, and trading. Monitoring serves as both quality control and a
source of new ideas and process improvements. The more sophisticated the moni-
toring systems, the more useful they are to the process. And although the implica-
tions of monitoring involve subtle judgments and careful analysis, better data can
lead to better solutions.
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SUMMARY

The EPM process, which may once have been an art, is now increasingly a science.
Each step in the process—forecasting, portfolio construction, trading, and monitor-
ing—has grown increasingly complex and competitive with the advent of better
tools and data, more sophisticated investors, and ever-greater resources devoted to
the problem. Going forward, we expect traditional and quantitative investing to
converge; successful investors will make full use of the best available tools. In fact,
most traditional managers already use some quantitative screens and portfolio risk
estimates. Best practices will increasingly include methods currently used primarily
by quantitative managers—such as optimization, back testing, and statistical mod-
eling—as well as methods that are now the primary domain of traditional man-
agers—such as the in-depth analysis of qualitative investment criteria. In fact,
Benjamin Graham, the “father of modern security analysis,” had long seen the ben-
efits in both approaches:

The first, or predictive, approach could also be called the qualitative approach,
since it emphasizes prospects, management, and other nonmeasurable, albeit
highly important, factors that go under the heading of quality. The second, or
protective, approach may be called the quantitative of statistical approach,
since it emphasizes the measurable relationships between selling price and earn-
ings, assets, dividends, and so forth. . . . In our own attitude and professional
work we were always committed to the quantitative approach. (The Intelligent
Investor, 1973, page 199)

To succeed in EPM in the future, then, investors need strong technical skills, a
thorough understanding of investment theory, a widening base of knowledge, disci-
pline, humility, and plain old common sense. They also need to devote considerable
resources to each step in the process, and to sweat the details. As any student of the
game knows, blocking and tackling wins ball games. For most casual investors, we
suggest hiring skilled professionals or investing passively. For those who want to
stay in the game, however, it is time to embrace the science of investing.
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CHAPTER 24
Fixed Income Risk and Return

Jonathan Beinner

INTRODUCTION

In this chapter, we will examine the sources of risk and return in the fixed income
markets. In many ways, the fixed income markets are more complex than the equity
markets as there are many dimensions to consider when constructing a fixed income
portfolio. There are so many questions to ask yourself, whether you are investing in
a fixed income portfolio or you are an active fixed income portfolio manager.
Should I own short maturities or long maturities? Should I own government bonds
or corporate bonds or some combination? If I invest in mortgage-backed securities
(MBSs), am I taking on some unintended risk? Should I invest internationally? If so,
should I hedge the currency exposure? These questions and more will not be an-
swered for you in this chapter. What we will try to do is to give the reader a sense of
what questions should be asked when thinking about the fixed income component
of an overall portfolio.

First, we will discuss the various risks that bond portfolios may be exposed to
in order to understand what drives fixed income returns and volatility. Next, we
will examine the fixed income benchmarks that are used by many market partici-
pants to define the desired neutral exposures to each of the major fixed income
risks. Then we will identify the main strategies that active fixed income managers
use to achieve higher returns than a passive indexed portfolio. And last, we will de-
scribe and then demonstrate the process that we in Goldman Sachs Asset Manage-
ment (GSAM) use to determine an optimal allocation of these active strategies to
maximize the information ratio, given a client’s investment objectives and con-
straints.

SOURCES OF FIXED INCOME RISK

Before we begin the discussion of the various risks taken in fixed income portfolios
it is necessary to understand what risk means in a fixed income context. After all,
fixed income instruments have fixed cash flows and therefore no risk. Right? Also,
many have said that it doesn’t matter if the price of a bond goes down because you
can always just hold it to maturity and therefore the price volatility of a bond is not
important. While it is true that due to the nature of fixed income securities they are
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generally less volatile than equity securities, understanding what drives fixed in-
come prices and returns is critical to building efficient bond portfolios. In fact, even
the highest credit quality held-to-maturity portfolios bear risk, and one portfolio
can achieve very different long-term returns than another due to different expo-
sures to risk.

As with most financial assets, fixed income returns have two components: in-
come and capital appreciation/depreciation. What distinguishes fixed income re-
turns from the other asset classes is that most of the total return comes from the
income component rather than the price component. That being said, the price
component of the return can distinguish good portfolio performance from bad
portfolio performance. Also, an investor can easily increase the income component
of the portfolio, but generally it will come at the expense of higher volatility of the
price component.

So, what drives this price component? First of all, remember that the price
change of a bond can be approximated by the formula:

Change in price = (Change in yield) × (Duration) × (–1)

where the duration of a bond is effectively a weighted average of the time until each
cash flow payment where the weights are equal to the present value of each cash
flow. So in order to determine what drives the risk and return of the price compo-
nent of fixed income returns, we must examine the risk exposures that drive
changes in fixed income yields.

We will now examine the major sources of risk in most fixed income portfolios.

Interest Rate Risk

Interest rate risk is probably the most widely known and widely discussed risk in
the fixed income world. It is the risk that the yield of a bond will change due to
changes in the otherwise risk-free bond with the same cash flows. Usually the
risk-free yield curve is determined by the yield of credit-risk-free government
bonds. However, some market participants (GSAM included) have switched to
using the swap yield curve instead of the government yield curve due to signifi-
cant technical factors that have driven government yields out of line with other
high credit quality fixed income instruments. Regardless, the concept of interest
rate risk is the same, which is that there is a baseline interest rate for a cash flow
at each maturity and if this rate changes in the market, the price of the bond will
change with it.

There are a number of reasons that credit-risk-free interest rates change, but
most changes are due to macroeconomic factors such as current and expected fu-
ture monetary and fiscal policy, economic growth, level of inflation, and so on.

Note also that investors buying fixed income securities in different countries
bear different interest rate risks because of the differences in the yield curves and in
the macroeconomic and inflationary environments.

The measurement that is usually used to quantify a portfolio’s exposure to in-
terest rate risk is duration. Duration is effectively the amount in percent that a
bond is expected to rise/fall due to a 1 percent decrease/increase in interest rates.
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Yield Curve Risk

Yield curve risk is sometimes also known as term structure risk. This is the risk
that a portfolio’s value will change due to a change in the shape rather than the
level of the yield curve. Multiple portfolios can be constructed to have the same
duration but with very different exposures to yield curve risk. The most widely
known portfolio structures are bulleted (with most of the cash flows paid at one
point in the future), barbelled (with a cluster of securities with long maturities off-
set with short maturities), and laddered (with maturities spread out across the ma-
turity spectrum).

As with interest rate risk, the key drivers of yield curve risk are macroeconomic
factors. If the central bank is easing monetary policy and/or markets are concerned
about future inflation, generally the yield curve will steepen. Also, technical factors
can play a large role in yield curve risk. For example, in the early part of 2000, the
long end of the U.S. yield curve inverted due to the lack of supply of long bonds
and the fact that the U.S. Treasury was buying back long Treasuries in the sec-
ondary market.

The measure that is often used in quantifying yield curve risk is partial dura-
tion or key-rate duration. This measure indicates how much of a portfolio’s total
duration comes from cash flows in each part of the yield curve. At GSAM, we
break out each portfolio’s duration into partial durations at 10 different yield curve
nodes: 3-month, 6-month, 1-year, 2-year, 3-year, 5-year, 7-year, 10-year, 20-year,
and 30-year.

Sector Risk

Sector risk is the volatility of returns due to yield changes derived from changes in
spread between the sector in question and the baseline yield curve (either the gov-
ernment or swap curve).

A multitude of factors drive spreads of the various fixed income sectors to
tighten and widen, but generally the spread changes are due to significant changes
in issuance of the sector or an increase or decrease in other risks that are prevalent
in that sector such as credit risk for corporate bonds or volatility and prepayment
risk for mortgage-backed securities.

The measure that is most often used to describe a portfolio’s exposure to
spread risk of a particular sector is contribution to duration (CTD). CTD is the
market value weighted average duration of a portfolio’s holdings of the sector mul-
tiplied by the market value weight of the portfolio held in that sector. For example,
if a portfolio holds a 20 percent position in corporate bonds and the average dura-
tion of the corporates held is four years, then the CTD of corporates in the portfo-
lio is 0.8 years (20% × 4). The reason this methodology results in a more effective
measure than using just the market weight of the portfolio is because one can deter-
mine the impact on return by simply multiplying the CTD by the change in the
market spread for the sector. For sectors that exhibit substantial probabilities of de-
fault, though, market weight may be a better measure of sector risk because the
prices of these securities are more dependent on the probability of default than on
the level of interest rates.
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Table 24.1 lists the major sectors found in most fixed income portfolios and the
historical volatility of their spreads.

Credit Risk

Credit risk is the risk borne by the fixed income investor that the cash flows that the
issuer has contracted to pay will not be paid due to the inability or unwillingness of
the issuer to do so. Market prices and yields change due to the market’s assessment
of the probability that the issuer will default on its obligations. If the market be-
lieves that the likelihood that an issuer will default has increased, the yield of the
bond will go up to compensate for this higher level of risk. Credit risk is usually de-
fined using credit ratings from a nationally recognized statistical rating organiza-
tion (NRSRO) such as Moody’s and Standard & Poor’s as shown in Table 24.2.

As you can see, historically speculative-grade credits (rated below BBB/Baa)
and also known as high-yield or junk bonds) have experienced significantly higher
levels of default than investment-grade debt.

Volatility Risk

Many fixed income portfolios have exposure to volatility risk either explicitly or
implicitly. To be exposed to volatility risk is to have the portfolio’s value impacted
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TABLE 24.1 Major Sectors and Historical Volatility of Their Spreads

Historical Annualized
Sector Main Risks of Sector Spread Volatility (1 Std. Dev.)

Domestic sovereign Interest rate N/A
(i.e., U.S. Treasury)

Agency/supranational/ Interest rate, spread 17 bps
quasi-government

Mortgage-backed securities Interest rate, spread, 36 bps
(MBS) volatility, prepayment

Asset-backed securities (ABS) Interest rate, spread 24 bps
Investment grade corporates Interest rate, spread, credit 38 bps
High-yield corporates Interest rate, spread, credit 173 bps
Emerging market debt Interest rate, spread, credit 409 bps

TABLE 24.2 Credit Ratings and Credit Risk

Moody’s Rating Standard & Poor’s Rating Historical Default Rate

Aaa AAA 0.04%
Aa AA 0.10
A A 0.17
Baa BBB 0.39
Ba BB 1.58
B B 4.35
<B <B 8.54



not by the change in the level of interest rates but rather by how much interest rates
move or are expected to move in either direction. In other words, a portfolio that is
positively exposed to volatility benefits by large swings in interest rates and a port-
folio that is negatively exposed (i.e., short volatility) benefits when interest rates are
more stable than expected.

Volatility exposure arises when the portfolio has instruments with asymmetric
payoffs: An interest rate movement in one direction generates a larger gain than the
loss associated with the equal but opposite interest rate move. Volatility exposure is
typically achieved either by using instruments that have explicit exposure to volatil-
ity such as options on fixed income securities or by using securities that exhibit sen-
sitivity to volatility due to imbedded options such as callable and putable bonds. A
good example of a sector that creates volatility exposure is the MBS market. Be-
cause the home mortgage borrowers backing a standard residential mortgage-
backed security can refinance their mortgages if mortgage rates decline, the holder
of the MBS is effectively short a call option. Therefore, holders of most MBSs have
a short exposure to volatility.

There are two different risk exposures that generally arise when investing in
options or securities with embedded options: gamma and vega (the names come
from the Black-Scholes option pricing model). Gamma exposure is the market
value impact from experiencing a change in interest rates. If you are long volatil-
ity, you experience a gain when the market moves, because in an interest rate
rally the instrument will increase more than is suggested by its duration, and in a
sell-off the instrument will decline less than is suggested by its duration. The mea-
sure that is often used to quantify gamma exposure in a fixed income portfolio is
convexity. The units of the convexity measure for bonds are actually years2 be-
cause it is effectively the second derivative of the bond’s price with respect to a
change in interest rates. However, convexity is typically thought of as a percent-
age measure where the approximate price return impact due to convexity expo-
sure given a change in interest rates is determined by the formula:

Price gain from convexity = 1/2 × Convexity × Change in interest rates2

The other exposure that is created by investing in fixed income instruments
that exhibit volatility risk is vega risk. The price change in an instrument that re-
sults from vega exposure is due to a change in the market expectation of future
volatility of interest rates. The market price of a fixed income option will in-
crease if the market expects interest rates to be more volatile over the remaining
life of the option. In the fixed income world, the measure frequently used to
quantify vega risk is volatility duration, which is defined to be the percentage
change in the price of the instrument due to a 1 percent change in expected fu-
ture (or implied) volatility.

Prepayment Risk

Prepayment risk is a risk that is somewhat unique to the residential MBS market.
As described in the preceding section, the borrowers underlying a mortgage-backed
security can prepay their mortgages at face value and replace them with other mort-
gages at a lower rate. Therefore, an investor in an MBS security is short the option
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that the borrowers are long. The interesting thing about the prepayment option is
that it is not efficiently exercised. Because mortgage-backed securities are backed by
hundreds or thousands of individual borrowers, these securities are not “called” in
the same way that a callable corporate or agency debt security is called. The MBS
holder receives the prepayment of principal on only the percentage of underlying
loans that are actually prepaid by the underlying borrowers. In times of falling in-
terest rates, prepayment rates generally increase but there is usually some signifi-
cant percentage of borrowers who do not take advantage of the opportunity to
refinance into a lower mortgage rate. There are several reasons why someone
would not refinance despite the economic incentive to do so, including credit im-
pairment, refinancing costs, tax implications, or a lack of knowledge regarding the
refinancing opportunity.

Due to the complexity of the prepayment option embedded in mortgage-
backed securities, market participants have developed sophisticated models that
attempt to predict the percentage of a mortgage pool that will pay off given a se-
ries of market variables, security characteristics, and prepayment history. De-
spite the best intentions of many well-respected statisticians, there is not a
perfect prepayment model. This is because the coefficients of the variables that
determine prepayment behavior and even the variables themselves change over
time. Also, even if the model does a good job of predicting the average prepay-
ment rate for a subset of the mortgage universe, individual pools of mortgages
will have realized prepayment rates that could deviate substantially from the av-
erage just due to the random sampling of loans out of a larger distribution.

The imperfect nature of prepayment models gives way to the existence of pre-
payment risk. Prepayment risk is not the risk that prepayment rates increase if in-
terest rates fall and some portion of the security’s principal is paid off in a
lower-rate environment. This phenomenon is captured by the volatility risk of the
security in the same way that a standard callable bond pays earlier if interest rates
fall. In other words, if the prepayment option were exercised efficiently and we
could perfectly predict the level of prepayments given a set of variables, then there
would be no prepayment risk. There would be only volatility risk. We define pre-
payment risk as the return volatility arising from the over- or underestimation of
actual prepayment rates.

There are a number of measures that can be used to quantify prepayment risk.
One measure is prepayment duration, which is defined as the percentage change in
price due to a 10 percent increase in projected prepayment rates. Different MBS se-
curities can have very different levels of prepayment duration, including both posi-
tive and negative exposures. Typical mortgage-backed pass-throughs have
prepayment durations that range between –0.1 and –0.6. Structured securities that
have a more leveraged exposure to prepayment risk can have much larger levels
such as interest-only strips with prepayment durations ranging between –6.5 and
–9.0, and principal-only strips exhibiting prepayment durations of 2.0 to 2.5.

Currency Risk

Currency risk is the exposure that an investor bears when investing in financial in-
struments denominated in a currency that is not the investor’s base currency. Al-
though not specific to the fixed income asset class, currency risk is prevalent in
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bond portfolios that have holdings across multiple markets and is becoming more
common in single country portfolios as well. Even if the price of a fixed income se-
curity is unchanged over the investment period, the investor can achieve much
higher or lower returns if the currency that the security was denominated in appre-
ciates or depreciates relative to the base currency. Due to the volatile nature of ex-
change rates relative to most other fixed income risks, if an investment is exposed
to currency risk, the return will be impacted more by the change in the exchange
rate than by any other factor.

Currency risk can be mitigated or effectively eliminated using currency hedging
techniques. The most widely used technique is to hedge using currency forward
contracts where the investor will sell the currency of the nonbase-currency invest-
ment forward and simultaneously purchase the investor’s base currency. This will
offset any loss if the currency invested in depreciates relative to the base currency,
since the investor has already effectively exchanged the currency at the exchange
rate at the time of purchase of the security.

The measure that is most appropriate to quantify currency risk is simply the
percent of the portfolio’s market value (net of any currency hedges) that is exposed
to each currency.

Security-Specific Risk

While the list of fixed income risks described so far is not exhaustive, these risks
explain much of the volatility of returns of most fixed income securities. Security-
specific risk can be thought of as the volatility of a bond’s return that cannot be
explained by the other fixed income risk factors.

Security-specific risk generally arises due to changes in the supply and demand
balance of that security or due to changes in the market’s perception of the credit
quality of the issuer of the security. Several recent examples of market prices chang-
ing due to security-specific issuers are:

� Enron and WorldCom bond prices dropped dramatically more than prices of
bonds with comparable credit ratings, as the market believed that there was a
high probability of a debt default from the issuers.

� The price of Brazilian external sovereign debt declined significantly, as the mar-
ket was concerned about the outcome of an upcoming presidential election and
the fiscal policies of the victor.

� Collateralized mortgage obligations (CMOs) are structured mortgage-backed
securities. The price of floating rate CMOs backed by Ginnie Mae (GNMA)
mortgage pools increased because there was a large demand for this particular
structure by European financial institutions.

� A number of securities have significantly outperformed the rest of the market
because of short squeezes. Short sellers must borrow securities from long hold-
ers of the bonds. If there is too much demand to borrow an issue, the short sell-
ers must bid up the price in order to avoid failing on the transaction.

It is important to note that unlike in the equity market, security-specific risk in
the fixed income market is negatively skewed. In other words, the downside risk in
bonds is generally much greater than the upside potential. With the exception of
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distressed debt investing, the buyer of a fixed income security expects to receive the
promised coupon payments and eventually par value at maturity. A bond that is be-
lieved to have a high probability of maturing at par can trade at a premium to par
value, but it is very rare that a bond will trade well above, say, 120 percent; and
even if it does it is likely due to duration risk (i.e., a long-duration bond rallies a lot
after interest rates fall significantly), not security-specific risk. Conversely, if a bond
defaults or the market assigns a high probability to default, the market price can go
below 50 percent of par value. Due to this asymmetric payoff of fixed income secu-
rities, it is very important to maintain proper diversification in bond portfolios that
are exposed to any meaningful amount of credit risk.

The measure typically used for security-specific risk is either contribution to
duration (CTD) for securities in low-risk sectors like governments and MBSs or
market value percentage for riskier securities such as corporate bonds and emerg-
ing-market debt (EMD).

As you can see, the types of risks that a fixed income portfolio manager
needs to be aware of are many and quite varied. Understanding what risks are in
a bond portfolio and what the potential impacts of these exposures are is critical
to being able to build portfolios that are consistent with the investor’s risk and
return objectives.

FIXED INCOME BENCHMARKS

Generally speaking, the choice of benchmark is the most important factor in deter-
mining the risk profile and the ultimate returns of a fixed income portfolio. Since,
as we will discuss later, it is somewhat difficult to achieve very high levels of track-
ing error relative to a fixed income benchmark, the risk of even an actively man-
aged portfolio will be mostly determined by the risk of the benchmark.

Of the risks that were described in the previous section, the four risk exposures
that define most fixed income benchmarks are duration, sector, credit, and currency
risks. The remaining risks mentioned (yield curve, volatility, prepayment, and secu-
rity-specific) are generally a result of the decision on the first four since most fixed
income benchmarks are constructed using market capitalization weights of the se-
curities in the sectors and maturity ranges that have been chosen to achieve the de-
sired duration, credit quality, and sector allocation. Table 24.3 shows a list of some
of the more widely used benchmarks in the fixed income world. As you can see, the
types of fixed income benchmarks are wide-ranging and span the entire spectrum of
fixed income risks that we have described. Another important item to note is that
with the exception of benchmarks with mostly below-investment-grade credit qual-
ity, the main determinant of fixed income volatility is interest rate risk. Also, diver-
sifying interest rate risk globally reduces volatility, while adding currency risk (i.e.,
using an unhedged currency benchmark) increases volatility.

Of course, many investors construct their own customized benchmark indexes
by combining all or portions of some of the more widely used benchmarks. This al-
lows them to tailor their benchmarks (and the portfolios that are managed to those
benchmarks) to have the desired types and amounts of risk. For example, an in-
vestor who wanted a Treasury benchmark but wanted a duration of one year could
create a customized benchmark that was equal to 50 percent of the Merrill Lynch
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1–3-Year U.S. Treasury Index and 50 percent of the Merrill Lynch 6-Month U.S. T-
Bill Index. Or an investor who liked the risk profile and diversification of the
Lehman Aggregate but did not want to invest in securities rated below A could use
a customized benchmark that would be the Lehman Aggregate excluding BBB-
rated securities.

ACTIVE MANAGEMENT STRATEGIES

Once an investor decides on the appropriate benchmark, the next decision is
whether to have the portfolio passively managed to try to match the returns of
the benchmark or to have the portfolio manager actively manage the portfolio us-
ing various strategies with the objective of achieving a higher return than that of
the benchmark.

As with any asset class, active management of a portfolio is simply tactically
changing the risk exposures of the portfolio in order to either achieve the highest
level of return given a targeted level of risk or achieve a targeted level of return
while taking the least amount of risk. When describing risk and return, we gener-
ally define these terms as relative to the defined benchmark rather than as an ab-
solute level. However, if one is managing an “absolute return” strategy such as a
hedge fund, the concepts still work. In these cases, whether it is stated explicitly or
not, the risk exposures of the portfolio are effectively being compared to a cash
benchmark that has no risk, such as a T-bill- or a London Interbank Offered Rate
(LIBOR)-based benchmark. Because of this focus on relative positioning versus a
benchmark, we would use the terms “long” and “short” to be equivalent to over-
weight or underweight positions relative to the benchmark.

The next section examines the most widely utilized active management strate-
gies for fixed income portfolios. You should note that each of the strategies matches
up to one or more of the fixed income risk exposures described earlier.

Duration Timing Strategy

This strategy is effectively a market timing strategy where the portfolio manager
positions the portfolio to have a longer or shorter average duration than the bench-
mark. A manager would choose to expose the portfolio to more interest rate risk
(i.e., be longer) than the benchmark if he or she had a view that the bond market
will outperform cash. When evaluating this type of trade, it is always important to
determine what the market is “pricing in” in terms of implied forward interest
rates. In a typical upward sloping yield curve, forward interest rates are generally
higher than current interest rates. It is this implied forward rate that the manager is
betting against when instituting a duration exposure.

Yield Curve Positioning Strategy

We would define a yield curve positioning strategy as one where the manager
overweights the contribution to duration (CTD) of one or multiple parts of the
yield curve and offsets these long positions with underweights of other parts of
the yield curve. We would generally expect this strategy to be run market neutral
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(i.e., net duration of zero), since any residual market exposure would be consid-
ered part of the duration timing strategy. One example of a yield curve position-
ing trade would be to be long 0.5 years in the 2-year part of the curve and short
0.5 years in the 10-year part of the curve. This would be the type of trade that a
manager would put on if he or she expected the yield curve to steepen. Another
example of a yield curve trade would be to be long 1.0 year in the 5-year part of
the curve and 0.5 year short in both the 2-year and the 10-year. This type of trade
might be established if the manager thought that the 5-year was priced cheaply
given the slope of 2’s to 10’s.

Sector Allocation Strategy

This strategy is defined as the manager taking overweight and underweight positions
in the various fixed income sectors relative to the chosen benchmark. A manager
would choose to be overweight a sector based on the relative spread advantage to
other sectors and/or an expectation of future spread tightening. A sector may experi-
ence spread tightening due to either technical factors such as reduction in supply or
an anticipated flow of funds into the sector, or fundamental factors such as an im-
provement in corporate earnings (for corporate bonds) or a reduction in convexity
risk (for MBSs). One example of a sector allocation trade is an underweight of 0.5
years in the MBS sector in the case where the manager anticipates spread widening
in mortgages. Another example would be an overweight of 5 percent in high-yield
corporate bonds executed when the manager believes that the incremental yield of-
fered by the high-yield sector more than compensates for the additional credit risk.
Remember that for targeting risk positions in the high-quality sectors such as gov-
ernments and mortgages, we use CTD, and for sectors with high credit risk we use
market value percent because we believe that risk in the high-credit-quality sectors is
roughly linear with duration while duration in the low-credit-quality sectors is not
necessarily the best measure of future volatility.

Security Selection Strategies

Security selection strategies are a series of strategies in which the manager is select-
ing individual securities within each of the sectors in which the portfolio is in-
vested. Security selection strategies are generally believed to generate the best
risk-adjusted returns because the manager can diversify across many different ac-
tive decisions rather than just a small number of bets. There are many different rea-
sons that a manager will expect one security to outperform another, such as
fundamental credit quality views, new issue premiums, mispriced mortgage cash
flows, and attractive dealer bids or offerings.

Country Allocation Strategy

Many fixed income portfolios can invest in markets around the globe. The country
allocation strategy is one where the manager takes active long and short positions
in bonds priced off of the yield curve of one country versus bonds priced off of the
yield curve of another country. As with the yield curve strategy, we would gener-
ally run this strategy to be market neutral with respect to global interest rates. In
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other words, the net of the long and short positions in various countries would not
be expected to perform better or worse in rallying markets versus declining mar-
kets. Also, any currency exposure generated by the country allocation trades
would be hedged using currency forwards in order to distinguish the bet on rela-
tive interest rates from a bet on exchange rates. Examples of country allocation
trades are selling Japanese bonds to buy German bonds or selling U.S. bonds to
buy Canadian bonds.

Currency Allocation Strategy

In addition to the flexibility to invest in bonds markets around the world, many in-
vestors allow active fixed income managers to implement views on exchange rates
between one currency and another. This strategy is usually implemented by using
currency forward contracts that explicitly expose the portfolio to one currency ver-
sus another or by leaving securities denominated in currencies that are expected to
appreciate unhedged or only partially hedged.

Although the above list of active fixed income strategies is not fully comprehensive,
these strategies most likely comprise the vast majority of risks that active bond
managers trade in the portfolios that they manage. Managers will utilize different
strategies and will allocate different levels of risk to those strategies based on the re-
sources that they have and the confidence that they have in each strategy. Also,
within each strategy, managers will use very different inputs to make active invest-
ment decisions. The next section will show how we combine the active strategies in
such a way as to achieve the most optimal investment results.

COMBINING ACTIVE STRATEGIES USING RISK BUDGETING

The ability to determine trade ideas that on average add value is most certainly crit-
ical to being able to outperform a passive benchmark. However, determining how
to size an exposure can be almost as important. Unfortunately, every trade idea will
not always work out positively even if based on high-quality research and a disci-
plined decision-making process. Given this fact, allocating risk efficiently across in-
vestment ideas and investment strategies can result in the highest quality returns. In
this section, we will show the process that we go through to decide the allocation of
risk across the various active strategies.

This process of risk budgeting has seven steps:

Step 1 Determine the benchmark. The benchmark determines the neutral point
for each of the risks in the portfolio. Active views will be taken relative to the
benchmark, so it is important to know what the allocation of risk is in the
benchmark at all times.

Step 2 Determine the investment constraints. Most investors will put explicit
limits on what type of exposures they will allow in the portfolio. Sometimes
these are absolute limits such as “maximum 30 percent in corporate bonds,”
and other times they are relative to the benchmark such as “the duration of the
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portfolio must be within one year of the benchmark duration.” Many investors
will put some type of limit on duration, credit quality, sector allocations, issuer
allocations, and currency exposure. Recently, some investors have given more
flexibility to their managers on individual types of risks and have instead pro-
vided the manager a constraint on total volatility relative to the benchmark in
the form of a tracking error target.

Step 3 Determine the permissible active investment strategies. Once the con-
straints are known, the manager can determine what investment strategies can
be utilized for the portfolio. For example, if the client does not allow any cur-
rency exposure, then obviously the currency strategy would not be imple-
mented for that portfolio. Similarly, if a mandate does not allow for securities
rated below investment grade, then the high-yield sector would not be part of
the sector allocation strategy and of course there would be no security selection
strategy within the high-yield sector.

Step 4 Determine an appropriate maximum amount of tracking error for each
available strategy. The combination of the benchmark and the constraints will
determine how much the risk exposure of the portfolio could deviate from the
benchmark. Also, the manager may impose his or her own constraint on risk to
a strategy based on capacity issues and prudence. The maximum tracking error
is determined by multiplying the average deviation of the particular risk times
the estimated volatility of that risk. For example, let’s say that a particular U.S.
fixed income mandate has a one-year limit on the duration deviation from the
benchmark. The volatility of U.S. interest rates is about 1 percent per year. If the
manager always had the maximum bet (i.e., either long one year or short one
year) at all times, then the average tracking error would be about 100 basis
points (1 year times 1 percent). However, for most strategies, the information
ratios of the strategies will be higher if the managers take large positions when
they have the most conviction and smaller positions when they have a view but
with less conviction. Therefore, in this case, we would assign a constraint on the
duration strategy of about 70 bps, which would correspond to an average 0.7
year exposure and would allow for the maximum one-year bet at times of max-
imum conviction. We go through a similar exercise for each investment strategy,
examining what size of active positioning (on average) can be achieved and then
estimating how much tracking error would result from that average position.

Step 5 Estimate the excess return per unit of risk for each strategy as well as
the correlation of excess returns between strategies. The estimation of the
amount of added return for each basis point of tracking error, or information
ratio, is basically a measure of how good the manager believes the strategy will
be going forward. Every strategy should have a positive information ratio, or
else it would not make sense to include it in an active investment process. De-
termining the information ratio of a strategy is not an easy task and will always
have some uncertainty around it. However, a manager can make an educated
estimate by combining past results of actual or back-tested performance of the
strategy with a forward-looking view that incorporates the manager’s assess-
ment of the current opportunities in the market.

Generally, our view is that security selection strategies can achieve the
highest information ratios, followed by sector strategies and then followed by
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market timing strategies. Estimating correlations between the returns of the
various strategies is also very important in determining the appropriate mix of
strategies at the portfolio level. Again, a mix of historical results and intuition
about the future can help determine these correlation estimates. For example, it
makes sense that security selection strategies should not exhibit much correla-
tion at all with other strategies because the manager’s top-down view does not
necessarily factor into individual security opinions. On the other hand, it might
be expected that the duration strategy would have some positive correlation
with the sector allocation strategy because the manager’s macroeconomic opin-
ion will be an input into both decisions.

Step 6 Determine the target excess return or the target tracking error. This is a
necessary input, as the allocation of risk will seek either to maximize the excess
return given a target level of risk or to minimize the tracking error needed to
achieve a target level of excess return. Some clients give one target or the other,
some give both, and some give neither. In the first two cases, the manager must
make sure that the targets are achievable given the constraints. In cases where
clients give no explicit risk or return targets, managers must use their judgment
given their understanding of the clients’ objectives.

Step 7 Determine the optimal amount of risk to each strategy. Finally, once you
determine what strategies can be used, how much could be allocated to each strat-
egy, how good you are at generating returns in each strategy, how you expect
them to move together, and how much risk or return you are looking to achieve,
you are ready to determine the appropriate allocation. We use a mean-variance
optimization technique that utilizes all of the above inputs and results in an allo-
cation of tracking error to each strategy that will maximize the information ratio.

In order to demonstrate this process, we will perform a few examples of this
optimization technique. For purposes of this illustration, we will use several inputs:

1. The portfolios are managed to the Lehman Brothers U.S. Aggregate Index.
2. The portfolios are long only and do not allow explicit leverage.
3. The estimated information ratios for the active strategies are:

Duration 0.2

Yield curve 0.3

Sector allocation 0.4

Security selection for government/MBS/ABS/agency 0.7

Security selection for corporate/high-yield/EMD 0.5

Country allocation 0.4

Currency 0.4
4. The correlations of the strategies range from 0.0 to 0.3.

We have run the optimization for two different sets of constraints (see Table
24.4).

Table 24.5 shows the output from the optimization for Portfolio 1 where risk
was allocated across the allowable strategies with three different targets for track-
ing error of 50, 75, and 100 basis points.
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There are a number of items to note in the table. You can see that for each
strategy, the level of excess return from that strategy is equal to the allocated track-
ing error multiplied by the information ratio detailed earlier. For example, in the 75
bps tracking error case, the optimization has suggested an allocation of 48.2 bps to
the sector allocation strategy, which contributes 19.3 bps of expected excess return
(48.2 times the assumed information ratio of 0.4). Also note that while the total
portfolio excess return is equal to the sum of the excess returns from each strategy,
the total tracking error is much less than the sum of the tracking errors from each
strategy. This is because of the benefit of diversifying risk across a number of strate-
gies that are not highly correlated. Another item of note is that the total portfolio
information ratio declines as risk increases. This is generally the case for any port-
folio optimization given a set of constraints.

Lastly, note that while 100 bps was targeted for the optimization in the
rightmost column, the total tracking error is only 87.3 bps. This is because the
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TABLE 24.4 Two Sets of Constraints

Portfolio 1—Core High-Quality Portfolio 2—Core Plus

Duration Index +/– 0.5 years Index +/– 2.0 years
Minimum credit BBB–/Baa3 No minimum

quality
High-yield maximum Not allowed 10%
Emerging market Not allowed 10%

debt maximum
Other sectors Benchmark +/– 20% No constraint
Non-$ bonds Not allowed Maximum 20%, maximum 

10% unhedged

TABLE 24.5 Portfolio 1 Optimization Results

Target Tracking Error

Maximum
50 75 100

Tracking Excess Tracking Excess Tracking Excess Tracking
Error Return Error Return Error Return Error

Duration 35 1.1 5.3 2.3 11.3 7.0 35.0
Yield curve 25 5.5 18.2 7.5 25.0 7.5 25.0
Sector 50 9.1 22.7 19.3 48.2 20.0 50.0
Security— 25 17.5 25.0 17.5 25.0 17.5 25.0

government/
MBS/ABS/agency

Security—corporate/ 40 15.2 30.4 20.0 40.0 20.0 40.0
high-yield/EMD

Country 0 0.0 0.0 0.0 0.0 0.0 0.0
Currency 0 0.0 0.0 0.0 0.0 0.0 0.0

Total portfolio 48.3 50.0 66.5 75.0 72.0 87.3
Information ratio 1.0 0.9 0.8



maximum level of tracking error was reached for every strategy and this resulted
in only 87.3 bps of tracking error. There is simply no additional risk to take
given the portfolio constraints. This is often the case for portfolios that do not
allow investments below investment-grade because most high-credit-quality
fixed income securities are highly correlated and it is hard for the returns of a di-
versified portfolio to deviate substantially from the benchmark, with the excep-
tion of returns resulting from duration risk. In this example, we limited the
duration band to 0.5 years. The tracking error could be raised if that constraint
was lifted, but the information ratio would deteriorate meaningfully.

Table 24.6 shows the output from the optimization for Portfolio 2. Because of
the more flexible investment constraints, the optimization was run at target track-
ing errors of 50, 100, and 200 basis points.

In this case, the maximum tracking error for most of the strategies was higher
than for Portfolio 1 because the investment constraints allowed for both larger size
and broader types of risk. Notice that at the same level of tracking error, the infor-
mation ratio is higher for Portfolio 2 than for Portfolio 1. This is because Portfolio
2 allows for more diversified sources of risk. Also, because Portfolio 2 is allowed to
trade in more volatile markets such as high-yield, emerging-market debt, and cur-
rency, it is able to achieve much higher levels of tracking error if that is what the in-
vestor desires.

This analysis is just a sample of how this process works. It is portable to any
benchmark with any set of constraints. This risk budgeting strategy could also be
used to run hedge fund portfolios that exhibit tracking error of 1,000 basis points
or more. To be able to achieve such high levels of risk, the manager must be invest-
ing exclusively in high-risk markets and/or utilizing leverage to be able to increase
the amount of risk taken in the active strategies that are being used.

Keep in mind that this is not the end of the investment process. It is merely the
beginning. To achieve the return objectives that result from these risk allocations,
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TABLE 24.6 Portfolio 2 Optimization Results

Target Tracking Error

Maximum
50 100 200

Tracking Excess Tracking Excess Tracking Excess Tracking
Error Return Error Return Error Return Error

Duration 140 0.8 4.2 2.1 10.4 7.4 37.0
Yield curve 25 4.3 14.3 7.5 25.0 7.5 25.0
Sector 160 7.1 17.8 17.7 44.3 62.9 157.3
Security—Government/ 25 17.5 25.0 17.5 25.0 17.5 25.0

MBS/ABS/agency
Security—corporate/ 60 11.9 23.8 29.7 59.3 30.0 60.0

high-yield/EMD
Country 25 7.6 19.0 10.0 25.0 10.0 25.0
Currency 70 7.6 19.0 19.0 47.5 28.0 70.0

Total portfolio 56.9 50.0 103.5 100.0 163.3 200.0
Information ratio 1.1 1.0 0.8



the manager must now effectively run each of the strategies to achieve the estimated
added value. Another important factor is that you will note that these risk alloca-
tions are done at the strategy level, not the actual risk exposure level. The risk allo-
cations and correlations are averages rather than spot estimates. Therefore, it is
important to understand the expected risk at each point in time based on the actual
exposures that are in the portfolio. It may be the case that although you have esti-
mated that two strategies are uncorrelated on average, the specific trades that have
resulted from the strategies at a given point in time are expected to be highly corre-
lated. In this instance, the manager should be aware of the potential increase in
tracking error and actively decide whether it is appropriate to exhibit more than
average risk at that time or to dial back one or both of the exposures. Also, as time
goes by, the manager may change his or her estimates on the information ratio of
the strategies, the correlations between the strategies, or the maximum amount of
risk that can be taken based on new performance information, increases or de-
creases in resources dedicated to each strategy, a change in market volatility, or a
belief that the future opportunities to add value in a particular strategy have gone
either up or down relative to prior expectations.

Hopefully, we have given the reader a sense of the issues to consider when in-
vesting in the rather complex fixed income markets.
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CHAPTER 25
Global Tactical Asset Allocation

Mark M. Carhart

INTRODUCTION

The goal of a global tactical asset allocation (GTAA) strategy is to improve the
overall return per unit of risk in a client’s portfolio through active management of
asset allocation deviations. A GTAA strategy alters the asset allocation in the port-
folio both to reduce a portfolio’s unintentional asset allocation risk and to add ex-
cess return through intentional asset allocation deviations. Because the strategy’s
goal is twofold, it is often constructed as two separable pieces: (1) a rebalancing or
completion portfolio, of which the sole objective is to reduce asset allocation risk in
the portfolio, and (2) a pure overlay portfolio that is designed to capture excess re-
turn through global tactical asset allocation deviations.

Both the completion and pure overlay elements of a GTAA program can be cus-
tomized to the specific needs of every portfolio. These include the portfolio’s strate-
gic asset allocation, its existing active and passive investment portfolios, and also
client-specific objectives and investment constraints such as targeted active risk and
constraints on leverage or position sizes. The degree of customization in GTAA of-
ten makes the strategy difficult to classify into a particular asset class, as the uses of
it differ so widely across investors’ portfolios.

The purpose of this chapter is to set forth the key elements of GTAA, while at
the same time explaining the nuances of GTAA that make the strategy so appealing
to various clients. In the following pages, we walk through the modern GTAA strat-
egy in detail, explain and show through examples how clients and investment man-
agers should best implement GTAA, and demonstrate how powerfully a GTAA
program improves a portfolio’s risk/reward profile.

After a brief history of GTAA, the chapter continues in four primary sections:
the structure of a GTAA program, the empirical evidence supporting GTAA, practi-
cal implementation issues that face clients and managers, and finally, expectations
for a GTAA program.

HISTORY OF GTAA

As long as investors have been buying and selling securities, they have also been
timing the market. One of the early and great market timers was Charles Henry
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Dow, the founder of the Wall Street Journal. Toward the end of the nineteenth cen-
tury, Dow wrote down his views on stock market predictability in editorials, which
eventually became a set of rules coined the “Dow Theory.”1

However, as there have been advocates of market timing, there have also
been skeptics. Benjamin Graham writes that an investor that “places his emphasis
on timing, in the sense of forecasting, . . . will end up as a speculator and with a
speculator’s financial results”2 (italics in original). I think we know what he
meant by that.

Strong academic interest in broad stock market predictability would not occur
until the 1970s, when sufficient data and analytical tools existed to reliably test for
predictability in stock returns. Early papers (e.g., Fama’s 1970 classic work laying
out the Efficient Markets Hypothesis3) found limited evidence of profitable trading
strategies in U.S. stocks. By the late 1970s, however, inconsistencies in the Efficient
Markets Hypothesis began to appear, as academics quantified the strong negative
relation between future stock prices and short-term interest rates.4

Institutional interest in an exclusive market timing strategy began in the mid-
1970s in response to the 1973–1974 bear market and in large part driven by acad-
emic research.5 William Fouse, who was then at Wells Fargo, marketed this strategy
as Tactical Asset Allocation (TAA). The bear market alone did not create an envi-
ronment for TAA. An additional key ingredient was the advent of the stock index
and bond futures markets in the United States, markets that offered a low-cost and
efficient method for implementing stock and bond tactical reallocations. Interest in
TAA further blossomed after the 1987 crash as most TAA managers were posi-
tioned for a market correction.

Global TAA strategies appeared in the late 1980s and early 1990s, as addi-
tional evidence on global asset predictability accumulated, and the number and liq-
uidity of foreign futures markets increased dramatically.6 Global strategies added
additional sources of value. Not only could they offer global market timing, but
they also provided opportunities from country-level selection decisions in equities,
bonds, and currencies. Unfortunately, by the late 1990s, the poor performance of
many global asset allocators caused the industry to struggle. In particular, managers
with a focus on valuation models and market timing underperformed—they under-
weighted equities in a period of strong equity performance—casting a negative light
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1www.e-analytics.com/cd.htm, a web site maintained by Charles Kaplan of Equity Analytics,
Ltd.
2Graham, Benjamin, 1959, The Intelligent Investor (2nd revised edition), Harper & Broth-
ers, 25.
3Fama, Eugene F., 1970, “Efficient Capital Markets: A Review of Theory and Empirical
Work,” Journal of Finance 25, 383–417.
4A good example of these papers is Fama, Eugene F., and G. W. Schwert, 1977, “Asset Re-
turns and Inflation,” Journal of Financial Economics 5, 115–146.
5For a more complete discussion of Wells Fargo and the development of TAA, see Siegel,
Laurence B., Kenneth F. Kroner, and Scott W. Clifford, 2001, “The Greatest Return Stories
Ever Told,” Journal of Investing 10, 91–102.
6In an extensive literature search, we found that the first use of the term GTAA to describe
this strategy occurred in 1988: Givant, Marlene, 1988, “Taking a World View: $100 Million
Fund Starts Global Allocation Strategy,” Pensions and Investment Age, June 13, 2.



on the industry as a whole. Weak market returns since 2000 have increased the
popularity of GTAA, and it is steadily becoming a mainstream product for the
largest, most sophisticated institutional investors.

STRUCTURE OF A GTAA PROGRAM

Part 1: Completion

As a result of increased specialization of active managers and the breadth of prod-
uct offerings, the number of investment managers in institutional portfolios has in-
creased dramatically. For example, where balanced managers dominated the
marketplace 20 years ago, we now routinely observe managers that might only fo-
cus on small-capitalization value stocks in the United States. One institutional
client for which we manage assets divides its strategic benchmark into 14 different
pieces, with multiple managers within each of these. In this specialized-manager
structure, who manages the portfolio’s overall asset allocation? Often this is ne-
glected, but this need not be the case as the completion element of GTAA can pro-
vide the glue for a diversified multimanager investment portfolio.

A completion portfolio is designed to explicitly remove unintentional asset al-
location risk. Described in Chapter 22 in more detail, multiple activities can create
unintentional asset allocation risks. The first and probably most important is drift
relative to benchmark in the underlying portfolio allocations caused by fluctua-
tions in asset valuations.7 Depending on how frequently clients “true up” their
portfolios, drift risk can contribute upwards of 50 percent of total active risk, ef-
fectively swamping the intentional active risk from traditional security selection
activities. Of course, returning the portfolio to its strategic benchmark is not free,
as transaction costs eat up some of the benefits of rebalancing. Cash sitting in
managers’ accounts, currency deviations driven by stock selection activities, and
manager or benchmark transitions also create unintentional risk that is frequently
left unmanaged.

While institutions sometimes hire firms to handle subsets of these activities, the
most natural and generally least costly approach is to place these responsibilities
with a GTAA manager. The GTAA manager can monitor and remove unintentional
benchmark deviations due to drift, cash holdings, transitions, and even contribu-
tions to and redemptions from the portfolio. More elaborate possibilities include
implementing an overall currency hedge, moving alpha (“porting” it) from one as-
set class to another, and managing intermediate-term changes in strategic exposure
driven by trustee boards or investment committees. In very complex portfolios, or
portfolios with frequent cash flows, institutions might consider using their custo-
dian as a specialized completion manager separate from a GTAA program. In these
cases, the potential additional transaction costs from the completion and GTAA
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managers holding offsetting positions is balanced by the quality of completion of-
fered by proximity to the information flows in the portfolio. Regardless of who
manages the completion program, liquid futures and forwards are critical in reduc-
ing the transaction costs of rebalancing.

Part 2: Pure Overlay

As described in the introduction to the chapter, the pure overlay element of a
GTAA program is designed to generate excess returns through intentional active
deviations in sectors, countries, or asset classes. Generally, a GTAA strategy can be
viewed as making two major types of decisions:

1. Asset class timing (includes stocks versus bonds versus cash, small-cap versus
large-cap stocks, value versus growth stocks, emerging versus developed
stocks and bonds, credit timing, etc.). Often, this type of decision is referred to
as TAA.

2. Country or sector decisions within asset classes (includes country selection in
developed and emerging equity, fixed income and currency markets, as well as
the potential for sectors within equity markets, and maturity within fixed in-
come markets). These are the global relative-value decisions that give meaning
to the “G” in GTAA.

The relative importance of these two types of decisions is a critical feature of a
well-managed GTAA program. Whereas the traditional TAA programs focused ex-
clusively on the first type of decision, GTAA’s ability to add value derives primarily
from the second type of decision. The most successful, modern GTAA strategies
predominate their risk in the latter, primarily country-selection decisions.

Because country-selection strategies potentially trade in many more securities
than asset class timing alone, we expect a higher risk-adjusted return from them. In
the nomenclature of Grinold’s (1989) “Fundamental Law of Active Management,”
there is greater breadth in the country-selection strategy.8 Breadth is the number of
independent assets in the investment opportunity set. Of course, a strong informa-
tion coefficient—the predictability of the assets in the strategy—can offset a loss of
breadth. As we demonstrate later, the empirical evidence actually finds a lower
forecasting ability in the time series of asset class returns as compared to the rela-
tive value of country returns, further raising the importance of the country-selec-
tion decision in GTAA.

The most common implementation of GTAA today uses all the liquid equity in-
dex futures, bond futures, and currency forwards in developed markets globally de-
ployed in four different strategies: (1) TAA among global stocks, bonds, and cash;
(2) country selection within global stock markets; (3) country selection within
global bond markets; and (4) currency selection within global currency markets.
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Currently, the liquid futures and forward instruments in the developed countries
comprise approximately 35 securities.9

Theoretical Explanations for Asset Class and 
Country Predictability

One question one might ask is whether we should expect to be able to forecast the
returns on countries and asset classes. At one level we could simply draw the anal-
ogy to active management within asset classes and ask why if active management
can add value within asset classes should it not be able to add value across coun-
tries or asset classes? However, we can be more constructive than this. We believe
that the tradable assets within GTAA should be forecastable on a theoretical basis
both because of market equilibrium and because of market inefficiency.

An equilibrium model informs us about the relationship between risk and ex-
pected return. Individual investors within the aggregate market have different per-
ceptions of risk that lead to risk-sharing equilibriums in which some investors buy
risks that others sell. For example, a bank’s short-term liabilities make it risky to
hold long-term bonds, whereas a pension plan generally has longer-term liabilities
that cause it to prefer longer-maturity bonds. The relative supply of these types of
investors (among other influences, naturally) creates the slope of the yield curve.

Imagine now a mean-variance investor with a portfolio whose overall volatility
is increased the same amount whether additional investments are made in short- or
long-term bonds. This investor would prefer the highest-yielding bonds, regardless
of maturity. A GTAA strategy managed for this investor, then, could add value by
simply overweighting markets where the return to risk is high, and underweighting
those where the return is low. This “risk” story is often given for observed return
premiums such as value stocks and high-yield bonds.

In addition, the risk premiums vary through time and across countries due to
changing aggregate supply and demand, as well as the absence of perfectly linked
country business cycles. These phenomena create further opportunities to predict
returns and do not depend on market inefficiency.

We also believe that forecastability derives from market inefficiency, by which
we mean that markets deviate from their equilibrium levels. In spite of the elegance
of the Efficient Markets Hypothesis, we believe there are strong reasons to expect
market inefficiency, especially across global capital markets where there is relatively
less capital chasing after market inefficiencies than within a given country’s mar-
kets. In particular, we believe inefficiencies occur due to long-term overreaction and
short-term underreaction to information, market segregation, tax effects, and
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non–economically motivated players in capital markets. In any case, to characterize
markets as efficient or inefficient is perhaps too sharp a distinction. A more realistic
version of market efficiency would admit that investment activities such as GTAA
are required to push markets toward equilibrium valuations and that efficient mar-
kets still allow for some degree of profitable activities designed to take advantage of
what are traditionally considered market inefficiencies.

Investor behavior drives long-term overreaction and short-term underreaction
to information. Who wants to own—much less acknowledge that they own—a
stock that dropped significantly in price? Often these are companies with poor op-
erating results where news stories convey only pessimism about the companies’ fu-
ture prospects. The same often holds for asset classes and countries. Japan, for
example, which has endured a decade of economic decline in the 1990s and the be-
ginning of the twenty-first century, shows only sluggish growth. As it happens, we
believe investors have overreacted to the Japanese story, and believe Japanese eq-
uity prices will rise relative to the rest of the world.

The underreaction effect is based on a well-documented finding that investors
underreact to new information in the short term. The primary result supporting
this conclusion is the so-called “post-earnings-announcement drift.”10 In the nine-
month period following an earnings surprise—whether positive or negative—the
firm’s stock price drifts relative to the aggregate market in the same direction as the
earnings surprise. Post-earnings-announcement drift also holds in country equity
markets, with negative earnings-surprise countries drifting downward relative to
the world, and positive surprise countries drifting upward.

Market segregation means that there are constraints on the free flow of capital
across countries or markets. For example, in Korea 20 years ago, due to regulatory
restrictions it was difficult for Koreans to hold foreign securities and for foreigners
to hold Korean securities. This caused a disequilibrium in global capital markets, as
Koreans could not diversify their portfolios and therefore demanded a higher re-
turn for Korean equity risk. The diligent foreign investors who determined ways
around these restrictions benefited in two ways. First, they earned higher returns
than the rest of the world due to the higher price of equity risk, and second, they
earned even higher returns as the market desegregated and the price of equity risk
declined, further pushing upward Korean stock prices. Market segregation still ex-
ists in some developed markets today. Canada, for example, continues to limit the
amount of foreign property that Canadian investors may own.

Finally, there are governments and central banks that are non–economically
motivated participants in global capital markets. Central banks routinely use cur-
rency trades and monetary policy to influence exchange rates. However, free-
floating exchange rates guarantee that the aggregate market participants will
ultimately determine the equilibrium exchange rates. In that sense, central bank
activity in currency markets is at best a short-term policy of “leaning against the
wind” that capital markets eventually correct. Governments also periodically in-
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and the Behavior of Security Returns,” Accounting Review, October, 574–603, and Bernard,
Victor, and Jacob Thomas, 1989, “Post-Earnings Drift: Delayed Price Response or Risk Pre-
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tervene in equity and bond markets. During the LTCM crisis of 1998, the Hong
Kong Monetary Authority (HKMA) bought approximately 5 percent of the out-
standing equity in Hong Kong stocks over a two-week period in an attempt to
stabilize equity prices.11

THE EMPIRICAL EVIDENCE

The theoretical justifications are nice, but one might ask, is there empirical support
for these effects in country and asset class returns? The answer is yes, and the evi-
dence is very strong.

Let’s focus on two specific sources of predictability: value and momentum. By
value, we mean buying cheap assets and shorting expensive assets. If the previous
section is correct, a value strategy should work for several reasons. For example, a
simple valuation model should discern differing equity risk premiums across coun-
tries and would overweight higher-risk-premium countries where valuations are
relatively lower. Alternatively, investor overreaction to negative information may
temporarily depress a specific country’s equity market. Still another possibility is
market segmentation, which results in relatively more attractive valuations in the
segregated equity markets.

Predictability across Global Equity Markets 
Using Valuation Measures

Using only countries in developed global equity markets, imagine that we mea-
sure value using a very simple value metric: the book-to-price (B/P) ratio. We
form a long/short portfolio of country equity indexes using the reported value of
this measure, without any adjustments for accounting, discount rate, or tax ef-
fects across countries. At the beginning of each month, our long/short portfolio
consists of equal-weight long positions in the one-third of countries with the
highest B/P and equal-weight short positions in the third with the lowest B/P. Let
us rebalance this portfolio monthly. Table 25.1 presents summary statistics on the
portfolio’s performance over the 22-year period from the beginning of 1980 to
the end of 2001.

The average annual excess return on this equity country selection portfolio is
4.9 percent, which means that on average, the cheapest third of equity countries
outperforms the most expensive third of equity countries by 4.9 percent per year. In
addition, volatility of 11.9 percent implies that the annual excess return on this
portfolio exceeds zero in about 66 percent of years. The ratio of annual return to
risk on the long-short portfolio represents the information ratio (IR) on this simple
strategy without transaction costs. (We address transaction costs later.) As it turns
out, this simple strategy earns an IR of 0.41, which is significantly positive from a
statistical viewpoint. The probability that this IR would have been achieved by
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11The HKMA purchases amounted to $9 billion compared to Hong Kong’s total equity mar-
ket capitalization of around $200 billion at the end of 1998. Source: HKMA Annual Report
1998.
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chance if B/P was a meaningless forecast variable is only 2.68 percent.12 Had we
made adjustments for country-specific tax, accounting, and regulatory differences,
the performance of this strategy might be improved significantly.

Predictability within Global Equity Markets 
Using Valuation Measures

It is interesting to compare the predictability across country stock markets to the
predictability in stocks within countries using the same exact measure. For every
developed stock market, we create a within-country long/short portfolio using B/P
for individual stocks, capitalization-weighted long positions in the highest third of
companies, and capitalization-weighted short positions in the lowest third.13 This
results in 23 within-country equity long/short portfolios. We then equal weight
these country long-short portfolios to derive a global stock-selection value effect.

Not surprisingly, the stock-selection effect also works within countries, with a
much larger statistical significance than the country-selection effect. Table 25.1 re-
ports these results. The average spread in return on stocks within countries is 15.8
percent, and the volatility of the global stock-selection portfolio is 10.4 percent,
resulting in an IR of 1.52 and a probability value on the stock-selection effect of
0.00 percent.

While the value effect within equity markets is large, it is not as large as we
might expect given the higher number of assets used in the stock-selection strategy.
In the country-selection long/short portfolios, our average opportunity set was 18
countries, whereas the breadth of opportunities is 8,352 in the stock-selection
portfolios. The breadth in the stock-selection portfolios is 464 times larger! Ac-
cording to Grinold’s Law, all else being equal, the IR on the stock-selection strat-
egy should be larger by a factor of 22, which is the square root of the ratio of
breadths in the two strategies. In fact, the ratio is only three. This means that what
the country-selection strategy loses in breadth, it mostly makes up for in forecast-
ing accuracy. Recently, Peter Hopkins and Hayes Miller substantiated this finding
when reviewing the performance attribution on global equity managers: The man-
agers in their data set experienced far more success in forecasting countries than in
forecasting stocks.14

The diversification in country indexes probably drives the significantly higher
forecast accuracy in country selection relative to stock selection. Whereas a forecast-
ing model in an individual stock will be notoriously uncertain, the residual risks from
individual stock models wash out in a broad portfolio, resulting in more precise fore-
casts. In addition, Grinold’s (1989) breadth is technically the number of independent
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12The information ratio multiplied by the square root of the number of years in the sample
(n) is distributed student-t with n degrees of freedom. We show p-values from a one-tailed
test for the hypothesis that the mean return to the strategy is positive.
13Whereas an equal-weight portfolio of countries is quite feasible, and equal-weight portfolio
of 7,500 global stocks is not. We use capitalization-weighted portfolios here to be more rep-
resentative of the opportunity set.
14Hopkins, Peter J. B., and C. Hayes Miller, 2001, “Country, Sector, and Company Factors
in Global Equity Portfolios,” AIMR Research Foundation Monograph.



investment decisions, and it is obvious that individual stock returns are not com-
pletely independent. Another possible explanation is that the dearth of large global
players reallocating capital across countries means that country-selection opportuni-
ties are larger. The data support all of these explanations.

Predictability across Global Bond and Currency Markets
Using Valuation Measures

Now let us turn to the evidence in global bond and currency markets, where valu-
ation effects also exist. We repeat the long/short portfolio construction methodol-
ogy using the bond and currency markets in the developed world, once again
buying the cheapest third and shorting the most expensive third. We measure
value in bonds by the slope of the yield curve, and in currencies by trailing five-
year excess returns, which is a simple purchasing power parity measure. Our tests
include all the independent bond and currency markets in the developed world,
and, except for Germany prior to the creation of the euro, exclude the sovereign
country bonds and currencies that eventually adopted the common European cur-
rency. These amount to nine country markets and 11 currencies. Table 25.1 also
reports these results.

Consistent with global equity markets, there is a valuation effect in both global
bond and currency markets. The information ratio is 0.21 in bonds and 0.50 in
currencies, with probability values of 17.9 percent and 1.0 percent, respectively.
The fewer number of independent assets within these asset classes probably reduces
their information ratios relative to equity markets, consistent with Grinold’s Law.
Clearly, taken together, the evidence in global asset returns strongly supports pre-
dictability from valuation models.

Interestingly, in spite of the fact that value measures work across all three pri-
mary asset categories as well as within equity markets, the performance on each of
these value portfolios constructed from different assets is not highly correlated. In
fact, the average correlation is –0.04.

We used very simple measures of valuation to demonstrate that significant pre-
dictability in country returns exists. When actually implemented, these strategies
can be further improved through elementary country-specific adjustments. Clearly
addressing differences in taxes, regulation, and economic environment only
strengthens the empirical evidence for predictability.

Predictability in Stock versus Bond Returns 
Using Valuation Measures

What about timing the market? As it turns out, valuation is also a key driver of ex-
pected future total returns on stocks relative to bonds. Taking U.S. data starting in
1926, we simulate a well-known and simple valuation model for timing stocks rel-
ative to bonds. We use the “Fed model,” which compares the earnings yields on
stocks to the interest yield on bonds. In particular, we create an earnings yield gap
measure by subtracting yields to maturity on intermediate-term bonds from trailing
earnings-price ratios on the S&P 500. In each month, we take a position in stocks
equal to five times the earnings yield gap and an offsetting position in intermediate-
term bonds. For example, the earnings yield at the end of December 1999 was 3.29
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percent while intermediate-term interest rates were 6.45 percent, giving an earnings
yield gap of –3.16 percent. Therefore, the strategy would have resulted in a 15.8
percent short stock position and 15.8 percent long bond position at the beginning
of January 2000.

As shown in Figure 25.1, the success of this simple strategy is striking. The in-
formation ratio on the earnings-yield-gap timing model is 0.43, which yields a
highly significant probability value of 0.01 percent due to its extremely long his-
tory. In addition, the strategy is correctly positioned coming out of the bear mar-
ket of 1973–1974, and is substantially underweight during the crash of 1987. The
earnings yield gap is negative, though, for the four-year period starting at the be-
ginning of 1996, thus missing out on one of the greatest continuous market appre-
ciations on record. We believe this is one reason why many TAA managers
struggled in the late 1990s.

One important facet of any forecasting model is robustness. By robust, we
mean that the same factor or investment theme forecasts asset returns both across
and within countries, across various asset classes, and across different time periods.
Robust forecasting variables are less subject to data-mining biases and therefore are
more likely to perform well out of sample. The more intuitive and consistent the
factor, the more likely future performance will be strong. As shown earlier, the val-
uation investment theme is a very robust strategy.

Predictability Using Momentum Measures

To further support the case of predictability, let us turn to the evidence on pre-
dictability using momentum. Momentum means using measures of short-term per-
formance to predict future performance. Recent past returns should forecast
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FIGURE 25.1 Cumulative Excess Return on a U.S. Stock/Bond Timing Strategy

1.0

2.0

3.0

4.0

1925 1929 1933 1937 1941 1945 1949 1953 1957 1961 1965 1969 1973 1977 1981 1985 1989 1993 1997 2001

Cu
m

ul
at

iv
e 

Ex
ce

ss
 R

et
ur

n 
on

 $
1



future returns if investors underreact to short-term information, or if some
non–economically motivated market participants are “leaning against the wind.”

For simplicity, we define momentum as the prior year’s total return. Once
again, we form long/short portfolios in global equity, bond, and currency markets,
long the highest third based on prior year return, and short the lowest third based
on the same measure.

We show these results in Table 25.1. As before, the momentum effect is robust
across countries in all three asset classes, as well as within countries’ stock markets.
The statistical significance of the momentum factors is even stronger than the valu-
ation factors. In addition, the momentum effect across country equity markets is al-
most twice that within country equity markets, as measured by their relative
information ratios. In this case, the information coefficient for momentum in coun-
try selection is more than 40 times greater than in stock selection!

Here, let us interject the importance of diversification. Both valuation and mo-
mentum measures predict future asset returns, and neither is a complete story by it-
self. It stands to reason that an even better approach would use both of these
variables. In fact, diversification across investment themes is exceedingly powerful
in GTAA. To take just one example, consider a global equity country-selection
strategy that equally weights the B/P and one-year return strategies. As shown in
Figure 25.2, the combined strategy exhibits similar volatility to the single-measure
strategies, yet it generates cumulative excess returns over our 22-year period that
are three times higher than the momentum portfolio alone.

While we reviewed two simple forecasting measures, there exist a number of
additional intuitive investment themes that forecast asset class and country returns,
and an exceptionally large universe of specific forecasting measures within each of
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FIGURE 25.2 Cumulative Excess Return on Global Equity Country Long/Short Portfolios
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these. Other investment themes that we believe drive future investment perfor-
mance are macroeconomic growth, fund flows, and proxies for risk premiums.

IMPLEMENTATION ISSUES

Portfolio Construction

The forecast models of country and asset-class returns drive the desire to create de-
viations from the strategic asset allocation in a GTAA portfolio. However, knowing
that cheap countries outperform expensive ones on average is not enough. We must
also use a method of portfolio construction that translates our forecasts into mean-
ingful estimates of expected return. We desire portfolios that balance risk and re-
turn, but traditional mean-variance optimizers struggle to construct reasonable
portfolios due to the inconsistency between estimates of expected return and risk.
To avoid these undesirable results, users of optimizers often impose constraints,
which unfortunately also hinder the optimizer’s ability to find the best portfolio.

As described more fully in Chapter 7, the Black-Litterman asset allocation
model provides the natural solution to this problem by estimating expected returns
more consistent with risk assumptions. It achieves this by blending views from fore-
casting models with the market’s implicit equilibrium views to create a new set of
expected returns. In principle, the model works by “shrinking” the weights on ex-
treme views toward equilibrium, and the weights on correlated views toward each
other. The degree of shrinkage depends on how much confidence we place in our
forecasting model views relative to the market’s implicit views. The resulting ex-
pected returns more consistently reflect estimated volatilities and correlations. In
this way, the Black-Litterman approach produces better-specified expected returns
and results in better-balanced portfolios than traditional methods, while requiring
fewer artificial constraints.

Conceptually, a GTAA portfolio is constructed in two steps. First, the comple-
tion portfolio is built to minimize tracking error to the benchmark, and second, the
pure overlay portfolio is created to maximize expected return per unit of inten-
tional active risk. In practice, we solve for these two portfolios jointly along with
transaction costs projections in order to create an aggregate GTAA overlay portfo-
lio that maximizes expected return per unit of risk net of transaction costs. Deter-
mining the completion and pure overlay positions at the same time minimizes
overall transaction costs.

After using Black-Litterman to estimate expected returns, the actual joint com-
pletion and pure overlay portfolio optimization is straightforward:

Max{E[R]�(w – b) – λ (w – b)�Σ(w – b) – φ t(w – w0)}
{w}

where E[R] represents the vector of Black-Litterman expected returns, w represents
the vector of asset weights, b represents the vector of benchmark weights, Σ repre-
sents the covariance matrix of asset returns, t( ) represents the transaction cost
function that depends on the size of trades, w0 represents the vector of current
weights, and λ and φ represent the risk aversion and transaction cost aversion para-
meters calibrated for the desired risk and GTAA-process-specific transaction costs.
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Intuitively, E[R]�(w – b) is the expected excess return over the benchmark, (w –
b)�Σ(w – b) is the tracking error relative to benchmark of the combined completion
and overlay portfolio, and t(w – w0) is the estimated total transaction costs implied
by a given optimal portfolio. Then, for attribution purposes, the completion port-
folio is defined as

Min{(wc – b)�Σ(wc – b)}
{wc}

where wc represents the vector of weights in the completion portfolio. This opti-
mization also yields the pure overlay weights, which are defined as w – wc. Note
that while every asset in the benchmark is represented in w and wc, only the sub-
set of assets with liquid futures and forwards are traded, so the tracking error of
the completion portfolio is not zero. Also, this is a purely hypothetical comple-
tion portfolio that ignores transaction costs, since transaction costs are already
considered in the total GTAA optimization. If the completion and pure overlay
portfolios are managed separately, transaction costs must be considered in each
of them independently.

Given the reduced transaction costs, does it always make sense to combine
the completion and pure overlay portfolios? Although generally managing these
two portfolios together is easier and less costly, this is not always the case. The
exceptions are typically very large and complex portfolios, or portfolios with sig-
nificant contributions and redemptions. In these cases, the custodian or a special-
ized completion manager is often closer to the information flow and can more
quickly and more accurately remove unintentional asset allocation risk, and the
gains from reducing transaction costs from netting are typically small since the
pure overlay portfolio is usually not rebalanced every time there is a new cash in-
flow or outflow.15

Where Does GTAA Fit Into a Portfolio?

GTAA is generally implemented in a small overlay account using liquid derivative
instruments such as futures and forwards, although the strategy can also use swaps
or cash instruments such as country index funds to increase the opportunity set.

Why? The small account size required is a tremendous advantage from a risk
budgeting viewpoint. This is because in practice the dollars allocated and limited
tracking error of traditional managers severely limit the achievable active risk in a
portfolio. It is exactly this problem that drives investors to seek absolute return
strategies. Another practical motivation for limiting the size of the GTAA overlay
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15In practice, one could rebalance both completion and overlay every time anything changed
in the underlying holdings of the portfolio. Because there is noise in any model’s expected re-
turn estimates, trading too frequently results in trading on noise, and therefore only reduces
performance. Based on our experiences with our forecasting models, we believe the optimal
rebalance frequency for a pure overlay account is somewhere between three and seven
weeks.



portfolio is to minimize the disruption to underlying portfolio managers, since a
GTAA account can often be carved out of existing cash assets in a portfolio.

The actual size requirements vary depending on the degree of completion re-
quired, the amount of active risk desired, and the sensitivity of the client to making
periodic contributions to the strategy. As a general rule of thumb, a pure overlay
portfolio requires a minimum of 3 percent capital for every 1 percent active risk, and
the completion portfolio requires about 1 percent. In a GTAA overlay portfolio, the
capital is used as initial margin and as a cushion for investment performance.

The GTAA active risk budget also varies across client portfolios. Since GTAA is
uncorrelated with other active risks,16 a risk budgeting exercise will generally place
significant risk capital in the strategy. Of course, the assumed information ratio on
the strategy also critically determines its size; it is common to set this equal to the
average IR on other active management activities. In our experience, clients typi-
cally choose GTAA active risk on their overall portfolios between 0.25 percent
(contributing about 2 percent of the total active risk) to 2.0 percent (contributing
more than half of the total active risk), although the potential for GTAA active risk
is virtually unlimited.17 The most common target is 1.0 percent on the overall port-
folio, in which case GTAA consumes about one-quarter of the active risk budget
and requires about 5 percent of the portfolio’s assets. To clarify, this risk target rep-
resents volatility on the client’s overall portfolio, not volatility relative to the value
of the overlay account. Relative to the overlay account alone, the volatility in this
example would amount to 20 percent per year. As this example demonstrates,
GTAA is almost always the most efficient source of active risk in a portfolio.

Should Global Currency Management Be Included in GTAA?

Historically, many institutions have created separate currency and GTAA overlay
portfolios. This separation is unnatural, since currency allocation is an integral el-
ement of GTAA. We also believe separating currencies from GTAA is suboptimal.
First, the best currency managers are also often the best GTAA managers since the
best quantitative approaches apply equally well to currencies. Second, separating
the two mandates increases the size of the assets that must be devoted to the pro-
gram since both the currency and GTAA overlay portfolios need a buffer for prof-
its and losses, and the diversification benefit from combining the two overlay
accounts results in a smaller total profit/loss buffer. Third, the total management
fees will generally be lower in a GTAA mandate that includes currency manage-
ment than in two separate mandates, one for currencies and one for GTAA with-
out currencies. This is especially true if the two overlay accounts each earn
performance fees, since the client may end up paying performance fees in years
that the total excess returns are negative. Finally, there are potential efficiency
gains from managing GTAA and currencies jointly, since a fully specified GTAA
program can exploit correlations between currencies and hedged equity and fixed
income markets. (See Jorion 1994, 2002.)
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16We measure this in a later section of this chapter.
17The practical limit occurs when the clients place 100 percent of their assets in GTAA and
the strategy is run at its maximum tracking error of approximately 40 percent.



The Advantages of Implementing Using Futures and Forwards

The minimal margin requirements for futures and forward contracts makes the
overlay implementation of GTAA possible. The initial margin on futures is gener-
ally 2 to 10 percent, and the initial collateral on forward and swap contracts is
equally small. But use of these derivative instruments offers another advantage:
high liquidity and low transaction costs.

The liquidity in futures markets today is immense. Liquid futures exist in all of
the major global markets and asset classes, and are commensurate in size with trad-
ing in underlying cash instruments. Table 25.2 reports average trading volumes in
futures and cash markets around the world today. Liquidity in global currency for-
ward markets is similar in magnitude, making it possible to trade significant posi-
tions quickly with minimal market impact.

On average across all major global equity markets, traded futures market vol-
ume is 83 percent that of cash market volume, amounting to approximately $90
billion a day. Average daily global bond futures market volume amounts to over
twice this. While market volumes in bond cash markets are tougher to measure, in
the U.S. 10-year and 30-year markets, futures market volume is about 50 percent
higher than cash markets.

While the overall trading volume in futures is similar to that in cash instru-
ments, futures transaction costs are considerably lower. The one-way transaction
cost is the sum of commissions and fees, one-half of the bid/ask spread, and 
the anticipated market impact from trading a given size order. Figure 25.3 de-
picts the relative round-trip transaction costs for a $5 million trade in stock in-
dex futures versus underlying stocks, on average across 15 developed equity
futures markets.

The results are striking. Because the average futures contract size is more
than 1,000 times the price of the average stock, the commission rates for futures
are approximately 90 percent less than for stocks. The bid/ask spread and mar-
ket impact are also much smaller in futures, about one-fifth the level in stocks.
Two elements drive the spread and market impact costs: liquidity and the poten-
tial for traders to hold private information that is not reflected in prices. The liq-
uidity impact simply means that to trade in larger sizes over short horizons,
prices must move adversely to entice additional liquidity on the other side. The
larger the trading volume in a given market, the smaller will be the liquidity im-
pact. This suggests the liquidity impact of futures is similar to, if not a bit
smaller than, stocks.

The private information problem, on the other hand, is much more pro-
nounced in individual stocks. This is because private information is firm specific by
its very nature, and the value of that information is many times greater when trad-
ing the specific firm’s stock than when trading a stock index in which the stock rep-
resents only a small fraction. This causes the bid/ask spread and market impact cost
for underlying stocks to greatly exceed that for stock index futures. And while
we’ve shown the difference between market impact in stocks and futures for a mod-
erately sized order, trades in larger sizes further increase the cost of trading stocks
relative to stock index futures.

The most obvious disadvantage of using futures to implement GTAA is that
the completion portfolio cannot track the benchmark as well as the underlying cash
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instruments used to calculate the benchmark. The additional tracking error derives
from three sources. First, futures do not exist in all countries and asset classes. Sec-
ond, existing futures have been created for the most popular local indexes of large
stocks, but these indexes often do not coincide with the indexes used by institutions
in their global portfolios. Third, even if a futures contract exists on the very index
used in the benchmark, the futures contract does not track the underlying index
perfectly due to short-term mispricing between the two as well as differences in tax
treatment that can be significant in some countries. This tracking error is termed
basis risk.

In spite of these issues, a completion portfolio of futures and forwards gener-
ally tracks a global multi-asset-class benchmark quite well. In Table 25.3, we show
a recent snapshot of the completion portfolio for one of our existing clients. After
incorporating all three sources of completion error described earlier, the projected
tracking error on the completion portfolio is only 0.45 percent, which compares fa-
vorably to the tracking error of 2.18 percent before completion.

These arguments strongly favor the use of liquid derivatives to implement
GTAA, but the strategy may also be implemented using cash instruments, with a
natural reduction in efficacy. For example, it is common in some countries for insti-
tutions to use so-called “swing” portfolios. A swing portfolio generally requires 10
percent or more of the institution’s overall portfolio and is invested entirely in pas-
sive underlying funds. The manager of the swing portfolio then reallocates capital
among these funds to effect an overall asset allocation. The availability of index
funds, the cost of trading them, and the size of the swing portfolio all determine the
degree to which the GTAA process would be constrained and the performance
would be reduced.
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FIGURE 25.3 The Round-Trip Cost of Trading $5 Million in Physical Stocks versus Stock
Index Futures
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TABLE 25.3 Representative Completion Portfolio

Aggregate Unintentional
Underlying Asset Completion Resulting

Benchmark Managers’ Allocation Portfolio Completion
Country Weight Weight Deviations Weight Deviations

Equities
Australia 0.55% 0.06% –0.49% 0.04% –0.45%
Austria 0.31 0.00 –0.31 0.25 –0.07
Belgium 0.33 0.00 –0.33 0.03 –0.30
Canada 0.00 0.08 0.08 0.03 0.12
Denmark 0.25 0.04 –0.20 0.00 –0.20
DJ Euro STOXX 50 0.00 0.51 0.51 –1.93 –1.42
Finland 0.18 0.27 0.09 0.06 0.14
France 1.81 1.17 –0.64 0.92 0.28
Germany 2.52 0.48 –2.04 2.05 0.01
Greece 0.18 0.00 –0.18 0.08 –0.10
Hong Kong 0.23 0.08 –0.16 –0.22 –0.38
Ireland 0.15 0.59 0.44 0.00 0.44
Italy 1.69 1.07 –0.61 0.49 –0.12
Japan 6.10 5.15 –0.94 0.74 –0.20
Netherlands 0.52 1.53 1.01 0.00 1.01
New Zealand 0.08 0.00 –0.08 0.09 0.01
Norway 0.24 0.00 –0.24 0.00 –0.24
Portugal 0.16 0.00 –0.16 0.05 –0.11
Spain 0.82 0.54 –0.28 0.20 –0.08
Singapore 0.13 0.39 0.26 0.00 0.26
Sweden 0.30 0.36 0.06 –0.12 –0.06
Switzerland 0.35 1.57 1.22 0.00 1.22
Emerging markets 3.00 4.05 1.05 0.00 1.05
United Kingdom 2.09 3.23 1.14 –1.66 –0.52
U.S. Small Capitalization 3.01 5.40 2.39 –2.31 0.08
U.S. Large Capitalization 42.99 33.51 –9.48 9.11 –0.36

68.00% 60.09% –7.91% 7.91% 0.00%

Bonds
Australia 0.03% 0.00% –0.03% 0.03% 0.00%
Belgium 0.25 0.00 –0.25 0.00 –0.25
Canada 0.20 0.40 0.20 –0.15 0.05
Denmark 0.10 0.33 0.23 0.00 0.23
France 0.70 2.22 1.52 0.00 1.52
Germany 0.73 1.34 0.61 –1.95 –1.34
Italy 0.73 0.83 0.10 0.00 0.10
Japan 2.29 2.17 –0.12 0.12 0.00
Netherlands 0.19 0.23 0.04 0.00 0.04
Spain 0.28 0.00 –0.28 0.00 –0.28
Sweden 0.07 0.15 0.08 0.00 0.08
United Kingdom 0.43 0.43 0.00 0.00 0.00
United States 23.00 23.07 0.07 –0.22 –0.15

29.00% 31.17% 2.17% –2.17% 0.00%
(Continued )



An Example Table 25.4 shows a recent GTAA overlay portfolio for one of our
clients. In this portfolio, the client permits trading in all Commodity Futures Trad-
ing Commission (CFTC)-approved equity index and bond futures,18 developed
market currency forwards, and country equity index funds. The client requires
that holdings consist only of assets in the benchmark, and permits a limited degree
of beta extension in both stocks and bonds through TAA. The active risk target is
2.5 percent.

The positions in this portfolio represent active country and asset class devia-
tions derived from four independent GTAA strategies: (1) asset class timing, (2)
country selection within global equities (hedged), (3) country selection within
global bonds (hedged), and (4) currency selection. Based on our experience with
each of these strategies as well as our expectations from Grinold’s Law, we allocate
risk across the four strategies, which results in the most risk from currencies, the
second most from global equity markets, the third most from global bond markets,
and the least from asset class timing.

474 ALTERNATIVE ASSET CLASSES

TABLE 25.3 (Continued)

Aggregate Unintentional
Underlying Asset Completion Resulting

Benchmark Managers’ Allocation Portfolio Completion
Country Weight Weight Deviations Weight Deviations

Currencies
Australian dollar 0.58% 0.06% –0.52% 0.52% 0.00%
Canadian dollar 0.16 0.48 0.32 –0.32 0.00
Danish krone 0.33 0.37 0.05 0.00 0.05
Euro 11.07 10.27 –0.80 0.76 –0.05
Hong Kong dollar 0.23 0.08 –0.16 0.00 –0.16
Japanese yen 8.01 7.32 –0.68 0.68 0.00
New Zealand dollar 0.24 0.00 –0.24 0.24 0.00
Norwegian krone 0.08 0.00 –0.08 0.08 0.00
Singapore dollar 0.13 0.39 0.26 –0.26 0.00
Swedish krona 0.36 0.51 0.16 –0.16 0.00
Swiss franc 0.35 1.57 1.22 –1.22 0.00
British pound 2.45 4.20 1.74 –1.74 0.00
U.S. dollar (cash) 3.00 8.74 5.74 –5.59 0.16

27.00% 34.00% 7.00% –7.00% 0.00%

Total 100.00% 100.00% 0.00% 0.00% 0.00%

Tracking error 2.18% 0.45%

18The U.S. Commodity Futures Trading Commission (CFTC)—in a futile and ridiculous at-
tempt, in our view, to protect investors from themselves—does not permit U.S. investors to
trade futures in undiversified indexes or on exchanges it deems unsafe to the investor. The
Netherlands’ AEX and Switzerland’s SMI indexes are the most prominent global futures not
approved by the CFTC.
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TABLE 25.4 Representative GTAA Overlay Portfolio

Overlay Risk 
Country Contract Weights Decomposition

Equities
Australia SPI 200 Futures –3.16% –5.09%
Belgium Belgium MSCI Index fund 0.42 0.87
Canada S&P/TSE 60 futures –0.85 –2.32
Finland Finland MSCI Index fund and DJ –0.14 –0.28

Euro STOXX 50 futures
France CAC 40 futures and DJ Euro –0.91 –2.70

STOXX 50 futures
Germany DAX futures and DJ Euro STOXX 1.09 3.65

50 futures
Hong Kong Hang Seng futures 3.73 20.59
Italy MIB 30 futures and DJ Euro –0.76 –2.24

STOXX 50 futures
Japan TOPIX futures 2.62 11.21
Netherlands Netherlands MSCI Index fund and 0.21 0.59

DJ Euro STOXX 50 futures
New Zealand New Zealand MSCI Index fund –0.19 –0.27
Portugal Portugal MSCI Index fund –0.29 –0.41
Spain IBEX 35 futures and DJ Euro 0.46 1.46

STOXX 50 futures
Singapore Singapore MSCI Index fund and –1.57 –5.69

Singapore MSCI futures
Sweden OMX futures –0.93 –2.14
Switzerland Switzerland MSCI Index fund –0.52 –1.26
United Kingdom FTSE 100 futures –1.89 –3.85
United States S&P 500 futures 3.92 15.05

1.26% 27.19%

Bonds
Australia Australia 10-year futures 0.38% –0.02%
Canada Canada 10-year futures 4.45 2.26
EMU countries Germany 10-year Euro-Bund futures –10.06 0.18
Japan JGB 10-year futures –19.20 5.56
Switzerland Switzerland 10-year futures –1.83 0.18
United Kingdom Long Gilt futures –7.39 1.41
United States U.S. 10-year futures 21.78 15.77

–11.87% 25.35%

Currencies
Australian dollar A$/US$ currency forward 3.30% 8.45%
Canadian dollar C$/US$ currency forward –1.81 –0.88
Euro Euro/US$ currency forward –0.35 0.02
Japanese yen Yen/US$ currency forward –1.55 0.10
New Zealand dollar NZ$/US$ currency forward 3.21 8.28
Norwegian krone Norwegian krone/US$ currency 5.14 3.06

forward
(Continued )



At the time of this portfolio snapshot, we held active positions in 35 differ-
ent securities in the overlay portfolio with a predicted tracking error of 2.48 per-
cent. We held large equity overweights in the United States, Hong Kong, and
Japan partially offset by large underweights in Australia, the United Kingdom,
and Singapore. In bonds, overweights in the United States and Canada were off-
set by underweights in Japan, Euroland, and the United Kingdom. Our major
currency positions were long the Swedish krona and Norwegian krone, and
short the Swiss franc and U.K. pound sterling, with a net underweight in the U.S.
dollar overall.

The position sizes were determined using the optimization problem described
earlier, where returns are maximized subject to a total tracking error constraint as
well as constraints on the tracking errors within each of the four GTAA strategies.
Despite the very simple optimization problem, the portfolio’s risk budget is fairly
well balanced, as seen in the tracking error decomposition in the rightmost column.
At the individual security level, there are 11 positions contributing more than 5
percent of risk in absolute terms. That this well-balanced portfolio can result from
a simple optimization problem is a testament to the Black-Litterman asset alloca-
tion model, which was developed primarily to address the problem of unbalanced
portfolio optimizations.

Leverage

Finally, note that in asset class timing, we held a beta extension of 0.02 in equities
and 0.18 in bonds. By an equity beta extension of 0.02, we mean that the beta of
our global equity portfolio with respect to the equity benchmark was 1.02. This
implies that for every 10 percent increase in the MSCI World Index, our global eq-
uity portfolio should outperform by 0.20 percent. Beta extension better represents
the market timing position in equities than the sum of weights because the weights
themselves may indicate a misleading position. For example, a 2× overweight in a
country with half the beta of second country where a 1× underweight is held actu-
ally represents a beta-neutral position, and therefore would not be expected to out-
perform when the global equity market increases or decreases.
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TABLE 25.4 (Continued)

Overlay Risk 
Country Contract Weights Decomposition

Singapore dollar S$/US$ currency forward 3.35 1.38
Swedish krona Swedish krona/US$ currency forward 10.46 15.72
Swiss franc Swiss franc/US$ currency forward –15.15 11.44
British pound Pound/US$ currency forward –2.64 –0.09

3.96% 47.48%

Total 100.00%
Total active risk 2.48%
Equity beta extension 0.02
Bond beta extension 0.18



Beta extension in bonds works analogously, and is equivalent to the concept of
duration extension applied to a global portfolio.19 Our bond beta extension of 0.18
means that for every 10 percent increase in the J.P. Morgan Global Government
Bond Index, our global bond portfolio is expected to outperform by 1.80 percent.

One might ask whether holding a beta extension in both stocks and bonds rep-
resents leverage. The answer depends on which definition of leverage is used, and
unfortunately, there are several. To appreciate this difficulty, consider a recent re-
port from the Leverage & Derivatives Subcommittee of the Association for Invest-
ment Management and Research (AIMR) Investment Performance Council:

The discussion of [leverage] has been rather involved due to the fact that the
use of leverage can be viewed from many different angles (e.g., trading port-
folios, money manager, etc.). As a consequence, the Subcommittee has aban-
doned former approaches to give a rather specific definition of the term
“Leverage.” Instead, it will propose a rather general definition of the
term. . . .20

The committee recently arrived at a much oversimplified notion of leverage
that any portfolio employing securities or strategies that might cause leverage must
be leveraged:

In general, a portfolio is considered to be leveraged if certain instruments or
strategies such as financing assets through liabilities (e.g., margin) or the use of
futures, options, or other derivative instruments are employed. These strategies
are implemented in order to alter the return impact (“exposure”) that a unit
move in certain underlying securities markets will have on the portfolio to an
extent otherwise unachievable without the use of those instruments or strate-
gies. Rather than being occasionally used (e.g., for insuring the value of the
portfolio in case of a market crash), the potential use of these strategies is as-
sumed to be an integral part of the investment strategy.21

By this new AIMR definition, accounts using futures to reduce the beta of an
investment account to bring it closer to the benchmark would be leveraged. In
fact, by the AIMR definition, traditional bond managers cannot use derivatives
of any kind to manage the duration of their portfolios without falling under the
definition of leverage.
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19Duration measures the price impact in a bond for a given interest rate change. In a bond in-
dex, duration is calculated assuming a parallel shift across all maturities in the index. Con-
ceptually, one could define a global duration that would similarly assume a parallel shift that
is equal across all maturities and all countries. However, such a concept would not accu-
rately reflect the impact of shifts in global interest rates, as correlations across countries are
substantially less than one, and interest rate volatilities can be quite different around the
world.
20Update Report of the Leverage & Derivatives Subcommittee of the Investment Perfor-
mance Council, March 1, 2002, AIMR.
21Update Report of the Leverage & Derivatives Subcommittee of the Investment Perfor-
mance Council, June 1, 2002, AIMR.



Another common definition is that of notional leverage. Notional leverage is
usually calculated by summing the market value of all physical noncash securities
in the portfolio with the notional exposure of futures and forwards. If this notional
value is greater than the market value of the total portfolio, the portfolio is notion-
ally levered. For example, a portfolio with $99 million in physical holdings, $1 mil-
lion in cash, $5 million in a long S&P 500 futures position, and $3 million in a
short U.S. 10-year bond futures is notionally leveraged as its notional exposure of
$101 million is larger than its total value of $100 million.22

We prefer a measure of leverage that addresses whether the characteristics of
the portfolio could have been obtained holding entirely physical securities. Under
this definition, using derivatives to alter portfolio characteristics will not be flagged
as leverage unless derivatives are used to create portfolio characteristics that would
not be possible without the use of derivatives. For example, beta extension is easily
obtained by holding stocks with betas higher than the benchmark, and duration ex-
tension is created by holding bonds with maturities longer than the benchmark, so
strategies using futures to create a certain degree of these exposures would not be
termed leveraged. In fact, such strategies are already employed by many traditional
managers in their portfolios without being interpreted as leverage.

THE EXPECTATIONS OF A GTAA PROGRAM

Performance

As noted at the beginning of this chapter, TAA and GTAA have experienced both
strong and difficult performance periods over their histories. What should a client
expect? The expectation for excess return is a function of the amount of active risk
in GTAA as well as the manager’s information ratio and investment style.

Long-term information ratios on the best GTAA managers are generally be-
tween 0.5 and 1.0, and in some cases even exceed 1.0. While this may seem exces-
sively high, consider that (1) transaction costs are 90 percent lower than for
traditional products, and (2) unlike the tremendous number of players and amount
of capital chasing after securities within a country, the number and capital of global
asset allocators is relatively small. This implies that market disequilibriums are
likely to be larger, and perhaps to exist for longer periods. This also suggests that
GTAA managers may have longer periods of underperformance, although a well-
diversified strategy should experience shorter episodes of underperformance.

Performance comparisons across GTAA managers can be difficult due to the
extremely customized nature of the strategy. However, for every GTAA account
there exists a benchmark, so excess performance can be readily measured. We be-
lieve the information ratio on an AIMR-compliant asset-weighted GTAA compos-
ite is the best single performance measure, and this is readily compared across
managers. We show the performance of our AIMR-compliant GTAA composite in
Figure 25.4. The realized information ratio on this performance history is 1.14.
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22The market value of futures contracts is zero because they are marked to market every day
and the profit/loss is added to/taken from the cash in the account.



Some argue that IR is not the best metric to compare managers, especially tra-
ditional managers, because as they take more risk, their information ratio declines.
However, the use of derivatives in GTAA means that there are few natural bound-
aries on position sizes or directions, unlike traditional security selection strategies
where net shorts or extremely large positions are both more costly and less readily
employed. Therefore, the IR on a GTAA portfolio should be relatively unaffected
by targeted active risk.23

Fortunately for clients, GTAA active risk is not highly correlated with other
sources of active risk. Table 25.5 demonstrates the low correlation of four GTAA
managers with other traditional asset class managers.24 Over the six-year period
from 1996 to 2001, the correlation of these GTAA managers’ active risk with the
active risks of traditional managers was quite low, averaging only 0.01 across the
major asset classes. This correlation is particularly low in light of the average corre-
lation between manager active risks within asset classes of 0.20. Only domestic and
international fixed income show average active risk correlations above 0.10, from
which we infer that GTAA managers were taking duration bets similar to fixed in-
come managers over this period. Correlations across GTAA managers appear to be
low also. The correlation of GSAM’s GTAA performance history is only 0.03 with
the other GTAA managers.

Is GTAA Suitable for All Investors?

We believe GTAA is suitable for almost any institutional portfolio. However, clients
that understand the importance of removing unintended risks, the use of deriva-
tives, risk budgeting, and risk management most appreciate GTAA’s benefits. The
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FIGURE 25.4 GSAM AIMR-Compliant GTAA Composite, October 1996 to October 2002
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23Notwithstanding any client-imposed constraints like range constraints or no net shorts.
24The traditional manager data are from Nelson’s institutional manager database. We thank
Dmitri Smolyanski at General Motors Investment Management Company for the database
of GTAA managers.



minimum size of the portfolio is generally not a binding constraint, although in
some markets the futures contracts have large denominations.25 If the GTAA pro-
gram on a small portfolio is implemented using two separable portfolios (comple-
tion and pure overlay), the efficacy of the customized completion portfolio depends
on the size of the holes in the portfolio, but the overlay portfolio may be imple-
mented through a commingled vehicle, obviating any concern about minimum
portfolio size.

In general, GTAA can fit anywhere in a client’s portfolio. Some clients carve
out an entire slice of their strategic benchmark, while others prefer to carve the
overlay out of an area of their portfolio that is passively managed or generates low
active risk. While the GTAA manager will generally not have a preference, clients
might prefer funding the overlay program from an area of their portfolio with low
expected active return, such as U.S. large-capitalization equities or U.S. core fixed
income. This result is often a natural outcome of the risk budgeting analysis.

GTAA as a Portable Alpha Strategy

GTAA can also be implemented as a portable alpha strategy on a specific piece of a
client’s portfolio, for example, as a portable alpha strategy over the global equity
portfolio, or even over a U.S. enhanced index portfolio. Used in this fashion,
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TABLE 25.5 Correlation of Manager Active Returns

Average Correlation Average 
between Manager Correlation between

Number of Active Risk Managers and 
Asset Class Managers within Asset Class GTAA Managers

U.S. large-capitalization growth 224 0.17 (0.03)
U.S. large-capitalization value 206 0.16 0.06
U.S. small-capitalization growth 131 0.17 (0.04)
U.S. small-capitalization value 137 0.28 (0.08)
International equity 94 0.24 0.05
Domestic fixed income 48 0.27 0.16
High-yield 63 0.22 0.02
International fixed income 46 0.26 0.17

Total/Average 949 0.20 0.01

Sources: Nelson’s; General Motors Investment Management Company.

25The largest contracts are the 10-year Japanese government bond futures at $860,000 per
contract, the S&P 500 futures at $200,000 per contract, and the Russell 2000 futures at
$190,000 per contract. In some markets, miniature contract sizes have gained popularity, for
example, in the S&P 500 where the S&P 500 EMini Index Futures trades at $40,000 per
contract.



GTAA is just another source of active risk, but a special source in that so little cap-
ital is required. This makes it easy to combine with other sources of active risk
within the same portfolio. This is in contrast to a common portable alpha strategy
that transports alpha from a fixed income strategy onto an equity benchmark, be-
cause substantial capital is needed for the fixed income strategy in order to gener-
ate the excess return.

The completion portfolio in a GTAA program can also make portable alpha
strategies possible. For example, a portfolio that desires more active risk from its
equity managers but doesn’t want to increase its strategic equity weighting can
transfer capital from its fixed income managers to its equity managers, then undo
this implicit stock/bond bet by selling equity index futures and buying bond futures
in equivalent proportions. Essentially, the completion portfolio frees the linkage be-
tween a portfolio’s strategic asset allocation and the asset classes where active risk
is derived, obtaining a more optimal allocation of active risk.

Choosing a GTAA Manager

There exist approximately 25 investment firms globally that credibly offer
TAA/GTAA services. Some of these have not committed the resources to offer a
truly global product and therefore offer only domestic TAA, and some firms have
not developed a global derivatives trading capability. However, about 10 major
global players exist in the modern GTAA industry, with more than 80 percent of
market share concentrated in the top four players.26

We believe a strong GTAA manager possesses the following key traits:

� A sound investment philosophy based on strong theoretical and proven empiri-
cal evidence.

� A quantitative approach that can be intuitively explained.
� A program that offers diversification in active risk across strategies, across in-

vestment themes, and across securities held in the portfolio.
� An appropriate risk budget that does not rely too heavily on market timing.
� An independent risk management group ensuring that investment philosophy

and client guidelines are followed.
� A strong commitment to continued research as models and markets evolve.

SUMMARY

The modern global tactical asset allocation program really comprises two sepa-
rate strategies, completion and pure overlay. The completion element of GTAA
flexibly and cost-effectively manages unintended asset allocation risk with lim-
ited capital and minimal disruption to underlying investment managers. The
pure overlay of GTAA adds value from opportunistic long and short positions in
asset classes and countries.
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GTAA is well motivated from both theoretical and empirical standpoints, and
should be an important element of most institutions’ investment programs. In spite
of periodic poor performance in mostly value-oriented TAA managers, the largest
and most successful GTAA managers have generated long-term information ratios
above 0.5, which compares favorably with active management in other, more tradi-
tional asset classes.

Finally, the actual implementation of a GTAA program is straightforward and
is readily customized to client-specific benchmarks, constraints, and objectives.
Managed appropriately, GTAA helps to diversify total active risk and can signifi-
cantly improve a portfolio’s overall information ratio due to GTAA’s high expected
information ratio and low correlation with benchmarks and other active risks.
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CHAPTER 26
Strategic Asset Allocation 

and Hedge Funds
Kurt Winkelmann, Kent A. Clark, 

Jacob Rosengarten, and Tarun Tyagi

INTRODUCTION

Many institutional investors are considering strategic allocations to hedge funds. In-
vestors are interested in hedge funds for two reasons. First, they believe that hedge
funds offer the opportunity to increase expected portfolio returns. Second, investors
believe that hedge funds diversify total portfolio risk. In short, hedge funds are at-
tractive to investors because they believe that hedge funds offer the potential to in-
crease expected portfolio return at the expense of little or no change in expected
portfolio risk.

While most investors would agree that hedge funds are attractive because of
their potential to enhance risk-adjusted performance, they would also agree that al-
locations to hedge funds are difficult to analyze, largely because of the general lack
of consistent data. Consequently, investors are faced with a dilemma: Because they
believe that hedge fund managers can produce excess returns by exploiting informa-
tional inefficiencies, they believe that their portfolios should have hedge fund alloca-
tions. However, hedge fund allocations are difficult to analyze, in part because the
same informational inefficiencies translate into inconsistent time series data.

This chapter expands on our equilibrium approach to strategic asset alloca-
tion and gives investors an intuitive framework that they can use to evaluate the
role of hedge funds. As we’ve discussed in Chapter 9, standard portfolio advice is
usually based on mean-variance analysis. Typically, an analyst uses historical time
series data to estimate the expected return, volatility, and correlation of returns
for various asset classes. Portfolio weights are then found by using these parame-
ters in an optimizer.

However, practitioners have had reservations about fully embracing this ap-
proach. As shown in Chapter 9, optimal portfolio weights are incredibly sensitive to
small changes in expected return assumptions. Chapter 9 shows further that histor-
ical average returns provide poor predictors of expected future performance. The
strength of these reservations is intensified for hedge funds, due in part to the gener-
ally poor relative quality of hedge fund data.
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Our approach to the role of hedge funds in some senses inverts the problem. In-
stead of asking what the portfolio weights should be on the basis of specific ex-
pected return assumptions, we instead ask what return can justify a specific
allocation. The benefit of this approach to investors is that we rely on our ability to
estimate volatility and correlation from time series data rather than attempting to es-
timate expected returns. As discussed in Chapters 9 and 16, volatility and correla-
tion are more easily estimated from historical data than expected returns.

We call the returns required to justify a specific hedge fund allocation the im-
plied “hurdle rates.” We find the hurdle rates by making specific reference to the
other holdings in an investor’s portfolio. Hurdle rates can be viewed as setting the
minimum expected return that an investor should require for a particular hedge
fund allocation. They are useful because they can give investors a yardstick by
which a specific hedge fund portfolio should be judged.

Our principal finding is that the implied hurdle rates for hedge fund portfolios
can be quite low, especially for modest allocations. Moreover, our historical analy-
sis suggests that some hedge fund portfolios have been able to achieve these hurdle
rates. As a result, our principal recommendation is that investors should include
hedge funds as part of their strategic asset allocations.

The remainder of this chapter is organized as follows. The next section dis-
cusses why we believe hedge funds can add value. We then address the issue of
available hedge fund data. In the next two sections, we show how our equilib-
rium framework can be used to analyze hedge fund allocations. Implementation
of the hedge fund program is covered in the subsequent sections, followed by
concluding comments.

POTENTIAL ADVANTAGES OF HEDGE FUNDS TO INVESTORS

Why are hedge funds attractive to investors? At one level, this is an easy question to
answer: A suitably constructed portfolio of hedge funds can be attractive because it
has the potential to generate positive returns for the overall portfolio. However, in
judging hedge fund performance we must ask the question “Attractive relative to
what?” Posing the question in this way forces us to explicitly consider the underly-
ing economics of hedge funds relative to other investment choices.

Since views on equity and fixed income markets are ultimately expressed
through long and short positions in public securities markets, one natural compari-
son for hedge fund portfolios is the active risk taken by traditional active managers.
We can reframe the question to ask what structural factors give hedge fund man-
agers the capability to generate value relative to traditional active managers. In par-
ticular, we want to compare the risk and performance characteristics of hedge fund
managers relative to cash with the risk and performance characteristics of tradi-
tional active managers relative to an index of publicly traded securities.

Why does it make sense to compare a hedge fund manager to a traditional ac-
tive manager? After all, traditional active managers usually hold long positions in
the securities in their portfolios and are measured versus an index, while hedge
fund managers usually take long and short positions and are measured relative to
cash. How can the two be compared?

Let’s look at the return of the traditional active manager a little more closely,
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and in particular relative to cash. By adding and subtracting the manager’s index,
the active manager’s return is reconstituted as a long position in the index, a long
position in a long/short portfolio, and a short position in cash. The long/short port-
folio is simply the difference between the security weights in the actual portfolio
and the benchmark. The difference between the long/short portfolio and cash can
now be compared to the excess return on hedge funds (i.e., the hedge fund return
relative to cash rates).

There are three fundamental characteristics of hedge fund managers that give
them the potential to add value relative to their traditional active management
counterparts. First, hedge fund managers do not face the same constraint on short
positions that traditional active managers face. For example, suppose that a hedge
fund manager and a traditional active manager have the same views on two securi-
ties such that one stock appears as a long position (or overweight relative to the
benchmark) and the other appears as a short position (or underweight relative to
the benchmark). If the active manager has a net short constraint, then the potential
to generate higher excess returns can be reduced. Table 26.1 illustrates this point
with a simple hypothetical example.

The figures in Table 26.1 show the expected return for two optimized portfo-
lios, based on the same assumptions regarding the returns to individual securities.
Risk, as measured by the volatility of portfolio return, is the same for both port-
folios. The first portfolio, labeled Unconstrained Optimal Portfolio, assumes that
the managers can take long and short positions irrespective of size. The second
portfolio, Constrained Optimal Portfolio, imposes a constraint on the size of the
short positions. As Table 26.1 illustrates, the impact of the short constraint is to
reduce the potential to add value: The expected return on the unconstrained port-
folio is higher than that of the constrained portfolio for the same level of portfo-
lio volatility.
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TABLE 26.1 Impact of Short Constraints—A Hypothetical Example

Correlation
Expected

Asset 1 Asset 2 Asset 3 Volatility Return

Asset 1 1.0 0.2 0.3 13.0% 10.0%
Asset 2 0.2 1.0 0.1 3.0 5.0
Asset 3 0.3 0.1 1.0 16.0 –5.0

Unconstrained Constrained
Optimal Optimal
Portfolio Portfolio

Asset 1 21% 29%
Asset 2 99 71
Asset 3 –20 0

100% 100%

Expected return 8.0% 6.5%
Volatility 4.7 4.7



The second fundamental characteristic of hedge funds that can influence their
ability to add value is the composition of the investment universe. Many traditional
active managers are allowed to purchase only those securities that are part of their
performance benchmarks. Since hedge fund managers do not have performance
benchmarks, they are not limited in the same way. For example, a hedge fund man-
ager and a traditional active manager may each have strong positive views on a
particular security. Unless that security is part of the traditional active manager’s in-
vestment universe, he or she may not be able to hold the stock in the portfolio.

Finally, although most hedge fund managers stick to one investment style, they
are not necessarily restricted from making changes. Traditional active managers, by
contrast, are usually restricted to the investment style for which they were selected.
Consequently, a hedge fund manager has the ability to more quickly change portfo-
lio characteristics to reflect changes in market conditions. For example, a hedge
fund manager would potentially have the ability to switch from growth to value
stocks, depending on the market cycle, in a way that a traditional active manager
who is categorized by style cannot. Similarly, hedge fund managers may be able to
dynamically adjust the level of market exposure in a way that a traditional active
manager may not. (See Litterman and Winkelmann, 1996.) Thus, hedge fund man-
agers could have the potential to generate outperformance through market timing
that traditional active managers may not.

HEDGE FUND DATA

Determining the appropriate benchmark for a hedge fund has been a topic of some
debate. Because hedge fund returns are driven more by human skill than by long-
only indexes, each hedge fund’s returns are as unique as the individuals who gener-
ate them. Despite this challenge, however, it is important to know how a manager’s
performance ranks against that of other managers who invest using similar
methodologies and assets to express their views. For this reason, there has been a
growing demand for hedge fund indexes and subindexes that can be used to gauge
a manager’s relative performance. Importantly, these indexes do not typically pass
the tests that would be required for them to be considered to be benchmarks—for
many, either constituents or constituent weights are not known in advance, and
some contain funds in which investors cannot place capital.

There are several major hedge fund index providers that provide index and
subindex performance information. Among these are Hedge Fund Research (HFR),
Credit Suisse First Boston/Tremont, Altvest, Mar-Hedge, Van Hedge, Hennessee,
and FRM/MSCI. In our judgment, there is no one “best” index that addresses all
concerns. Prior to using any particular index, we recommend that great care be
taken to understand the index’s strengths and weaknesses, as well as the construc-
tion methodology.

Self-Reporting Biases

Hedge fund managers are not allowed to solicit business, so presence on a hedge
fund database, and in an index, represents an opportunity to raise a fund’s profile
among potential investors. Consequently, in most hedge fund indexes the managers
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choose to report, which can introduce a number of potential biases. For example, a
manager may stop reporting either because of very poor performance or because
the manager has had strong performance and is no longer raising assets.

Some of the more significant concerns that should be understood include:

� Survivorship bias. Hedge fund managers are dropped from an index if they
stop reporting to the index provider. It is clear that periods of nonreporting can
coincide with periods of significant loss. Since this lost information is not in-
cluded in the index’s construction, index performance is biased upwards and
downside volatility is possibly understated.

� Backfill bias. Hedge funds are added after they have a few successful years
managing money, at which point their entire return history is put on the data-
base. This biases the data toward firms that managed to survive the first few,
difficult years.

� Investibility. Indexes potentially include funds that are no longer accepting
new assets. The index is therefore not investible, so it is not a true benchmark.

� Transparency. Some index providers reveal the number of managers in each
category but not the actual names of the managers. These indexes are therefore
not known in advance, and so are not useful for true benchmarking. This fea-
ture makes comparing any one fund to the index less effective.

� Incorrect fund categorization. Funds can identify their own categories, and
some funds report themselves in categories in which they do not manage
capital.

� Frequency of reporting. For many traditional investment products, index per-
formance can be calculated on a daily basis. Hedge fund indexes, by contrast,
are typically reported only monthly. This occurs because many hedge fund
managers report results only on a monthly basis. Monthly data tends to under-
state a fund’s true peak-to-trough losses. It is not unusual to encounter short-
term periods of significant loss that would be revealed if daily data, as opposed
to monthly data, were available.

� Leverage measurement. With conventional indexes (e.g., the S&P), there is no
ambiguity about what it means to be fully invested versus the index. The same
degree of certainty does not exist with respect to hedge fund indexes. Differ-
ences in returns among managers are caused, to some degree, by different levels
of leverage inherent in each manager’s strategy. Of course, statistical methods
can be used to infer the effective leverage of a manager relative to an index. For
example, one can calculate the beta of any manager’s returns to the index.
However, there will likely be a wide confidence interval around any statistical
estimate since the hedge fund index providers have only monthly data.

� Constituent weightings. Some indexes equal-weight the funds in their indexes,
while others use weights based on assets under management. An equally
weighted index is particularly suspect because this construction process gives
equal weight to returns from both small and large funds. In fact, large funds
and small funds, even if they operate in the same investment space, are often
not comparable. To the extent that large returns may be easier to achieve on
smaller rather than larger amounts of capital under management, this ap-
proach overstates the performance of the investment sector the index purports
to measure.
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� Completeness. Many of the most successful hedge managers choose to not re-
port to index providers. Accordingly, the index may not be representative of
what the universe of managers is actually achieving.

FRAMEWORK FOR EVALUATING HEDGE FUND ALLOCATIONS

How should investors think about hedge fund allocations? The very features that
make hedge funds attractive (ability to transact in a large number of markets, abil-
ity to consider a wide variety of active strategies) also complicate the evaluation of
a hedge fund program. In our view, since most investors already have a portfolio of
assets, the most effective way to evaluate a hedge fund program is relative to those
assets already held. That is, for a given portfolio of assets investors should assess
the impact of a hedge fund allocation on the level and distribution of portfolio risk,
then calculate the implied hurdle rate relative to cash of alternative hedge fund allo-
cations, and finally determine whether a specific hedge fund program can achieve
those hurdle rates.

Why do we choose to use portfolio risk characteristics as the basis for our
analysis? The reason for this relates to how much information we feel that we can
reliably extract from historical time series. While estimation of expected returns,
volatility, and correlation are all complicated exercises, we believe that historical
time series are better suited to the estimation of volatility and correlation than ex-
pected returns. This issue becomes even more important when we consider asset
classes such as hedge funds, where data availability is even more limited.

To illustrate our approach, let’s work through a simple example. Suppose that
our current asset allocation is as shown in Figure 26.1. In many respects, this port-
folio represents a stylized asset allocation of a hypothetical U.S. defined benefit pro-
gram, albeit with a larger allocation to international equity than is typically seen in
such plans. The asset allocation in Figure 26.1 has around 43 percent allocated to
U.S. equity, which we will assume is held in a broad index such as the Russell 3000.
Non-U.S. equity constitutes about 22 percent of the portfolio in Figure 26.1, which
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FIGURE 26.1 Hypothetical Asset Allocation
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we will represent as exposure to MSCI non-U.S. Developed Equity. Finally, the
fixed income allocation is about 35 percent, which we will assume is held in U.S.
investment-grade bonds. Note that even though the example is from a U.S. in-
vestor’s perspective, the approach generalizes to other currency perspectives. By
combining the portfolio weights of Figure 26.1 with a covariance matrix of asset
returns, we can calculate the overall portfolio volatility as 9.6 percent.

There are two natural questions we would like to answer about the portfolio
allocations in Figure 26.1. First, we would like to know how the overall volatility
of 9.6 percent is distributed across the various asset classes. Second, we would like
to understand the impact on portfolio risk and return of allocating a portion of the
portfolio away from each of the asset classes and into hedge funds.

Figure 26.2 shows the risk decomposition corresponding to the allocations of
Figure 26.1. These figures show us how much of the portfolio’s volatility, at the
margin, can be attributed to each of the asset classes. Effectively, they show us how
we are “spending” or “budgeting” our overall portfolio volatility of 9.6 percent. It
is not too surprising that at the margin, almost 67 percent of the volatility is attrib-
utable to U.S. equity, given the portfolio’s high equity allocation. The risk decom-
position in Figure 26.2 is important, as it serves as a reference point for any
portfolio reallocations: We want to know how the distribution of risk changes as
we allocate portions of the portfolio to hedge funds.

DEVELOPING A HEDGE FUND ALLOCATION

Although some investors will make allocations to specific hedge funds, many more
will instead make broad allocations to the asset class. Since the term “hedge funds”
covers many alternative strategies, it is reasonable to first identify a potential hedge
fund portfolio structure and then assess the volatility of this structure and its corre-
lation with other asset classes. Ideally, the hedge fund portfolio would be structured
so that the allocation of risk across hedge fund strategies would be consistent with
an investor’s views about expected returns.
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FIGURE 26.2 Portfolio Risk Decomposition
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Table 26.2 illustrates this point with two potential portfolios. The first portfo-
lio, labeled Portfolio A, has equal weight assigned to each of four hedge fund sec-
tors: relative value, event driven, equity long/short, and tactical trading. (The
relative value sector is itself a blend of three strategies: equity market neutral, fixed
income arbitrage, and convertible arbitrage.) The overall volatility of this portfolio
is 6.1 percent. However, although equal investments are made in each sector, Table
26.2 also shows that each sector does not contribute equally to hedge fund portfo-
lio volatility. In fact, in this example the equity long/short sector at the margin con-
tributes about half of the risk in the hedge fund portfolio.

Although some investors would be comfortable with a disproportionate
amount of risk allocated to just one strategy, many would not. In fact, analysis of
the level of diversification in the portfolio provides a useful way to think about
structuring the portfolio. Rather than beginning with portfolio weights and then
calculating the risk decomposition, let’s instead begin with a target of equal risk
contributions and work backwards to find the corresponding portfolio weights.

The results of this exercise are shown in Portfolio B. We see that the portfolio
weights can change significantly when we make diversification across strategies our
goal. For example, the equally weighted portfolio has 25 percent of the portfolio
value and 47 percent of the portfolio risk at the margin in equity long/short, while
the equal risk weight portfolio has 25 percent of the portfolio volatility (at the mar-
gin) in equity long/short and only 14 percent of the portfolio value.

The portfolios in Table 26.2 are clearly two among many, and are meant to il-
lustrate the following point: Investors should be careful to allocate risk to those
hedge fund strategies that they think will offer the best opportunities to enhance
risk-adjusted performance. For example, an investor with no specific information
about the relative merits of one hedge fund sector versus another might be inclined
to pick portfolio weights so that each hedge fund sector had an equal contribution
to risk (e.g., Portfolio B). However, if an investor believed that one particular sector
was likely to do better than another, then risk in the hedge fund portfolio should be
shifted into the sector with the higher return expectations.

IMPLEMENTING THE HEDGE FUND ALLOCATIONS

There are two ways (at least!) that investors can implement their hedge fund alloca-
tions. The first is to make an outright allocation to hedge funds in the same way
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TABLE 26.2 Equal Value Weight and Equal Risk Weight Portfolios

Portfolio A Portfolio B

Contribution Contribution
Allocation to Risk Allocation to Risk

Relative value 25% 12% 39% 25%
Event driven 25 24 22 25
Equity long/short 25 47 14 25
Tactical trading 25 17 26 25

Portfolio volatility 6.1% 5.2%



that allocations are made to other asset classes (e.g., U.S. equity). Effectively, hedge
funds are substituted for exposure to other asset classes.

Alternatively, investors can treat the hedge fund portfolio as a substitute for
other active strategies (e.g. active U.S. large-cap equity or active U.S. fixed income).
Suppose an investor wanted to substitute a hedge fund portfolio for a traditional
active manager, say an active U.S. large-cap equity manager. If the hedge fund man-
ager equitizes a portion of the cash (e.g., by purchasing futures contracts), and in-
vests the rest in the specific hedge fund portfolio, the investor now has a portfolio
that can be compared with a traditional active manager. This strategy is called a
“portable alpha” strategy.

For our purposes, we’ll assume that investors are substituting away from eq-
uity and fixed income and into hedge funds. The basic principles that are described
in this case can be easily applied to analyze portable alpha strategies.

Let’s look at the case where an investor decides to make outright allocations to
hedge funds. In this case, the investor must consider the volatility of a hedge fund
portfolio and its correlation with other asset classes. For discussion purposes, we’ll
assume that the hedge fund portfolio is the equal risk portfolio discussed earlier
(i.e., Portfolio B). This portfolio has a volatility of 5.2 percent and a correlation
with U.S. equity of 0.51.

An investor who chooses to make an outright allocation to hedge funds must
also choose how to fund the allocation. That is, the investor must choose which as-
set class (or combination of asset classes) the hedge fund program substitutes for in
the overall portfolio. In our simple example, there are three natural alternatives: (1)
the investor can scale all other assets down proportionately; (2) the investor can
substitute away from equity holdings and into the hedge fund portfolio; (3) the in-
vestor can substitute away from bonds and into hedge funds.

The impact on total portfolio volatility of each funding alternative is summa-
rized in Figure 26.3. The chart plots alternative allocations to hedge funds and the
resulting portfolio volatility for each of the three funding methods.

What happens when we substitute out of equity and into hedge funds? In our
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FIGURE 26.3 Portfolio Volatility and Hedge Fund Allocations
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example, hedge fund volatility declines almost linearly. The principal reason for
this is that we are effectively substituting an asset with low volatility (the hedge
fund portfolio) for one with higher volatility (the equity portfolio or the total port-
folio). In addition, the hedge fund portfolio is not perfectly correlated with the eq-
uity portfolio. Both of these effects mean that substituting into the hedge fund
portfolio reduces total portfolio volatility. Clearly, if the hedge fund portfolio is
riskier or more highly correlated with equity market returns, then total portfolio
volatility will not be reduced by as much, or even at all, when we substitute into
hedge funds.

Suppose, though, that an investor wanted to add hedge funds to the portfolio,
but didn’t want a change in total portfolio risk. Since the hedge fund portfolio
(Portfolio B) in our hypothetical example has a bondlike volatility, the investor
might substitute hedge funds for fixed income. For example, in Figure 26.3 alloca-
tions to hedge funds funded through reductions in fixed income leave the total
portfolio volatility more or less unchanged. Again, this result depends on the struc-
ture of the hedge fund portfolio and our assumptions on hedge funds volatility and
correlation. If the hedge fund portfolio is skewed toward higher-volatility strategies
or strategies that are more highly correlated with equity markets (e.g., equity
long/short), then total portfolio volatility will increase if the hedge fund allocation
is funded out of fixed income.

The analysis of the impact on total portfolio volatility is important to investors
for two reasons. First, it reinforces the point that investors should analyze the char-
acteristics of their hedge fund portfolios prior to investing. The second reason Fig-
ure 26.3 is important is because it provides investors with an easy decision rule:
How they fund the hedge fund allocation depends in part on how much risk they
would like to take in the overall portfolio.

In addition to analyzing the impact on total portfolio volatility, investors
should consider the impact of each funding alternative on the marginal contribu-
tion to total portfolio risk. Figure 26.4 illustrates this point by showing the mar-
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FIGURE 26.4 Hedge Fund Contribution to Risk
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ginal contribution to risk (expressed in percentage terms) for each hedge fund allo-
cation and under each scenario.

The important feature of Figure 26.4 is the illustration that the marginal im-
pact on portfolio risk from hedge fund allocations can be quite small.1 In this ex-
ample, even a 20 percent allocation to hedge funds contributes less than 10 percent
of the total portfolio risk at the margin, irrespective of which funding choice is
made. Of course, this conclusion depends on the actual structure of the hedge fund
portfolio. If the hedge fund portfolio were concentrated in a highly volatile sector
(e.g., equity long/short), then we would anticipate a more significant marginal con-
tribution to total portfolio risk at each hedge fund allocation.

Figures 26.3 and 26.4 suggest that a hedge fund program can be designed to
have a modest impact on total portfolio volatility and the distribution of portfolio
risk. What about the returns associated with hedge fund allocations?

Rather than focus on projecting future returns to hedge funds on the basis of
historical averages, our preferred approach is to find the implied excess returns
(i.e., returns over cash rates) associated with alternative allocations.2 Implied re-
turns are the returns that are implied by the optimality of the portfolio structure
under the assumed correlation and volatility structure of all the asset classes in the
portfolio. The results are shown in Figure 26.5, again using the same equal risk
weight hedge fund portfolio. In keeping with the analysis of Figures 26.3 and 26.4,
we also show the impact of alternative funding scenarios.

What is striking about the numbers in Figure 26.5 is how low the implied pre-
miums actually are. For instance, the implied return for a 10 percent allocation to
hedge funds is around 107 basis points, irrespective of which funding choice is
used. In fact, the choice of how the hedge fund allocation is funded really begins to
matter only at more significant hedge fund allocations.

For example, suppose that an investor allocated 25 percent to hedge funds. If
the hedge fund allocation is made out of equities, then the implied hedge fund re-
turn is around 127 basis points. On the other hand, if the hedge fund portfolio is
made out of bonds, then the implied return is 14 basis points lower. Similar to
Figures 26.3 and 26.4, the relationship between the implied returns and the hedge
fund allocation will depend on the actual structure of the hedge fund portfolio: A
more volatile hedge fund portfolio (e.g., one that is concentrated in equity
long/short managers) will have a higher implied return. Alternatively, a hedge
fund portfolio that is not especially highly correlated with the other assets (e.g.,
concentrated in commodities futures trading) will have a lower implied return at
every allocation.

The implied returns shown in Figure 26.5 are best interpreted as hurdle rates. In
other words, they are the minimum returns required by the investor to hold the hedge
fund allocation and all other asset classes in the indicated proportions. Of course,
higher returns on hedge funds would be preferred (and perhaps even expected). In
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1The marginal contribution to risk from a hedge fund depends on its weighting in the portfo-
lio, its level of volatility, and its correlations with the other assets in the portfolio.
2Implied returns can be found for any set of portfolio weights as R = λΩX. In this equation,
R is a vector of asset returns, Ω a covariance matrix of asset returns, X a vector of portfolio
weights, and λ a risk aversion parameter.



some senses, then, it is reasonable for an investor to ask whether a particular imple-
mentation of a hedge fund program can achieve these hurdle rates.

EVALUATING IMPLIED HURDLE RATES

How can we use the implied hurdle rates? Our implied hurdle rates correspond to
the minimum return required to invest at a particular level in a hedge fund port-
folio with specific risk characteristics. In our example, the risk characteristics are
those of the portfolio with an equal contribution to risk from each hedge fund
strategy. The risk characteristics of the hedge fund strategies, in turn, were devel-
oped from time series of hedge fund indexes. At one level, we might think about
making passive investments to each of the hedge fund strategies by investing in
the indexes.

However, this choice is not available to us—we cannot implement a hedge fund
allocation by passively investing in a hedge fund index. Thus, an investor can rea-
sonably ask whether a portfolio of particular hedge funds can be constructed
whose historical volatility and correlation resemble the characteristics of the in-
dexes, and whose historical performance at least matches the implied hurdle rates.

A simple way to approach these issues is to begin with an evaluation of the risk
characteristics and then analyze the historical performance. Our purpose in evalu-
ating historical volatility is to determine whether it is feasible to construct a portfo-
lio of hedge funds for each strategy whose volatility matches that of the hedge
index for that strategy.

Our analysis of historical volatility focused on manager-specific returns in the
following hedge fund strategies—event driven, equity long/short, convertible arbi-
trage, equity market neutral, fixed income arbitrage, and tactical trading (convert-
ible arbitrage, equity market neutral, and fixed income arbitrage are the subsectors
of the relative value sector). Table 26.3 shows the number of managers in each
hedge fund sector and the data source. Although our database covered manager re-
turns from January 1994 through May 2001, we chose to reduce the number of
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FIGURE 26.5 Implied Hedge Fund Hurdle Rates
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managers used in the study to a more relevant subset. In particular, we selected only
those managers that had reported at least nine consecutive months of performance,
and excluded managers for which we had missing monthly performance data
points. (It is important to keep in mind that managers reported returns over differ-
ing time periods and that most managers did not report returns over the entire pe-
riod indicated in Table 26.3).

For each strategy, we then developed samples of equally weighted portfolios.
Our objective was to determine how many managers were necessary within each
strategy to match the volatility of the strategy index. For the purposes of this analy-
sis, we decided to consider the individual components of the relative value sector.
That is, rather than focus on relative value, we looked at convertible arbitrage,
fixed income arbitrage, and equity market neutral.

For event driven, equity long/short, convertible arbitrage, equity market neu-
tral, and fixed income arbitrage, the CSFB/Tremont index was used, while the Bar-
clays CTA index was used for tactical trading. (The CSFB/Tremont indexes use only
a subset of the managers in the TASS Research database.) We further restricted the
sample to use only those managers who had a complete history of data for the
three-year period from June 1998 through May 2001. On the basis of these data,
we formed 1,000 samples of 5, 10, and 20 managers for each strategy, and calcu-
lated portfolio risk characteristics.

Table 26.4 summarizes our analysis. For each hedge fund strategy and each
portfolio size (measured by number of managers), we show the median and the
mean portfolio volatility, as well as the median and mean manager volatility. The
table also shows the average correlation of excess returns between the managers for
each hedge fund strategy. For comparison purposes, we also show the correspond-
ing index volatility, calculated over the same time period. (The volatility differences
between the indexes and the portfolios can be explained, in part, by the weighting
schemes—the indexes are approximately capitalization weighted while the portfo-
lios are equally weighted.)

As Table 26.4 clearly illustrates, an investor does not need to hold all of the
managers in each hedge fund sector to approximate index-level volatility. Part of
the explanation for this lies in the low levels of manager-specific correlation for
some of the sectors. For example, the average correlation between manager returns
in the fixed income arbitrage sector is around 0.19. Clearly, a low level of correla-
tion across managers can help to reduce the volatility in a hedge fund portfolio.

While this result is good news for investors, it is also cautionary. Our results
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TABLE 26.3 Hedge Fund Managers (1/94–5/01)

Strategy Source Number of Managers

Event driven TASS 179
Equity long/short TASS 622
Convertible arbitrage TASS 71
Equity market neutral TASS 177
Fixed income arbitrage TASS 89
Tactical trading Barclays 1,355

Sources: TASS Research; Barclays CTA index.
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suggest that investors can achieve indexlike volatility without holding an excep-
tionally large number of hedge fund managers within each sector. However, to
achieve these volatility levels, investors must also ensure that the correlation of re-
turns across managers within each sector is relatively low. Consequently, our re-
sults also suggest that investors will need to rely on thoughtful portfolio
construction tools to develop an initial hedge fund portfolio, and robust risk man-
agement systems to ensure that the hedge fund portfolio remains within its pre-
scribed risk tolerances.

What about historical performance? The objective of our analysis in this case is
to verify whether a portfolio of hedge fund managers can achieve the implied hur-
dle rates shown in Figure 26.5. Those hurdle rates range between 100 and 125 ba-
sis points over cash rates, for allocations between 5 and 25 percent.

One easy step we can take is to assess the historical performance for each hedge
fund strategies index. For example, we can regress the historical performance (mea-
sured as excess return over cash) of each hedge fund on historical U.S. equity per-
formance (also excess return over cash) and evaluate whether each hedge fund
strategy added value after adjusting for the performance of the overall equity mar-
ket. We’ll call the performance after all the adjustments the strategy’s “alpha.”

The results of this analysis, summarized in Table 26.5, are comforting. Over
the period January 1994 through May 2001, the historical performance for each
hedge fund strategy is positive, after adjusting for cash rates and market returns.
(All return numbers are annualized.) In some sectors, the value added historically is
quite high. For example, the alpha (or adjusted performance) for equity long/short
is 310 basis points.

Although each strategy’s alpha is positive (and in some cases high), we can still
ask whether it was generated by chance. To answer this question, we’ll calculate the
t-statistic for each adjusted performance. For a simple rule of thumb, we’ll regard
an alpha as statistically different from zero if the t-statistic is greater than two in
absolute value.3 That is, when the alpha is positive and the t-statistic is greater than
two, then we are more inclined to regard the historical performance as representing
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TABLE 26.5 Adjusted Historical Hedge Fund Performance (1/94–5/01)

Index Index
Level T-Statistic Level T-Statistic Residual Total

Strategy Alpha (Alpha) Beta (Beta) Volatility Volatility

Event driven 3.6% 1.77 0.25 6.55 5.4% 6.6%
Equity long/short 3.1 0.86 0.52 7.65 9.5 12.3
Convertible arbitrage 4.8 2.60 0.04 1.17 4.9 5.0
Equity market neutral 5.0 4.59 0.10 4.83 2.9 3.3
Fixed income arbitrage 1.0 0.62 0.03 0.87 4.3 4.3
Tactical trading 1.1 0.36 –0.03 –0.47 8.2 8.2

Source: CSFB/Tremont.

3We are measuring statistical significance with a 95 percent confidence interval.



something other than chance. In contrast, a positive alpha that is not statistically
significant could be merely happy coincidence rather than manager skill.

In our case, two of the six strategies (convertible arbitrage and equity market
neutral) have statistically significant historical alphas. For example, the equity mar-
ket neutral alpha is 500 basis points and the t-statistic is 4.59. By contrast, the eq-
uity long/short alpha is 310 basis points, but the t-statistic is 0.86. On the basis of
these figures, we are more inclined to regard the equity market neutral composite
performance as representing something other than chance.

Index performance statistics are composites of many individual managers.
The figures summarized in Table 26.5 suggest some historical variation across
hedge fund strategies in producing alpha. However, even though the composite
performance in a particular strategy does not have a statistically significant alpha,
there may be managers in that strategy who have been able to generate significant
outperformance.

A simple way to approach this issue is to do the same type of analysis that was
done on each hedge fund index, except at the manager level. In other words, we can
find the alpha for each manager in each strategy and determine whether the man-
ager’s alpha is positive and statistically different from zero. Just as with the analysis
at the index level, we’ll find the alpha for each manager by regressing the manager’s
historical performance on the performance of the U.S. equity market, after adjust-
ing both for the level of cash returns. As before, when the alpha is positive and the
t-statistic is greater than two, we are inclined to regard the historical performance
as representing something other than chance.

In Table 26.6 we show the distribution of t-statistics for the alphas for the
managers in each hedge fund strategy. We have focused on the t-statistics for only
those managers who had positive alphas, since we want to know whether there are
some managers who historically were able to add value through skill rather than
chance. These alphas were estimated from the larger manager universe, and cov-
ered a longer time period. (Many managers reported returns over differing time pe-
riods, and most managers did not report returns over the entire time period
indicated in Table 26.6.)

It is quite clear from Table 26.6 that some managers had statistically significant
alphas. For example, in equity long/short 71 percent of the managers had positive
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TABLE 26.6 Historical Manager-Specific Alpha (1/94–5/01)

% Managers % Managers Statistically
Number of with Positive Significant out of Those

Strategy Managers Alpha with Positive Alpha

Event driven 179 82% 59%
Equity long/short 622 71 33
Convertible arbitrage 71 80 77
Equity market neutral 177 62 49
Fixed income arbitrage 89 66 42
Tactical trading 1,355 57 12

Source: TASS Research.



alphas of which around 33 percent had t-statistics greater than two. However, it is
important to remember that a positive and significant historical performance does
not constitute a prediction that those same managers will be able to add value in
the future.4

How does our analysis help us evaluate the implied hurdle rates? In our opin-
ion, investors can draw three principal inferences.

First, the fact that the historical adjusted performance for each hedge fund sec-
tor substantially exceeds the implied hurdle rates suggests that the hurdle rates have
been achievable, particularly for modest allocations.

Second, the fact that there is some variation across strategies in the signifi-
cance of the historical adjusted performance suggests to us that investors are ad-
vised to carefully consider how to develop, monitor, and maintain their hedge
fund portfolios.

Finally, the variation in significance in historical performance across managers
within each hedge fund sector seems to us to imply that investors will need to be
quite careful in how they select specific hedge fund managers.

CONCLUSION

Many institutional investors are perplexed by the challenges associated with invest-
ing in hedge funds. Paradoxically, the characteristics of the asset class that make it
an attractive investment also confound careful analysis. In this chapter, we have
shown that our equilibrium framework can be extended in a way that gives in-
vestors the ability to make reasoned allocations to hedge funds.

In common with the overall theme of this book, our framework relies on the
principles of applied portfolio theory. Since hedge fund returns are more difficult
to estimate than hedge fund volatility and correlation, our portfolio advice relies
instead on hedge fund risk characteristics. In addition, our portfolio advice relies
on an investor’s existing portfolio as a neutral reference point. Thus, our ap-
proach gives investors a framework for deciding how much incremental return
they must receive on hedge funds relative to the other assets in the portfolio to
justify a particular allocation. We view these returns as implied hurdle rates for
hedge fund allocations.

Applying our framework to a stylized version of a typical U.S. institutional in-
vestor’s portfolio, we conclude that the implied hurdle rates for hedge fund alloca-
tions are quite small. Indeed, the implied hurdle rates for modest allocations to
hedge fund portfolios diversified across strategies are in the range of 100 to 125 ba-
sis points over cash. Our analysis of specific hedge fund managers is indicative that
at least historically, investors could have constructed portfolios to achieve or even
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4In the presence of sufficient data, it is often useful to stratify the data into favorable and un-
favorable equity market periods and separately calculate the beta in each of these scenarios.
If a hedge fund portfolio becomes more (positively) correlated with equity markets in diffi-
cult environments, the implied equilibrium hurdle rate of return for that manager should in-
crease as well.



exceed these hurdle rates. However, our analysis also shows how important man-
ager selection is to achieving these hurdle returns.

Investors have a number of available investment alternatives for which data are
not readily available. Hedge funds are just one example of these alternatives. How-
ever, our analysis should be reassuring, as it demonstrates that investors can still
find reasonable portfolios without abandoning basic portfolio principles. These ba-
sic principles can also be used to analyze other alternative asset classes.
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CHAPTER 27
Managing a Portfolio of Hedge Funds

Kent A. Clark

Chapter 26, “Strategic Asset Allocation and Hedge Funds,” suggests a framework
for evaluating an allocation to hedge funds within a broader investment portfo-

lio. This chapter explores the management of a portfolio of hedge funds, first defin-
ing hedge funds, and then offering a framework for evaluating hedge funds and
addressing portfolio construction issues.

Managing a portfolio of hedge funds is similar to managing any portfolio, and
involves all of the same steps. The clear difference is that the assets traded are inter-
ests in hedge funds rather than individual securities.

First, the universe of investable assets needs to be defined and, if possible, clas-
sified into groups of similar assets to facilitate analysis. Second, the portfolio man-
ager must develop views on the investment characteristics of each asset. Third, a
risk budget is set and the assets are assembled into a portfolio. Finally, the assets
and the portfolio are monitored on an ongoing basis to ensure that the investment
characteristics continue to be consistent with the investor’s goals. If we were to sub-
stitute “hedge fund” for “asset” in this brief outline, we would have summarized
the process of managing a portfolio of hedge funds.

As discussed in previous chapters, investment returns derive either from bench-
mark exposure or from alpha. In equilibrium, risks uncorrelated with the market re-
turn do not earn a risk premium, so alpha cannot be earned consistently. For the
most part, however, investors appear to reject this idea. Although indexing, which
creates pure benchmark exposure, is increasingly popular, it is still the case that a
significant proportion of investment assets are held in actively managed invest-
ments, in which the investment manager attempts to add returns in excess of bench-
mark returns. A lively academic debate considers whether excess returns can be
consistently earned, and if so, whether they derive from anomalies, frictions, or ex-
posures to previously unidentified risk factors. This debate is beyond the scope of
the discussion here.

An investment in any asset class can run along a continuum that ranges from
pure indexing to pure active management. In pure indexing, the investor attempts to
recreate the returns of a benchmark index either by exactly replicating index hold-
ings or by creating a basket of securities that very closely track the benchmark in-
dex’s returns. Active managers attempt to add alpha, loosely defined as returns in
excess of benchmark returns, by deviating from benchmark holdings, either by
reweighting benchmark securities or by holding securities not represented in the
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benchmark. Active management itself ranges from enhanced indexing to pure ac-
tive management. With enhanced indexing, the investment manager aims to closely
replicate index returns, volatility, and correlation characteristics while adding a
small amount of alpha. In contrast, in pure active management, the investor pays
no attention to any benchmark and simply attempts to generate returns by the im-
plementation of his or her views. Hedge funds are designed to represent this purest
form of active management.

WHAT IS A HEDGE FUND?

A hedge fund is an unconstrained, loosely regulated investment vehicle for which a
portion of manager compensation is a performance fee. Hedge funds are intended
to be unadulterated exposure to active management, reflecting only the managers’
views on future asset returns, and not reflecting any concept of benchmark index.

� Constraints. Hedge funds are vehicles that allow investment managers to en-
gage in pure active management, with no consideration of a benchmark, and
unconstrained with respect to the use of short selling (see Figure 27.1), lever-
age, instruments, and strategies. Consequently, hedge funds are sometimes re-
ferred to as belonging to “skill classes” rather than asset classes. The attraction
of hedge funds is that they offer investors an opportunity to both enhance ex-
pected returns as well as reduce risk.

� Regulation. In the United States, the Securities and Exchange Commission
does not regulate hedge funds. As a result, hedge fund investing is restricted to
qualified investors who can meet certain net worth and income standards.
These requirements are intended to distinguish sophisticated investors who
are able to effectively evaluate the risks of unregulated vehicles. Due to this
freedom from regulatory oversight, however, hedge fund managers are not al-
lowed to solicit clients.
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FIGURE 27.1 The Mechanics of Short Selling
Source: Tremont Advisers, Inc.

Hedge funds exploit an investment technique known as short selling, or selling an asset that the
investor does not own with the intention of repurchasing it later. The investor may expect that the
asset’s price will drop, resulting in an outright profit, essentially reversing the timing of the old piece
of stock market advice from “buy low and sell high” to “sell high and buy low.” Alternately, the
investor may sell an asset short as a hedge against another asset, or in order to exploit the relative
price movements between two assets.

As an example, the mechanics of short-selling stock in the United States are straightforward, but
important to understand. Short sellers employ a “prime broker” who locates the borrowable stock and
acts as custodian of the stock. The investor identifies the asset to sell short and notifies their prime
broker of the intent. The broker then locates a “shortable” security, one that the owner has already
agreed may be borrowed and sold short. The prime broker borrows the asset and sells it, using the
proceeds as collateral for the shorted security. In addition, in the United States, the short seller must post
margin, or further security for the short-sold asset, in accordance with Regulation T. The short seller
must pay a borrowing fee, plus any income paid on the asset, to the owner who loaned the security.



� Fee structure. Hedge fund fees include a fixed management fee, a proportional
participation performance fee, and a high-water mark. The fixed management
fee typically ranges from 0 to 2 percent of assets annually. The performance fee
is expressed as a percentage of the fund’s returns, allowing the hedge fund
manager to participate in the fund’s returns. Performance fees range from 20
percent to 50 percent of fund returns and are subject to a high-water mark.
That is, if the fund’s net asset value (NAV) is below the level at which a perfor-
mance fee was last paid (referred to as the high-water mark), the manager does
not receive any performance fee until the fund’s NAV once again rises above
the high-water mark.

The performance fee structure is equivalent to the hedge fund manager
owning a proportion of the fund and a put option, where the ownership share
is equal to the participation rate of the performance fee. Suppose the perfor-
mance fee allows the manager to receive 20 percent of the hedge fund’s returns.
This is analogous to the manager owning 20 percent of the fund. In addition,
however, the manager holds a put option on the fund, with a strike price equal
to the high-water mark, since the manager does not participate in any losses in
the fund.

These three characteristics—the lack of constraints, the lack of regulation, and
the performance fee—are the common defining features of hedge funds. There are a
number of other characteristics that many hedge funds share that affect investors.

� Lack of transparency. Hedge funds have a reputation for being very secretive,
opaque investments. Most will not reveal the assets held, with particular care
taken to protect information about short positions. Often, investors will re-
ceive periodic letters reviewing performance and exposures, but frequently
even leverage is not included in the correspondence. Some of the most guarded
funds will not even reveal the types of strategies being managed, let alone the
models or trading strategies employed. The secrecy of hedge funds reflects a
trade-off between two competing objectives. Investors prefer a high level of
transparency so that they can better understand the investment process and
the manager’s philosophy, and have confidence in the ability of a manager to
earn superior returns. Hedge fund managers, though, typically invest in strate-
gies that have limited capacity and are concerned that transparency will lead
to increased flow of capital into these strategies, reducing the opportunity to
add value.

� Short lives. The half-life of hedge funds is about two and a half years (Brown,
Goetzmann, and Park 1999). A few funds have failed with large losses and eye-
grabbing headlines. More often, the outcome is less dramatic, driven by the
fact that most of the potential economics for a hedge fund manager are in the
incentive fee. A fund with poor performance, even if modestly positive, may
not be viable. When the fund is below its high-water mark, the situation is ex-
acerbated, since the fund has to earn returns—without incentive compensa-
tion—simply to get back to even.

� Illiquidity. Hedge fund investments are usually illiquid, with redemption win-
dows at least as infrequent as monthly. In addition, redeeming investors must
notify the hedge fund manager well in advance of the redemption date, further

Managing a Portfolio of Hedge Funds 503



decreasing liquidity. Consequently, a long-term view will need to be taken in
evaluating, and investing in, hedge funds.

� Capacity constraints. Hedge funds with excellent performance and robust in-
vestment processes may find the demand by investors to be greater than the es-
timated capacity of the strategy. Since most of the revenue for a successful
hedge fund comes from performance fees rather than the fixed management
fee, many managers reach the point where it is in their best interest to turn
away new investment. In fact, extremely successful hedge funds may even re-
turn capital to investors, preferring to maintain the ability to generate excellent
returns on a smaller capital base to having more assets under management. The
fact that some managers close their funds means that the investable universe of
hedge funds is a subset of the whole. The resulting inability to invest in many
hedge funds implies that the returns of indexes attempting to measure the per-
formance of the hedge fund universe may not be attainable, even for large insti-
tutional investors.

Notably, none of these characteristics mentioned addresses the issue of what in-
vestment strategies are associated with hedge funds. Figure 27.2 briefly summarizes
some broad hedge fund strategies, stratified along four sectors. This is not an ex-
haustive list of hedge fund strategies, nor is it a definitive classification system. It
does, however, provide a structure within which to analyze hedge funds.

DEFINING THE INVESTMENT UNIVERSE

Investors contemplating an allocation to hedge funds are first faced with the fact
that there is no single, exhaustive listing of hedge funds, and that the universe is
large and continually changing as hedge funds go in and out of business. TASS Re-
search speculates that a conservative estimate of assets under management in hedge
funds is between $500 million and $600 million, and an often-quoted statistic sug-
gests there are over 6,000 hedge funds in existence. Probably there are about half
this number of strategies, with multiple share classes.

Since no single listing of managers exists, the investor must create the invest-
ment universe using a combination of commercially available databases and ad hoc
information gathering. Commercial providers of hedge fund data rely on managers
to report their data and styles, resulting in a number of biases to the databases (see
Chapter 26 for further discussion). As well, most managers who are closed to new
investment do not report their returns to the databases.

To better understand the magnitude of this problem, consider two commer-
cially available databases—Hedgefund.net and TASS. Each has an equity long/
short category. Hedge funds in this category invest long and short in equities, with
the goal of delivering excellent risk-adjusted returns. After adjusting for multiple
share classes and misclassified managers, there are 684 funds in Hedgefund.net’s
long/short equity category and 677 funds in the TASS long/short equity category.
Overlap between the two databases is 249 funds, so clearly neither database is
comprehensive.

A further complication of defining the investment universe is determining ex-
actly what falls within the category of “hedge fund.” Notably, the definition of

504 ALTERNATIVE ASSET CLASSES



hedge funds provided earlier was silent on the issue of what strategies qualify as
hedge fund strategies, with the only common characteristics seeming to be loose
regulation, lack of constraints, and performance fees. Investors may want to further
qualify funds they consider for the hedge fund allocations of their portfolios, possi-
bly eliminating managers who are long-only, or who invest in certain securities or
regions. Other limitations with respect to style, strategy, and leverage may also help
limit the universe to a manageable number of funds.
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Hedge funds can be classified into a number of different sectors and strategies. Goldman Sachs cat-
egorizes hedged funds into four sectors, each of which include a number of strategies. The four sec-
tors are: relative value, event driven, equity long/short, and tactical trading.

Relative Value: Managers generally identify relationships between securities. When the current
pricing relationship deviates from the manager’s expectations, trades are structured that will profit
when prices revert to their normal relationships. Strategies include convertible bond arbitrage, eq-
uity arbitrage, and fixed income arbitrage. Equity arbitrage includes statistical arbitrage and equity
market neutral strategies.

Event Driven: Managers identify corporate events they expect to affect valuations, and construct
trades to extract value when the event occurs. The predominant strategy in this area is merger arbi-
trage, in which the manager typically buys shares in the target company and sells short shares in
the acquiring company, with the expectation that any spread between valuations will disappear
upon completion of the merger. Other strategies include special situations, high-yield, and dis-
tressed debt.

Equity Long/Short: Managers develop views on stocks and express those views by going either long
or short in amounts that reflect the manager’s conviction about the view. Managers can further ex-
press conviction about the views by varying the amount of capital invested, and are able to express
directional views by adjusting the net long or short exposure of the portfolio. Most managers tend to
have a long bias, but short-biased managers do exist. Specializations within the equity long/short
sector are typically along geographic or industry lines.

Tactical Trading: Includes both macro managers and managed futures. Macro managers typically
develop views on broad economic themes and then implement those views with a variety of in-
struments. Using either systematic or discretionary approaches, managed futures traders develop
views on a variety of markets and typically implement those views through futures contracts and
interbank currency forwards.

FIGURE 27.2 Hedge Fund Classifications
Source: Tremont Advisers, Inc.
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DEVELOPING VIEWS ON HEDGE FUNDS

The heterogeneity of hedge fund strategies, or at least of strategy implementation,
represents both an opportunity and a challenge. The opportunity arises from find-
ing hedge fund managers who are able to exploit unique informational or analyti-
cal advantages. The challenge is making choices among very diverse approaches.

Evaluation of a hedge fund manager requires consideration of both compen-
sated and uncompensated risks. Compensated risks are the investment risks a man-
ager takes in order to generate returns to the fund. Key drivers of the manager’s
ability to deliver return for the investment risk are the investment strategy and the
people executing the investment strategy. Uncompensated risks are created by the
hedge fund organization and business. While these risks cannot increase returns,
they can certainly lead to manager distraction or fund failure.

The goal of manager evaluation is to assess whether a given hedge fund has an
investment “edge.” The manager’s edge is the group of characteristics that will help
deliver attractive risk-adjusted returns over time.

Investment Strategy

Investment strategy is the central focus of hedge fund evaluation. A thorough un-
derstanding of the hedge fund manager’s strategy, style, and approach is essential
prior to investing. The process begins with an evaluation of the general investment
proposition’s potential to generate returns. For example, suppose the hedge fund’s
returns depend on being able to predict the growth of an economic variable, and a
careful evaluation of the strategy suggests that the economic variable in question is
not predictable. In this case, the hedge fund would be discarded simply because the
venture seems unlikely to generate returns, regardless of the relative qualities of the
manager and organization.

After determining that a fund is operating in a field in which it should be pos-
sible to generate returns, attention turns to evaluating the fund’s strategy and its
approach to implementing the strategy. A variety of factors will be considered in
this evaluation.

Consideration is given to how the manager develops investment views, includ-
ing information sources and analytical tools used. Does the hedge fund have infor-
mational, analytical, or size advantages, and are these advantages sustainable?
Implementation of the views, including trade structuring and execution, portfolio
construction, rebalancing, risk monitoring, and use of leverage are all important.
The decision-making process is important, particularly if there is a portfolio man-
agement team with more than a single key person.

All managers have a style identified with their strategy. Understanding each
manager’s investment style will help in combining managers to create a portfolio
that is not overly exposed to any single return-driving factor. Also, understanding
investment style helps frame return expectations, particularly when the style is out
of favor. Style analysis is both an analytical and a quantitative undertaking—ana-
lytical because manager style may change over time and because the history of re-
turns may be too short to evaluate the style quantitatively. Furthermore, the
investor is usually unable to observe the hedge fund’s positions, so must infer the
style from interviews or return histories.
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People

Hedge fund investments are typically partnerships, and choosing partners in any
business venture is an important task. Investments in hedge funds ultimately hinge
on the people involved in managing the investments and business.

The experience, education, and track record of the people involved in the hedge
fund are important characteristics to be evaluated. Hedge fund managers are an
eclectic group of people, with varied educational and trading backgrounds. Many
successful managers have previously worked on the proprietary trading desks of in-
vestment banks, while others have been Wall Street research analysts or traditional
portfolio managers, or have had careers in other industries altogether. There is no
single route to success, but relevant experience is preferred.

More than just investing expertise is required. Ability to manage a company is
key, whether the main investor is running the business or a specialist is hired to do
so. In cases where there is more than one person involved, the question arises of
how well they will get along and how differences will be resolved.

Organization

A hedge fund’s organizational structure and business plan can affect investment re-
turns, and must be carefully analyzed prior to committing capital to the manager.
Organizational distractions can disrupt the investment decision makers’ ability to
focus on managing the portfolio. Conversely, effective internal controls can provide
important safeguards against fraudulent practices in the fund.

Hedge fund management companies range in size and scope, from start-up sole
proprietorships to large financial institutions that offer hedge funds as part of
broad product lines. Successful managers of all organizational sizes exist, but the
organization must be consistent with the needs and aspirations of the hedge fund it-
self. Appropriate trading infrastructure has to be in place. The manager needs to
have legal counsel, and appropriate compliance structures are necessary.

A typical scenario for new hedge funds is a successful portfolio manager leav-
ing a large organization to start up his or her own fund. This may raise concerns
because the manager is leaving the support and infrastructure of the larger organi-
zation. Whether the manager will be able to overcome these challenges is clearly
germane to the hedge fund’s success.

The manager’s plan for growth is an important consideration, especially in
light of the long investment horizon required of many hedge funds. Does the
manager have in place hiring plans consistent with asset growth? The manager’s
forecast of capacity and his or her plans to monitor capacity constraints at appro-
priate intervals can affect when the hedge fund closes. Fund size has to be evalu-
ated in the context of the strategy, since the nature of assets and trading style will
dictate the appropriate fund size. A manager trading a low-turnover strategy in
large-capitalization U.S. stocks should have much larger potential capacity than
one who trades emerging-market stocks with high turnover.

A key consideration in hedge fund investing is the alignment of interests be-
tween the hedge fund’s employees and investors. The extent to which employees
are themselves investors in the fund is an important variable in the decision to
invest with a hedge fund. Investors want not only key principals to be investors,
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but also research analysts and others involved in the investment process and
business management.

Distribution of ownership among employees is another issue, since more dis-
tributed ownership helps retain key people, improving organizational stability
and continuity.

Track Record

In addition to the analytical assessment of the investment strategy, there are a num-
ber of quantitative aspects of the fund’s returns and portfolio. These include volatil-
ity, style characteristics, downside risk, and worst-case loss. Particularly interesting
is whether returns and style are consistent with the strategy articulated by the hedge
fund manager.

If sufficient data are available, an evaluation of the return/risk trade-off offered
by the hedge fund is usually performed. Expected absolute performance is impor-
tant, and must be adequate to ensure the investors achieve their goals. However,
looking only at absolute performance ignores the role of risk taking by the hedge
fund. The prospective hedge fund investor will appraise whether the amount of re-
turn per unit of risk offered by the fund is consistent with the investment strategy
and degree of leverage in the fund.

The analysis of past returns raises the issue of performance persistence for
hedge funds. Although a careful analysis of past returns is an important input to
the decision-making process, chasing past performance has a number of pitfalls.

Reviewing the year-over-year migration of hedge fund managers from one per-
formance quartile to another helps to understand the hazard of placing too much
weight on past performance. For example, there were 313 equity long/short man-
agers with a full year of returns data in the TASS database for 1999 and 2000. Of
the 78 managers in the top quartile of returns in 1999, only 14 (18 percent) were
in the top-performing quartile for 2000. In fact, 35 (45 percent) of 1999’s top-
quartile managers ended 2000 in the bottom-performing quartile of managers in
2000, and the absolute best-performing fund in 1999 was the absolute worst-per-
forming fund in 2000. This fund returned 334 percent in 1999 and –69 percent in
2000, for a net return over the two years of 3.5 percent. Unfortunately, an invest-
ment made at the beginning of 2000 based solely on 1999 returns would have
ended badly.

Hedge funds have tremendous scope to change their investment approaches.
Many hedge funds have very flexible operating guidelines, allowing managers to
change important characteristics of the investment strategy, including instruments
traded and leverage. As well, investment strategies themselves change, as innova-
tive new financial products make it possible to mitigate some risks while focusing
more closely on others. Looking only at past performance does not incorporate
these changes.

Finally, as previously mentioned, hedge funds with the best track records tend
to be closed to new investment. Chasing past performance may lead to frustration
over lack of access to the funds with the best return histories.

Figure 27.3 summarizes some of the information examined in evaluating a
hedge fund’s track record. This event-driven fund is compared to the S&P 500, a
traditional equity market index, as well as the Tremont Event Driven peer index.
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The goal is to evaluate the nature of returns, risks taken, and to what extent returns
are repeatable. Various measures of risk and return to unit of risk are evaluated.

Figure 27.3 includes monthly returns, helpful in assessing consistency of re-
turns, and in evaluating performance in months when exogenous events or market
displacements may have occurred. In addition, two measures of risk appear, stan-
dard deviation and largest drawdown. Largest drawdown measures the largest per-
centage loss the manager experienced, regardless of time. In this example, the fund
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FIGURE 27.3 Sample Analysis of Track Record
Source: Tremont Advisers, Inc.
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lost 2.82 percent in a single month. However, the drawdown could have occurred
over any number of months. The units of return received per unit of risk are sum-
marized by Sharpe ratio and return-to-drawdown ratio. Both are helpful in gauging
whether the risk taken was adequately compensated, and are particularly useful
when comparing funds.

Beta to the S&P 500 and alpha are included to help evaluate whether the hedge
fund added value beyond a passive investment in the equity market. In the case of
this fund, the beta is negative, but so is the alpha. Since the S&P 500 has had nega-
tive returns over the period of measurement, the investor may decide that, despite
the negative alpha, value was added by having a negative beta and positive returns.
This highlights the fact that these quantitative measures need to be considered in
the context of fund strategy and the market environment. A graph of cumulative re-
turns is included to help visualize performance.

More information and analysis may be collected to help assess the relative mer-
its of the hedge fund’s track record, including comparisons to other managers with
similar strategies.

Final Evaluation

The final view on the hedge fund will combine inputs and insights gathered while
researching the investment strategy, people, organization, and track record. The
view should include an assessment of the fund’s strengths and weaknesses as well as
expectations for return. Importantly, expectations for worst-case loss need to be
laid out prior to investing to help frame future monitoring of the manager. Antici-
pating a worst-case loss of 5 percent from a hedge fund that is expected to deliver
20 percent net returns per year does not seem reasonable, for example. Such expec-
tations will ultimately lead to disappointment and high turnover in the portfolio of
hedge funds. Expectations for potential positive returns should also be specified,
since unexpectedly large positive or negative returns may be an indication the man-
ager is taking unanticipated risks.

PORTFOLIO CONSTRUCTION

Creating a portfolio of hedge funds needs to begin with a clear understanding of
the investor’s objectives and the fit of the hedge fund portfolio into his or her over-
all portfolio. The goal is to set a risk budget consistent with these objectives, and
then allocate the budget to a portfolio of managers that are most likely to deliver
returns that fulfill the objectives. In addition to expectations for return and volatil-
ity, investors should understand how large a loss they are comfortable sustaining in
their hedge fund portfolio, as well as their liquidity requirements.

These goals will help derive a strategic allocation to the various hedge fund sec-
tors. Diversification at the sector level is an important source of risk reduction, so
all four sectors should at least be considered in portfolio allocations. Table 27.1
shows correlation, risk, and return of the four hedge fund sectors defined previ-
ously, as well as for the equal-risk allocation discussed in Chapter 26. Correlations
and beta to the S&P 500 are also presented. Correlations range from as low as 0.08
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between the event-driven and tactical trading strategies to a high of 0.66 between
the equity long/short and event-driven sectors.

Further, correlations between strategies, as presented in Table 27.2, are also po-
tentially modest. Using three strategies within the relative value sector, correlations
range from 0.07 to 0.58.

The indexes on which these returns are based have very short histories com-
pared to comparable indexes for equity and fixed income investments. Decisions
will likely need to be based on a combination of historical data and judgment to ar-
rive at allocations to the various hedge fund sectors.

Tactical overweights and underweights to strategies and sectors are also possi-
ble, and are a potential source of value added. Views on strategies and sectors can
be derived from bottom-up analysis, studying the return potential of individual
managers, or from a top-down perspective, by understanding the effects on ex-
pected returns of macroeconomic, financial, and supply and demand conditions.
The ability to add value from tactical allocations is impeded by fund illiquidity,
which imposes potentially long horizons on any positions taken. If the view is in-
deed expected to play out over a long period, or if the investor can plan to have
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TABLE 27.1 Correlations between Hedge Fund Sectors, January 1994 to July 2002

Relative Event Long/ Tactical Equal
Value Driven Short Trading Risk S&P 500

Relative Value 1.00
Event Driven 0.64 1.00
Long/Short 0.36 0.66 1.00
Tactical Trading 0.16 0.08 0.23 1.00
Equal Risk 0.66 0.73 0.75 0.67 1.00
S&P 500 0.29 0.58 0.61 0.04 0.48 1.00

Beta 0.06 0.24 0.46 0.03 0.15 1.00
Mean 6.2% 6.9% 8.7% 7.0% 7.0% 7.5%
Standard deviation 3.2% 6.4% 11.8% 9.9% 4.8% 15.6%
Sharpe ratio 1.97 1.09 0.73 0.71 1.46 0.48

Data sources: Data are CSFB/Tremont indexes. The Relative Value index combines the CSFB/
Tremont Convertible Arbitrage, Equity Market Neutral, and Fixed Income Arbitrage in-
dexes in a 40%, 40%, and 20% weighting, respectively.

TABLE 27.2 Correlations between Relative Value Strategies,
January 1994 to July 2002

Convertible Equity Market Fixed Income
Arbitrage Neutral Arbitrage

Convertible Arbitrage 1.00
Equity Market Neutral 0.34 1.00
Fixed Income Arbitrage 0.58 0.07 1.00

Source: Tremont Advisers, Inc.



capital inflows over the short term, allowing tactical positions to be unwound, then
it may be possible to capitalize on these views.

When sector and strategy allocations have been decided, the investor deter-
mines allocations to individual funds. Again, the risk budget is spent on hedge
funds in accordance with the views previously developed. Hedge funds for which
higher returns are expected, or for which there is more conviction about a given
level of return, should receive a greater share of the portfolio’s risk budget.

Hedge funds should have exposure only to a manager’s views with little 
permanent exposure to any asset class. Consequently, over a long enough time,
correlations across funds are expected to be low, and the benefits of diversifica-
tion are expected to be large. This is in contrast to combinations of long-only
managers, for which benchmark volatility dominates total portfolio volatility
and drives correlations.

For example, consider a typical actively managed, long-only, large-cap U.S. equity
portfolio benchmarked to the S&P 500 index, with a volatility of about 17 percent. If
the managed portfolio has a beta of one and a tracking error of 5 percent, then the in-
dex accounts for 92 percent of portfolio volatility. This suggests that the preponder-
ance of risk in a traditional portfolio is attributed to the choice of benchmark index,
not to investment manager impact. In addition, if we consider two portfolios managed
in this way, with betas of one to the benchmark and with uncorrelated idiosyncratic
risks, the correlation between the two managers is also 0.92, so the benefits of diversi-
fication are low. In contrast, arguably, 100 percent of a hedge fund portfolio’s risk is
due to the manager’s views and effect on the portfolio, and correlations are expected
to be commensurately low between hedge fund managers. It is important to note that
this is characteristic of active risk and return, so the same low correlation argument
holds for the active portion of long-only manager returns.

Table 27.3 shows the mean correlation across hedge fund managers for a number
of strategies. Within-strategy manager correlation ranges from a low of 0.03 to a high
of 0.40. To put this into perspective, the median correlation of stocks in the S&P 500
over a recent five-year period was approximately 0.19. Using the S&P 500 as the uni-
verse, the median correlation of stocks in the same sector was 0.35, and within the
same industry was 0.42. Hedge fund correlations are analogous to the correlations of
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TABLE 27.3 Manager Correlations within Strategies,
June 1998 to May 2001

Number of Mean Manager
Strategy Managers Correlation

Event driven 106 0.40
Equity long/short 292 0.24
Convertible arbitrage 50 0.28
Equity market neutral 47 0.03
Fixed income arbitrage 18 0.19
Tactical trading 298 0.16

Data sources: Data for all but tactical trading are drawn from
the TASS database. Tactical trading data are from the Barclay
CTA database.



individual securities, and the benefits of diversification within a hedge fund portfolio
are expected to be similar to the benefits of diversification within a stock portfolio.

The tremendous challenge in portfolio construction again arises from short re-
turn histories commonly found for hedge funds. Hedge funds with attractive long-
run return histories are often closed to new money, so hedge fund investors may
find themselves putting together portfolios of managers with short return histories
of varying lengths. In addition, strategies change as managers respond to market
conditions, incubate new strategies, and modify their investment approaches. Once
again, using judgment as well as quantitative methods is extremely important. In
some cases, the greatest use of quantitative tools is as a means of checking return
and risk assumptions for reasonableness.

Few hedge funds are managed to a consistent level of volatility or beta. Typi-
cally, only funds based on quantitative processes target beta and standard deviation
of returns, while most other managers use heuristic approaches to portfolio con-
struction. In addition, many hedge fund managers vary portfolio risk characteris-
tics as a part of their investment process, based on their views. Most vary total
exposures, and many vary market exposure. Consequently, long-term volatility and
correlation assumptions for portfolio construction purposes may be difficult to as-
sess, and decisions based on short-term risk characteristics present the hazard of
quick changes in portfolio risk.

Further complicating matters is the fact that measuring risk is not straightfor-
ward for some hedge fund strategies. An example is merger arbitrage. A typical
merger arbitrage trade involves purchasing shares in the target of an announced ac-
quisition and selling short shares of the acquiring firm, in proportions consistent
with the terms of the bid. For example, if the acquirer offers two shares for each
share of the target, then the merger arbitrageur would purchase one share of the
target and sell short two shares of the acquirer to be neutral. The spread in value
between the long and short positions of this trade represents the market’s assess-
ment of the likelihood that the deal will break. The wider the spread, the more
probability the market assigns to a failed bid. In fact, the major risk of a merger is
that the deal breaks, and the spread on the neutral position above widens. This risk
is not captured in typical equity risk models, and is not necessarily symmetrically
distributed. Suppose that the spread is 6 percent, and the spread may widen to 20
percent if the deal breaks. The arbitrageur can earn the 6 percent spread or can see
the spread widen to 20 percent and lose 14 percent.

In light of these data shortcomings, building a portfolio of hedge funds is not
simply a quantitative optimization problem. Nevertheless, expected returns and
risks need to be balanced in arriving at the final portfolio. Using the views devel-
oped for each manager, the hedge fund investor must weigh expected returns
against expected contribution to portfolio risk. Keeping in mind the caveats previ-
ously addressed, quantitative measures of risk will probably be considered. In addi-
tion, careful analysis of the expected payoffs to each hedge fund’s strategy will be
incorporated into the final decision.

Potential constraints that will be forced on the portfolio arise from closed man-
agers and fund illiquidity. The fact that some of the investors’ favorite hedge funds
may be closed clearly reduces expected returns. Illiquidity can also remove a fund
from consideration, or can cause the investor to require higher expected returns to
justify investing in the hedge fund.

Managing a Portfolio of Hedge Funds 513



MONITORING

Hedge fund investing requires a commitment to monitoring hedge funds and the
portfolio of hedge funds. Monitoring involves both a quantitative and a qualitative
approach. Returns data and other available data may be used to evaluate each
hedge fund’s return profile for consistency with the stated investment strategy. In
addition, regular contact with the manager will foster dialogue and understanding
of the manager’s approach and adherence to that approach.

Much of hedge fund monitoring is intended to detect style drift. Style drift oc-
curs when the hedge fund’s investments are inconsistent with its articulated strat-
egy. This drift could take any one of a number of forms, including changes in the
types of assets in the manager’s universe or changes in the manager’s portfolio con-
struction rules or risk process. Although some changes may be welcomed, investors
should be aware of shifts so that expectations and portfolio allocations can be ad-
justed accordingly. In some cases, style drift may justify termination of the manager.

For investors who receive only fund net asset values, style drift may be detected
by observing returns and noticing outsized positive or negative returns, or that the
strategy does not exhibit expected correlations. If a greater degree of portfolio
transparency is available, and if sufficient infrastructure and analytical tools are in
place, analysis of portfolio positions is an excellent means of evaluating the hedge
fund’s adherence to the stated style.

Organizational changes may adversely affect returns. Material changes in per-
sonnel, assets under management, or service providers are examples of organiza-
tional changes of which an investor will want to be aware.

In addition to monitoring individual hedge funds, the portfolio of funds must
be reviewed to assess whether it continues to meet its objectives, and to ensure that
allocations to funds continue to appropriately balance expected return and contri-
bution to risk. Changes in fund strategies or markets may alter correlations be-
tween funds as well as their expected returns and risk, changing the portfolio’s
risk/return profile. Consequently, monitoring will attempt to flag changes in ex-
pected return and risk for the portfolio of hedge funds.

ONGOING PORTFOLIO MANAGEMENT

After initiation, investors reevaluate their portfolios and may choose to reallocate
capital. For the most part, this is simply a matter of continually running through
the process of manager evaluation and portfolio construction. Regular decisions
are made about increasing and decreasing allocations to managers and strategies,
with the extremes being addition of new hedge funds or termination of existing
managers. Reasons for terminating a manager include poor returns, organizational
turmoil, and style drift. There is an important and unique consideration related to
the performance fee and high-water mark, however, that arises in deciding to adjust
hedge fund allocations.

Suppose a $1 million investment has been made in Hedge Fund A, but that this
manager has lost 20 percent of the fund’s assets since the investment was made.
NAV is now $800,000. The hedge fund investor wants to replace Hedge Fund A
with Hedge Fund B, which executes roughly the same strategy, but has performed
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better over the same period. If A’s and B’s strategies are going to be highly corre-
lated in the future, then the investor needs to consider the “free ride” that will be
enjoyed in not having to pay the performance fee to Hedge Fund A. The free ride
occurs because the investor does not have to pay performance fees until Hedge
Fund A’s NAV returns to the high-water mark. Consequently, from the $800,000
NAV, the investor can receive a return of 25 percent without paying fees. In con-
trast, suppose the investor terminates Hedge Fund A and invests in Hedge Fund B,
and that Hedge Fund B returns 25 percent gross. Assuming a performance fee of 20
percent, the investor receives only 20 percent net returns. Clearly, if Hedge Fund A
and Hedge Fund B have identical gross returns over the next year, the net returns to
Hedge Fund A will be higher than those to Hedge Fund B since no performance fee
will be paid to Hedge Fund A. The implication of this is that there may be an in-
centive at the margin to not actively trade hedge funds.

FUNDS OF HEDGE FUNDS

For investors who do not have the resources or expertise to invest in a portfolio of
hedge funds, there are funds of hedge funds. These investment firms may operate in
one or all of the four hedge fund sectors outlined in Figure 27.2.

A fund of funds may be able to obtain better access to information and to man-
agers than may individuals investing on their own behalf. Funds of funds also offer
the opportunity to invest in a diversified portfolio with a low minimum amount.
Most hedge funds require a minimum investment of $1 million. A fund of funds
makes it possible for investors to have well-diversified hedge fund portfolios for
lower investment amounts than would otherwise be the case. Finally, the fund of
funds offers access to professional investment management, including manager
evaluation, portfolio construction, and monitoring.
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CHAPTER 28
Investing in Private Equity

Barry Griffiths

What is private equity, and why should investors consider it as part of an overall
portfolio? In this chapter, we will consider private equity to be any ownership

interest not publicly traded, anywhere in the world, except for real estate. Under
this definition, private equity is an enormous asset class, including everything from
local dry-cleaning shops to very large industrial enterprises, and from new start-ups
with one or two employees and no revenues to firms of long standing with thou-
sands of employees and stable revenue streams.

Compared with public equity, private equity has some advantages as an invest-
ment. Fundamentally, the fact that these companies are private means that informa-
tion about them may not always flow efficiently. This creates an opportunity for
managers with superior skill or information to generate unusually large returns. On
the other hand, this very lack of widely available information makes it more diffi-
cult to apply the equilibrium approach developed in this book.

In this chapter we will discuss the basic rationale for private equity invest-
ments, the mechanics of investing in private equity, and limitations on information
about valuation and returns. Finally we shall examine an approach to including
private equity in a global asset allocation strategy.

WHY PRIVATE EQUITY?

Private equity sometimes has the reputation of being an alternative asset class,
with the suggestion that it is somehow new or strange. A moment’s reflection
will show that this is not the case. Markets for publicly traded assets are rela-
tively new, with histories of up to a few centuries and substantial size start-
ing only in the nineteenth century. Most prior economic ownership, therefore,
must have been private. And indeed, private equity today is in many ways an
old-fashioned asset class.

The basic assumptions underlying modern finance usually start with the fol-
lowing ideas:

� Information about economic opportunities spreads quickly to all market
participants.

� Markets are highly liquid.

516



� Transaction costs are low.
� As a result, arbitrage opportunities are severely limited and transient.

In private equity, none of these basic assumptions are true. Although this fact
can be a handicap to analysis, it can also be the source of excess returns to investors
who understand the private equity market.

Private equity managers can have an informational advantage in assessing
transactions and making investment decisions. In public markets, information is
thoroughly regulated and available to many potential investors. In private markets,
information is less readily available and much less transparent. The sales of most
private companies, for example, are not widely advertised—private equity investors
with a large network of contacts and deal sources hear about more deals and have
the ability to access those deals. In addition, few private companies issue annual re-
ports or discuss their performance or financial condition. This lack of information
means that those investors who engage in thorough and skilled due diligence can
make better decisions than other buyers. They can spot hidden value or uncover
problems that will influence their views of companies and valuations.

Private equity investors also have a chance to add value and make a difference
to both start-up companies and larger businesses in need of restructuring or reposi-
tioning. Unlike public market investors, who are generally passive owners of small
interests in companies, the best private equity investors often control companies
and boards of directors, choose management, drive strategy, and affect operational
and financial decisions. They also generally can decide how and when to exit an in-
vestment, an important advantage that can have a significant effect on investment
returns. In addition, while the lack of liquidity in private markets carries risks, pri-
vate equity investors are often compensated for this risk by often being able to ac-
quire companies at prices lower than comparable, publicly traded companies. The
lower prices sometimes come from a less efficient sales process—private equity in-
vestors may buy companies outside of auctions where there is less competition and
much less information on market prices.

Finally, unlike their public counterparts, private companies do not live under
the scrutiny of thousands of investors who are highly focused on quarterly re-
sults. Private equity investors have a fairly long-term view of investments (typi-
cally five years or more), and are willing to accept short-term losses and
significant capital investment projects that they believe will create value when
they choose to exit the investment.

TYPES OF PRIVATE EQUITY INVESTMENT

It is often thought that private equity investments are either new-company start-
ups or possibly transactions in which existing public companies are taken private.
In fact, there are a large number of strategies in private equity investing, as de-
picted in Figure 28.1. These span the entire life of an enterprise, from a seed-stage
startup, through development and expansion, to possible turnaround and dis-
tressed investments.

It is not surprising that these various private equity strategies have different
economic sources of risk and return. For example, companies that involve innova-
tions in technology or business models might be expected to have returns that are
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based substantially on the effectiveness of the innovation, and would have rela-
tively little to do with trends in the public equity market. Businesses of this kind
could be classic start-up or venture investments, but could just as easily be growth
or turnaround deals.

Other kinds of private investments might have returns that are substantially
based on the public equity market. In one obvious case, some buyout investments
involve nothing more than applying a higher degree of financial leverage than simi-
lar public companies. In such a case, it is clear that the returns will be highly corre-
lated with the public market. Less obviously, some start-up or venture investments
are really just copies of other recent successful start-ups. To the extent that such an
investment has little that is really new in its sources of risk and return, it might be
expected to be reasonably highly correlated with some portion of the public equity
market. This was seen clearly in the Internet and telecom bubbles of 1998–2000,
when many copycat start-ups were found to have returns strongly correlated with
returns in the public market.

We can see that different portfolios of private equity may have very different
risk characteristics. Risk in private equity is thought to be related to several factors,
including:

� Strategy (as described earlier)
� Industry or sector
� Company size
� Geography

Thus, a portfolio of private equity investments consisting of nothing but Cali-
fornia-based, early-stage technology start-ups with enterprise value under $10 mil-
lion might be expected to have very different risk characteristics from a portfolio of
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FIGURE 28.1 What Is Private Equity?
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buyouts of European industrial companies in turnaround situations. Either portfo-
lio might be expected to differ markedly from a mixed portfolio that incorporates a
blend of sectors, industries, company sizes, and locations. And none of these would
be expected to closely resemble a portfolio of whatever commitments the world’s
private equity investors made in a given year.

MECHANICS OF PRIVATE EQUITY INVESTMENT

Private equity investments are not readily accessible to investors in the same way
that publicly traded equity investments are. Where publicly traded securities can be
bought and sold at any time, without necessarily changing control of the firm, pri-
vate companies have no such open market. Most private equity transactions are be-
tween individuals or firms, and typically involve a change of control—that is, the
new investors generally buy the company from the previous owners.

However, some portion of private equity investments are accessible to financial
investors. The most common way this is done is through partnership interests. A
partnership will be formed with a general partner, who usually has some form of
experience and expertise in a particular kind of private equity investment. The fi-
nancial investors are limited partners, who don’t usually provide cash when the
partnership is formed but instead make commitments to provide cash when called
upon. These commitments are for a limited size and for a limited period of time
(typically five years).

When the general partner finds an attractive investment, he or she will make a
capital call on the commitments of the limited partners in order to finance the pur-
chase. The general partner then manages the investment for some period of time,
which may involve working with corporate management of the investment, in-
stalling new management, helping with operational matters, or adding value in
other ways. Finally the investment is liquidated, often by an initial public offering
(IPO) or sale to another buyer, and the proceeds are distributed to the partners.
This cycle often takes five years or more for each such investment, although shorter
investments are also possible.

The limited partners typically pay fees to the general partner for managing the
investments. In addition, the general partner usually receives a fraction of the prof-
its, if any, on each investment (commonly in the vicinity of 20 percent). This frac-
tion of profits is often called a carried interest.

Once a commitment to a private equity partnership is made, it is not readily ex-
ited. General partners will not usually release limited partners from commitments,
as this would compromise their ability to make investments on behalf of the part-
nership. Although there are some secondary buyers for limited partnership inter-
ests, these transactions are often time-consuming and usually require the consent of
the general partner for the transfer.

VALUATION AND RETURN STATISTICS IN PRIVATE EQUITY

Since private equity investments do not trade regularly, there are difficulties in estab-
lishing valuations for them, and consequent difficulties in estimating return statistics
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for private equity as a class. Most private equity partnerships follow simple rules when
reporting investment values between transactions. Typically, an investment will be
held at cost, or at the value of the most recent significant transaction by an outside in-
vestor. When an investment goes public, is sold, or goes out of business, the obvious
valuations can be applied. In addition, general partners often have wide discretion in
applying modified valuations when circumstances appear to warrant doing so.

Thus, if there are no transactions in a private business for some period of time,
the valuations reported to investors can be seriously out-of-date. For example, con-
sider the case of a business that is able to finance expansion out of its own cash flow.
Additional rounds of investment may not be required for some years, so that the re-
ported valuation may not change at all while the true economic value of the business
increases markedly. By contrast, a failing business may not be able to raise addi-
tional capital, and so its valuation might be held at cost until it ceases operations.

In an entire partnership, it is unusual for all of the investments to have transac-
tions at any one time, so the valuation of the partnership as a whole is almost al-
ways out-of-date to some extent. The only times at which the valuations of a
partnership can be wholly relied on are at inception (when no investments have yet
been made) and at termination (when all investments have been liquidated and the
proceeds distributed). Since private equity valuations are always out-of-date, peri-
odic return series for single investments or partnerships are highly unreliable. And,
since periodic return series are highly unreliable, so too are estimates of mean re-
turn, volatility, or covariance with any other asset.

As a result, the most commonly quoted measure of performance in private eq-
uity is internal rate of return (IRR), which is computed from cash flows (whenever
they occur) and the residual value of the investments on the date of calculation. By
the time an investment or partnership is fully liquidated, the IRR will be reliable,
since it uses only fully observable values (cash flows and dates). However, it is of
limited utility compared with periodic returns, since it cannot be inferred when or
how the gains were actually made.

Because IRR can be reliably measured over the life of a partnership, but peri-
odic returns and risk statistics generally cannot, it can be difficult for private equity
investors to fully understand the risk/return trade-offs being made by fund man-
agers. Sometimes, investors may be led to concentrate only on IRR, without asking
what the economic sources of risk and return in a partnership might be. Because
good statistics are hard to come by, successful private equity investing requires
close attention to the economic fundamentals of the underlying investments.

Since private equity is exactly that—private—there is no central reporting orga-
nization for valuation or returns. Indeed, private equity partnerships often view
their valuation and return statistics as proprietary information, and may have pro-
hibitions against sharing data. There are a few organizations that try to compile
data about IRR across the private equity industry, but only a fraction of partner-
ships share data in this way.1 Thus, estimates of risk and return in private equity as
a class are quite unreliable compared with their counterparts in public markets.
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1Typically these organizations report statistics of IRR—mean, median, standard deviation, and
quartiles are common. It should be noted that standard deviation of IRR is not an estimate of
volatility, as it measures dispersion of return among partnerships rather than through time.



HISTORICAL RETURNS IN PRIVATE EQUITY

In Table 28.1 and Figure 28.2, we show historical returns to private equity as re-
ported in the Venture Economics database. As noted earlier, this information has
serious limitations, but it is among the best available. We show the internal rate of
return that was reported by partnership investment vehicles. In order to deal with
the problem of lagged valuations, we break out liquidated partnerships separately
from unliquidated partnerships. Liquidated partnerships have exited all of their in-
vestments and distributed the proceeds to the investors; these funds were formed
mostly between 1980 and 1994. Unliquidated partnerships still have some amount
of investments contained in the partnership vehicle, and so the reported IRR de-
pends in part on the valuation determined by the general partners. These funds
were formed mostly in the 1990s.

It is clear that these partnerships, whether liquidated or unliquidated, have a
strong central tendency, with a median value near 10 percent (after fund fees and
carried interest have been accounted for). This is very close to the long-term return
of the S&P 500, and suggests that private equity as a class probably does not have
significant long-term, aggregate returns in excess of public equity—although, as
noted earlier, individual private equity managers may have such returns.

It is also clear that there is a high degree of dispersion among private equity
funds in terms of their reported IRRs. The top quartile of private equity funds is lo-
cated near 20 percent; the bottom quartile is near 0 percent. This dispersion is quite
large compared to results for public asset classes.

It is often suggested that the two major kinds of private equity funds—venture
and buyout, broadly construed—may have different returns. In any given year this
is almost certainly true, but in the aggregate, over time, this appears not to be the
case. If we look at the data for liquidated funds from the Venture Economics data-
base, we can see that in the aggregate the distribution of reported returns is roughly
similar (see Table 28.2), given the high degree of dispersion and the limited amount
of data. In each case, the median return is near 10 percent, but the range between
upper-quartile and bottom-quartile funds is near 15 percent.

All of the liquidated funds analyzed here were formed before the stock price
bubble of 1998–2000. As more funds are liquidated we may find that the history of
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TABLE 28.1 Historical Returns to Private Equity

U.S. U.S. Europe Europe
Liquidated Unliquidated Liquidated Unliquidated

Sample size 345 1,178 84 580
Maximum 243.9% 726.2% 107.9% 265.5%
Upper decile 26.5% 45.6% 21.7% 30.7%
Upper quartile 17.7% 19.8% 13.4% 16.0%
Median 10.1% 5.8% 5.6% 4.9%
Lower quartile 2.6% –5.2% –1.1% 0.0%
Minimum –72.6% –100.0% –43.5% –100.0%
Standard error 1.2 1.4 2.1 1.3

Data source: Thomson Venture Economics.
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FIGURE 28.2 Distribution of Returns to Private Equity
Data source: Thomson Venture Economics.
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TABLE 28.2 Distribution of Reported Returns

Buyout Venture Buyout Venture
Liquidated Liquidated Unliquidated Unliquidated

Sample size 102 327 410 1133
Maximum 243.9% 107.9% 137.8% 726.2%
Upper quartile 22.4% 14.6% 16.2% 19.8%
Median 12.8% 7.9% 5.6% 5.2%
Lower quartile 5.5% 1.3% –4.1% –2.6%
Minimum –42.2% –72.6% –100.0% –100.0%
Standard error 3.4 0.9 1.2 1.5

Data source: Thomson Venture Economics.



relative returns changes somewhat, although it is difficult to predict exactly how.
However, it does not appear that an investor should count on systematically differ-
ent returns from buyout and venture funds.

SOURCES OF RETURN IN PRIVATE EQUITY

Based on the preceding discussion, we can draw several conclusions about building
a model of private equity for purposes of asset allocation.

� Standard risk and return statistics for private equity cannot be measured with
any degree of reliability.

� Because of the stale valuations, illiquidity, and long commitment periods of the
asset class, market weights cannot be used to infer equilibrium expectations.

� Because of the different kinds of private equity strategies, any two portfolios
may have different risk and return profiles.

� Risks in private equity are partly, but not solely, related to risk in the public eq-
uity markets.

� Returns in private equity are partly related to returns in the public markets, but
are partly the result of excess information or skill on the part of the private eq-
uity manager.

These conclusions suggest that it would be a mistake to look for a single right
answer in making private equity allocations. Instead, it might be better to look for
a set of “good enough” answers that depend on the characteristics of the portfolio
of private equity that a given investor can create.

Let us provisionally adopt a simple model for returns in a private equity port-
folio, decomposing private equity returns into equilibrium and nonequilibrium
sources. Suppose that the investor has a portfolio of public equity. The excess re-
turns, re, for this portfolio have some equilibrium excess return µe and volatility σe,
as discussed in earlier chapters. The investor wishes to substitute some fraction w
of private equity. We will assume that the returns in this particular private equity
portfolio have components due to the equilibrium expected return, and due to ad-
ditional nonequilibrium sources.

rp = βre + α + ε (28.1)

where β = Market multiplier that accounts for the component of equilibrium
return from this public equity portfolio to this private equity portfolio

α = Nonequilibrium component of expected return, due to the investor’s
superior skill or information operating in the private market

ε = Component of risk in this private equity portfolio that is independent
of the public market, with volatility σn

It can be seen that the total expected excess return for the private equity port-
folio is

µp = βµe + α (28.2)
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and the total volatility is

σp
2 = β2σe

2 + σn
2 (28.3)

As a result, the cross-correlation coefficient ρ between these public equity and pri-
vate equity portfolios is given by

(28.4)

In both equation (28.2) and equation (28.3) we can see that the expected ex-
cess return and the volatility of the private equity portfolio are partly related to the
public market, and partly due to investor skill or information (on the one hand)
and risks unrelated to the public market (on the other).

What values should be assumed for the parameters α, β, and σn? Once again,
this will depend on the skill of the investor and the approach taken to diversifica-
tion, but some observations seem possible.

First, let us consider β. Since private equity is, after all, some kind of equity, a
value near 1 seems a priori reasonable. For companies that have a strongly innova-
tive component to their business models, a lower value might be expected. For
companies that just use a higher degree of financial leverage with no real sources of
innovation, or companies that are just copies of recent, successful companies, a
value of β closer to 2 might be expected. In addition, the carried interest paid on in-
vestments in partnerships can reduce the effective β by about 20 percent. We have
performed some simulations that suggest that a value consistent with the Venture
Economics database would be near 0.7, but this is subject to all of the qualifica-
tions cited earlier regarding the limitations of publicly available data in private eq-
uity. Thus, much as in the public equity market, private equity investors can
produce portfolios of high or low β, depending on their choices in constructing
their portfolios.

Next, let us consider σn. Clearly a very small or poorly diversified portfolio of
private equity could have a very large value of σn, perhaps in the vicinity of 100
percent, which would be consistent with single stocks of companies that have re-
cently gone public. A larger, more diversified portfolio of private equity might have
a significantly smaller value. At the lower extreme, a portfolio of 20 partnerships,
each with 20 investments, could have

(28.5)

We have performed some simulations that suggest that a value for a large, well-
diversified private equity portfolio, consistent with the Venture Economics data-
base, might be near 15 percent, but once again this is subject to all of the
qualifications cited earlier regarding the limitations of the publicly available data.
Certainly values of up to 25 percent would not be unreasonable for some private
equity portfolios.

Finally, let us consider α. Although the market inefficiencies described earlier
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make positive values of α possible, this is by no means guaranteed. In addition,
investors in private equity partnerships must pay fees, typically reducing ex-
pected return by 2 to 3 percent. We have performed some simulations that sug-
gest that a value of α very near zero would be consistent with the data in the
Venture Economics database, once again noting the limitations of the data. Here
again, different private equity investors can produce portfolios with very differ-
ent values of α, depending on their choices in manager selection and portfolio
construction.

What of manager skill? Examination of the historical data suggests that partic-
ular managers with excess skill or information may be able to deliver α of up to 10
percent or even higher (while others, as noted, may have negative α). To the extent
that these managers with unusual skill are doing unusual deals, this may also have
the effect of lowering β, although in this case the non-public-market risk term σn

may increase. As has been observed in previous chapters, this can be a good trade—
σn represents relatively cheap risk, while the public-market component controlled
by β is the relatively expensive part.

OPTIMAL ALLOCATION EXAMPLES

In the general, multi-asset case, the model described earlier can be used to augment
the global covariance matrix and calculate optimal weights for private equity.
However, some additional insight can be gained by considering a simple two-asset
situation, where the investor simply wishes to substitute private equity for some
fraction w of an existing public-equity portfolio.

Using the results of Chapter 4 and the model defined earlier, we see that the
optimal weight for private equity (as a fraction of the total equity portfolio) is
given by

(28.6)

Here λ is the risk-aversion parameter described earlier in the book.
This is an interesting result for several reasons. First, from the numerator it

can be seen that there are essentially two reasons to allocate to private equity. The
first is if the private equity portfolio has some positive source of return, α, unre-
lated to returns in the public market. The second is that if the private equity port-
folio has β less than 1, there is also a diversification rationale for an allocation to
private equity.

Second, it is interesting to examine the behavior of this allocation for its depen-
dence on the market β. The most important point is that since the multiplier λσe

2 – µe

must be positive, then wo must decrease as β increases. Thus we see that the ratio-
nale for an allocation to private equity must rely in large part on its nonequilibrium
innovative components, such as new or innovative businesses.

Third, look at the simplifications that arise if β = 1. In this case, it can be
seen that

wo
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(28.7)

Here we see that if the private equity portfolio has unit dependence on the public
equity market, then the allocation to private equity depends only on the specific re-
turn and specific volatility of the private equity portfolio, and not on total return or
total volatility.

Fourth, consider the special case when the expected excess return for the pri-
vate equity portfolio is exactly equal to the expected excess return for the public eq-
uity portfolio—that is, when

α = (1 – β)µe (28.8)

It is clear that this case is equivalent to selecting a private equity allocation to
minimize total volatility in the combined (private plus public) equity portfolio. In
this situation, the optimizing allocation to private equity is

(28.9)

for any λ. This reinforces our observation that an allocation due solely to diversifi-
cation effects is only observed for private equity portfolios with β less than 1 with
respect to the public equity market.

The graphs in Figure 28.3 illustrate the fraction of the total equity portfolio
that might be allocated to private equity, depending on the statistics that are as-
sumed to be achieved for the particular private equity portfolio under considera-
tion. As earlier in the book, in these examples we assume a risk aversion parameter
of 2.857, expected excess returns to public equity of 4.1 percent, and public equity
volatility of 15.9 percent.

It can be seen that for β less than 1, the allocations to private equity are essen-
tially straight lines, depending principally on the ratio between specific return and
specific volatility, as discussed earlier. For β of 1.5, however, the penalty for high
dependence on equilibrium public returns is clearly visible.

Some of these allocations may be surprisingly large compared with recommen-
dations seen elsewhere. However, it is clear from this analysis that the optimal allo-
cation to private equity depends on the particular characteristics of the private
equity portfolio under consideration, rather than just on the label attached to it.
For those investors who can realistically expect to achieve an α of 3.0 percent or
more (modest with respect to the dispersion of returns among private equity funds),
with β no higher than 1.5, then an allocation to private equity of at least 10 percent
of the total equity portfolio is readily justified.

It should be emphasized that these results are for the two-asset case only, and
without considering liquidity constraints. Somewhat different results will obtain
for the multi-asset case, but the basic analysis is the same and uses the same ma-
chinery developed earlier in the book. Since private equity is highly illiquid, in-
vestors making allocations to private equity need to carefully consider their needs
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FIGURE 28.3 Fraction of Equity Allocated to Private Equity
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for liquidity and the additional liquidity constraints introduced by the need to meet
any unfunded commitments to private equity partnerships.

EFFECT OF SUBOPTIMAL ALLOCATION

At this point a fundamental difficulty is observed. We can derive the optimal alloca-
tion to private equity as a consequence of estimated statistics, but we have also ob-
served that the estimated statistics are not very reliable. Furthermore, the range of
illustrated results (allocation of 10 percent to 50 percent of the equity portfolio to
private equity) is rather broad to be useful.

One way to address this difficulty is to calculate the impact on the statistics of
the overall equity portfolio if it should turn out that the private equity portfolio has
different statistics from those that were assumed in developing the allocation. If re-
ality differs from assumptions, the situation is said to be suboptimal. Then the in-
vestor can decide whether the potential gains (if the estimates turn out to be
accurate) are worth the additional risks (if the estimates turn out to be inaccurate).

For example, suppose that an investor decides, on the basis of some set of para-
meters, to select a weight w to private equity. (Note that there will be a variety of
sets of parameters that may result in any given weight.) As we have shown, this al-
location will generally be based (at least in part) on the expectation that the specific
return α to the private equity portfolio will be positive.

However, suppose that the α that is actually obtained turns out to be zero.
Then the optimal thing to have done (had the true value of α been known at the
time of allocation) would have been to allocate a smaller amount to private eq-
uity, and possibly none. In this case the investor will have paid a price in terms
of increased total equity volatility, without receiving the expected benefit in
terms of increased return. What is the impact on total equity volatility of some
positive weight w?

The combined volatility for the total equity portfolio that results from a se-
lected weight w, here called σT , is given by

(28.10)

This function is given in Figure 28.4 for the same ranges of parameters dis-
cussed earlier. It can be seen that for low weights on private equity (for example,
w = 10%), over the range of parameters discussed here, the volatility of the com-
bined equity portfolio increases by no more than a factor of 1.06. (For example,
if σe were about 16 percent, then σT would be about 17 percent for any beta be-
tweeen 1.0 and 1.5.) Many investors have weights on private equity that are up
to 10 percent of their total equity portfolios, or even higher, possibly reflecting
this observation.

For intermediate weights on private equity the price to be paid, in terms of in-
creased volatility, is steeper. For w = 25% and β up to 1.0, total volatility is in the
same range—an increase of up to a factor of 1.07. However, if β turns out to be
1.5, the increase in total volatility is a factor of 1.19. Thus, it probably makes
sense to have a weight on private equity as high as 25 percent only if the investor
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FIGURE 28.4 Total Equity Volatility
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is confident of the α that he can obtain, or if the investor is confident that β is not
much higher than 1.0. Once again, some investors do have weights on private eq-
uity as high as this, but they are usually investors with extensive experience in pri-
vate equity.

For higher weights on private equity, there is a high degree of sensitivity to the
true parameters. For w = 50% and β up to 1.5, total volatility of the equity port-
folio increases by a factor of up to 1.5. An investor who chooses to put 50 percent
of her total equity portfolio in private equity must be very confident that she can
control the risk and return profile of the private equity portfolio. Otherwise, it is
very possible to incur a significant volatility penalty without a corresponding in-
crease in return.

KEY IDEAS

The key ideas in this chapter are the following:

� Private equity differs from public equity in several ways:
1. In private equity, information does not flow freely.
2. Private equity is highly illiquid.
3. Transaction costs are high.

� These factors create the opportunity (but not a guarantee) for higher returns.
� The same factors cause private equity valuations, and resulting returns statis-

tics, to be unreliable.
� Available data on internal rate of return generated by private equity partner-

ships suggest that median rates of return are roughly comparable to the public
equity market, but dispersion among fund managers is much higher than in the
public market.

� As a result, the risk and return in any private equity portfolio depend very
strongly on how that portfolio is constructed—estimates for private equity as a
class are of limited utility.

� We suggest that private equity can be modeled as having a mixture of charac-
teristics that depend on equilibrium returns in the public equity market, and on
nonequilibrium non-public-market factors.

� Using a simple two-asset model, we show that simple diversification is usually
an inadequate rationale for investing in private equity—these investments only
make sense when there is a reasonable likelihood of additional return due to
superior information or skill on the part of the private equity manager.

� In order to invest successfully in private equity, great care must be taken to un-
derstand the underlying sources of risk and return in the selected private equity
investment.

� For specific returns (alpha) of at least 3 percent, and beta no greater than 1.5, it
may be optimal to allocate at least 10 percent of the total equity portfolio to
private equity, and possibly as much as 50 percent of the total equity portfolio.

� Allocations toward the lower end of this range have only modest penalties for
suboptimal allocations, in the event that the parameter estimates that are used
turn out to be incorrect. However, the penalties increase markedly toward the
high end of the range.
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CHAPTER 29
Investing for Real After-Tax Results

Don Mulvihill

Chapters 29 through 32 focus on investment management for individual or fam-
ily investors. Tax considerations, spending requirements, and estate planning

issues greatly complicate the development and implementation of investment
strategies. Our goals will be (1) to show that the principles developed in the pre-
ceding chapters are relevant to individual investors and (2) to demonstrate ways
to accommodate these complicating factors in our formulation of investment
analysis.

Individual investors generally seek to preserve and grow the real, after-tax value
of their estates. We will focus on investment strategies for wealthy individuals. Such
individuals will generally not consume all of their wealth and thus will leave an es-
tate. Integrating estate-planning issues with investment strategies will be a recurring
theme in our discussion. Tax rates are always changing and vary from one state to
the next. For simplicity, we will assume marginal tax rates of 40 percent on ordi-
nary income and short-term gains and 20 percent on long-term capital gains.1 We
will use these rates in all examples in the following chapters, unless otherwise
noted. We will assume a 50 percent estate tax rate.

The efficient frontier is a good visual aid for understanding portfolio man-
agement issues. The activities of investment managers and financial advisors gen-
erally fall into one of two categories: (1) develop more efficient portfolios by
improving the expected return per unit of risk (i.e., shift the efficient frontier up-
ward) or (2) help investors identify and reach the point on the efficient frontier
that is appropriate to their circumstances. Many investors and their advisors find
it difficult to integrate taxation, estate planning, spending, and inflation issues
into their investment analysis. Consequently, they follow a strategy of first seek-
ing to maximize risk-adjusted nominal pretax returns and then dealing with tax,
estate, and spending issues. Given the enormous impact of income and estate
taxes, this approach is almost certain to lead to inefficient asset allocation and
portfolio strategies.

Bob Litterman made the following points concerning risk in Chapter 2:
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� Risk is the energy that in the long run drives investment returns.
� Individuals have limited tolerance for risk. This is related to their capacity to

endure both short-term and long-term fluctuations in wealth.
� Risk is therefore a scarce resource that should be budgeted and apportioned in

order to get the most expected return for a given level of risk.

Investment management involves first identifying the desired level of risk and
then building investment portfolios that maximize the expected return for that level
of risk. Taxable investors will easily understand that taxes reduce expected invest-
ment returns. If you earn a return, the government will take some of it from you.
What may be less obvious is that taxes also affect and generally reduce risk. Con-
sider the impact of capital gains taxes on equity returns. When stock market re-
turns are high, investors often have a lot of realized capital gains and thus pay a lot
of taxes. When market returns are flat there are few realized gains and tax liability
is small. When market returns are negative investors often have net realized losses
that generate valuable credits in the form of tax loss carryforwards. After-tax re-
turns are generally less volatile and thus less risky than pretax returns.

Taxable investors face income, capital gains, and, in most cases, transfer taxes.
Each individual or family is unique. Each has plans for the disposal of one’s wealth
and an estate structure designed to facilitate those plans. Investors begin from dif-
ferent points. Many investors accumulated their wealth in the form of concentrated
low-basis stock holdings and must deal with transition issues. These types of con-
siderations will affect the conversion of expected pretax to expected after-tax risk
and return. In order to develop a strategy that maximizes expected after-tax return
for a give level of risk, it is necessary to integrate these investor-specific considera-
tions into calculations of after-tax risk and return. As a result, each investor has a
unique efficient frontier. Each of the next three chapters will be devoted to gradu-
ally integrating various complicating factors into the formulation of an investor-
specific efficient frontier. This framework provides three benefits.

1. It provides investors with a practical and customized tool for identifying a tar-
get level of risk. This comes from describing risk in terms of the dispersion of
future after-tax wealth forecasts.

2. It allows taxable investors to integrate income, capital gains, and transfer taxes
into investment decisions in order to optimally allocate the budgeted level of risk.

3. It suggests ways that investors can enhance expected after-tax return for a
given level of risk by better understanding the interplay among estate planning,
income tax planning, asset allocation, and portfolio management.

The axes of a conventional efficient frontier chart are expected return and risk.
In order to integrate income and transfer tax considerations, we are going to develop
an efficient frontier chart that plots expected future after-tax wealth against risk.
There are many options embedded in the 40,000 pages of the U.S. tax code. The ef-
ficient frontier chart that we will develop will plot the trade-off between expected
future after-tax wealth and risk assuming the investor has made optimal use of some
of these options as they apply to that investor’s situation. In the course of developing
this chart, we will demonstrate that taking advantage of the flexibility in the tax
code will allow for meaningful improvement in real after-tax wealth accumulation.
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Chapter 30 reviews the historic returns of U.S. stocks, bonds, and bills over the
past 76 years and adjusts these returns for the impact of income taxes and inflation.
These adjusted returns are used to create an efficient frontier that plots expected fu-
ture real after-tax wealth against volatility in the distribution of expected future
wealth. This will be based on just these three asset classes. Our analysis will
demonstrate that the conversion from nominal pretax returns to real after-tax re-
turns reduces the perceived riskiness of stocks and increases the perceived riskiness
of bills. The reader should get a sense of how difficult it can be to grow wealth net
of the impact of taxes and inflation.

Chapter 31 integrates estate-planning issues into risk and return calculations. En-
tities such as retirement accounts, charitable trusts, grantor trusts, and foundations
have unique income and estate tax characteristics. Asset location refers to the posi-
tioning of the various components of an asset allocation plan among the various enti-
ties that make up an investor’s estate. Careful asset location can enhance the transfer
of wealth to heirs and/or charities by taking advantage of the income and estate tax
characteristics of these entities. The traditional efficient frontier assumes optimal allo-
cation of assets. Chapter 31 develops an efficient frontier that also assumes the opti-
mal location of assets. This efficient frontier will reflect the combinations of asset
allocation and asset location that give the highest expected result per unit of risk. The
construction of the efficient frontier will reflect the investor’s plans for long-term
wealth transfer. The chart will plot the expected real net transfer of wealth to desig-
nated heirs and/or charities against the volatility of the expected real net transfer.

Chapter 32 analyzes the impact of taxes on equity portfolio management. Cap-
ital gains taxes are due only when a security is sold. The investor generally controls
the decision to sell and therefore can defer taxes. Linking the deferral of taxes to
plans for the ultimate disposal of the assets can enable an investor to avoid taxation
on unrealized gains. This creates a tension between the desire to enhance pretax re-
turns through active portfolio management and the desire to enhance after-tax re-
turns through tax deferral. Chapter 32 explores ways to deal with this conflict and
also reviews tax loss harvesting as a mechanism for enhancing after-tax returns
from equities.

The remainder of this chapter develops a planning framework that reflects the
objectives of wealthy investors and allows for the integration of the factors that
complicate investment planning for taxable investors. Inflation and spending re-
quirements are considered within that framework. There is a general review of how
taxes are assessed and ways investors can reduce tax liabilities. The chapter con-
cludes with an analysis of how to calculate after-tax returns in a manner that re-
flects the investor’s specific planning framework.

PLANNING FRAMEWORK

At its most basic level, investment management for tax-exempt investors is a two-
dimensional problem. The dimensions are risk and return. Investment manage-
ment, at its core, involves adjusting the expected risk/return trade-off in an attempt
to get to a desirable point on the efficient frontier. Individual investors face a multi-
dimensional problem. Taxes, estate planning, and nonfinancial considerations re-
lated to estate planning make an already complex problem much more complex.

Investing for Real After-Tax Results 535



Wealthy individuals will generally not consume all of their wealth. Consump-
tion patterns vary a great deal from one investor to the next, but as a general state-
ment it is true that the wealthier the individual, the greater the proportion of the
estate that will go to heirs or charity. A wealthy individual can be thought of as a
steward of wealth. Their wealth exceeds their consumption needs, so they are man-
aging their estates on behalf of future beneficiaries. These could be any combina-
tion of charities, immediate heirs, and future generations.

The first step in investment management for individuals is to formulate the
problem in a way that accommodates these complicating factors and maintains a
focus on the key variables of risk and return. Most wealthy investors can formulate
their problem as:

Subject to funding my consumption needs, maximize the risk-adjusted real
value of wealth that will be received, net of income and transfer taxes, by my
intended heirs and charitable beneficiaries.

This formulation is useful because it allows investors to evaluate estate plan-
ning, asset allocation, and portfolio management strategies in a consistent manner.
Any potential decision can be analyzed in terms of its impact on the expected after-
tax real proceeds received by heirs and charities. The expectation of after-tax pro-
ceeds can be viewed as a distribution. It has a mean, a median, and a standard
deviation. This formulation brings us back to our familiar trade-off between return
and risk. It enables us to apply the tools of modern portfolio management to the is-
sues facing individual investors. For example, if an investor is considering a change
in asset allocation policy, the proposal can be evaluated in terms of its impact on
the distribution of expected future net proceeds. Does the proposed change in asset
allocation policy increase or decrease the expected mean? Does it widen or narrow
the distribution of expected outcomes? Taxation, estate plans, and spending re-
quirements complicate the calculation of expected after-tax return and expected af-
ter-tax risk. One of the key differences between managing the assets of taxable and
tax-exempt investors is that these calculations are investor-specific for taxable in-
vestors. While these calculations may be complex, they are required in order to
properly apply modern portfolio theory to the issues of a taxable investor.

TAXATION

There are four key forms of taxation to be considered (as of December 2002):

1. Income tax is applied to taxable interest and dividends using the ordinary tax
rate.

2. Capital gains tax is applied to realized gains and losses. Positions held one
year or less are taxed as short-term using the ordinary tax rate. Positions held
more than one year are taxed as long-term using the long-term tax rate. Capital
gains taxes can be avoided through charitable giving or death. If appreciated
assets are given to charity, there is no capital gains tax due on the appreciation.
If appreciated assets are held until death, the cost basis is “stepped up” to the
current market value, eliminating the potential tax liability. These elements of
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the tax code are important to wealthy investors who will not consume much of
their wealth.

3. Gift tax is applied to gifts made to heirs and other noncharitable beneficiaries
by a living donor. The tax rate is graduated but quickly reaches 55 percent.
There is a lifetime exemption that is currently $1,000,000 per donor. This is
scheduled to rise to $3,500,000 by 2009. A husband and wife can be consid-
ered separate donors, thus doubling the amount of wealth that could be passed
to children free of transfer tax. In addition to this lifetime exemption, individu-
als may give up to $11,000 per year to an unlimited number of recipients. This
will not count against their lifetime exemptions. Thus, a husband and wife
could each give up to $11,000 per year to each child and grandchild. The an-
nual allowance plus the lifetime exemption are sufficient to allow most Ameri-
cans to avoid paying pay gift or estate taxes.

4. Estate tax is similar to and intertwined with the gift tax. Gift and estate taxes
are sometimes referred to as transfer taxes. Estate taxes are applied to be-
quests to noncharitable recipients from the estate of a deceased person. There
is a lifetime exemption, which is the same exemption applied to the gift tax.
Any usage of this exemption to avoid tax on gifts reduces the exemption left
to apply to the estate tax. There are two important distinctions between the
gift and estate taxes.

(1) Appreciated assets given by a living donor will retain their cost basis.
Thus, the recipient will have a contingent tax liability on such assets and will
be liable for capital gains taxes if the assets are sold at a price greater than the
original cost basis. Conversely, appreciated assets in the estate of a deceased
person receive a step-up in basis. The cost basis of the assets is increased to the
market value at the time of the donor’s death. This wipes out capital gains tax
liability on appreciated assets.

(2) Estate tax is calculated on a tax-inclusive basis (i.e., the tax is ap-
plied to the entire amount of the estate including the portion that will be
used to pay the tax). Table 29.1 illustrates this point. There is a clear tax ad-
vantage to giving wealth to children sooner, by gift, rather than later by be-
quest. This can create tensions within a family, sometimes with cruel
consequences.

This is a very brief summary of the key elements of the tax code affecting in-
vestors as of August 2002. The federal tax code is extremely complex with over
40,000 pages. It is safe to say that 250 million Americans are subject to a tax code
than no human being can fully understand! The tax code is constantly being re-
vised. The complexity is a function of the various objectives pursued by the legisla-
tors who write the tax code. These include raising revenue, encouraging and
discouraging certain activities and targeting redistribution of wealth. The complex-
ity of the tax code seems to accumulate much like barnacles on a ship. It appears
the legislators care little about the administrative burden that their unnecessarily
complex tax code imposes upon individuals and businesses. This is unfortunate be-
cause the enormous aggregate cost of compliance is a squandering of society’s re-
sources on an unproductive activity.

Transfer taxes are in an unusual state of flux. They are currently scheduled to
gradually decline for nine more years, then go to zero for one year, then revert back
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to the full 55 percent rate in the following year. This level of uncertainty plays
havoc with estate planning.

Tax considerations impact analysis in several ways.

1. Not all returns are equal. Municipal bond interest is generally free of federal
tax. Income and dividends are taxed immediately at ordinary tax rates while
appreciation is taxed if and when realized at either short- or long-term 
tax rates.

2. Disposal plans affect taxation. Capital gains taxes on unrealized gains can be
avoided if appreciated assets are given to charity or held until death.2

3. Reallocation is costly. Equities tend to appreciate, so the reallocation of an in-
dividual’s assets may require the payment of capital gains taxes. This is one of
the most significant differences relative to investment planning for tax-exempt
investors. This issue is particularly relevant for individuals who create their
wealth through the ownership of a business. A public offering or stock swap
can create the situation where much of the individual’s wealth is in a single
low-cost-basis stock. Sale of the position to diversify and reduce risk will re-
quire a large capital gains tax payment. There are estate planning and hedging
strategies that can reduce the tax burden required to diversify from a concen-
trated and appreciated position.

4. Estate planning structures complicate the calculation of expected after-tax re-
turn. Individuals often have various entities within which they can hold assets.
Examples include grantor trusts, charitable trusts, family limited partnerships,
retirement accounts, and foundations. Each has its own income, gift, and estate
tax characteristics. For example, an IRA defers taxation on all returns, converts
all returns to ordinary income, and is not eligible for the step-up basis at death.
Thus, the expected after-tax return of an asset, factoring in both income and
transfer taxes, can vary greatly depending on the type of entity in which it is held.
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2The tax-free step-up in basis eliminates tax liability on unrealized gains at death. This fea-
ture of the tax code is related to the estate tax and might be eliminated if the estate tax is
eliminated.

TABLE 29.1 Comparison of Gift and Estate Tax

Assume that all lifetime exemptions have already been used and use a 50% rate.

Gift Tax Estate Tax

Parent gives child Parent dies and leaves 
$1,000,000 $1,000,000 $1,500,000 to child $1,500,000

Parent owes 50% gift tax $500,000 Estate owes 50% estate tax $750,000
Net to child $1,000,000 Net to child $750,000
Total cost to parent $1,500,000 Total cost to parent’s estate $1,500,000

Child’s net/total cost 66% Child’s net/total cost 50%
Effective tax rate 33% Effective tax rate 50%



Taxes represent a formidable challenge to an investor seeking to preserve and
grow the value of an estate on behalf of his or her heirs. Roughly speaking, the
government wants about one-third of what you earn and half of what you have
when you die. Individuals often view the IRS as an enemy who relentlessly confis-
cates a significant portion of their income. This is a reasonable assessment for or-
dinary income items such as salary and interest. However, investors interested in
capital appreciation have a more complex relationship with the IRS. In this situa-
tion the IRS can be viewed as a partner whose influence can be at times costly and
at other times beneficial. We have no choice but to live with this partner, so it is
important to understand how the IRS operates. In a world without taxes, an in-
vestor who owns an asset sees a direct relationship between the future price of the
asset and his gain or loss (e.g., the investor’s return is 10 percent if the asset appre-
ciates by 10 percent). The situation changes when the IRS becomes our partner.
With the introduction of long-term capital gains taxes, the tax man says: “If you
earn a positive return, give me 20 percent of it; if you earn a negative return, I will
refund 20 percent of the loss.”

This is the essence of our relationship with the IRS with respect to apprecia-
tion. However, our uninvited partner adds four important caveats—and three of
these actually favor the taxpayer:

� The timing option. Capital gains taxes are due only when an investment is sold.
You decide when to cash in your chips and settle up with the IRS.

� The short-term option. The IRS will bear 40 percent of the loss if you earn a
negative return during the first year. If you earn a positive return, you can let
the gain ride, holding the position for at least one year. When you eventually
sell, the IRS takes only 20 percent of the gain.

� The disposal option. The IRS waives its claim to capital gains tax on your
appreciation on assets you give to charity or hold until death (the step-up in
basis).

The fourth caveat limits the tax man’s generosity:

� No absolute subsidy. The IRS will not subsidize overall net losses. Realized
losses can only be netted against gains or carried forward to offset future
gains.3 The IRS will bear part of a realized loss only if the investor has other re-
alized gains against which to net the loss.

Taxes lower the expected return on investments. Capital gains taxes make the
government a de facto partner in all investment activities. The terms of this part-
nership are complicated, and a number of its terms can be worked to the investor’s
benefit. The option of a tax-free step-up in basis, the ability to defer recognition of
gains and accelerate recognition of losses, asset allocation and asset location
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choices, the use of leverage, the opportunity to use tax-deferring entities and other
tax-related choices all provide opportunities to reduce the impact of taxes on
wealth accumulation.

An important aspect of managing wealth for individuals is to make optimal
use of these options. These options are very different from traded options in that
they are not priced. They are free. The government put the options into the tax
code. Making good use of them can risklessly enhance the after-tax accumulation
of wealth.

INFLATION

Inflation is an important consideration. Money is given to future beneficiaries for a
reason. The hope is that a bequest will help heirs to buy a home, pay for grandchil-
dren’s education, purchase cars, and so on. Likewise, the hope is that charitable
beneficiaries can use the gift to purchase goods and services in pursuit of their ob-
jectives. Inflation relentlessly reduces the amount of homes, education, and other
goods and services that an estate can provide. Further, spending requirements are
likely to rise over time with inflation and will thus claim an increasing proportion
of an estate that fails to grow at the rate of inflation.

Inflation is a silent destroyer of wealth. Its impact is never listed on brokerage
statements, investment reports, or tax returns. Nevertheless, it has reduced the
value of estates by an average of 3.0 percent per year since 1925. There have been
periods when inflation has been much higher. Inflation averaged 7.3 percent per
year during the 1970s. More recently, inflation averaged 2.9 percent during the
1990s. This is considered to be benign, yet, even at these levels, the purchasing
power of a dollar is reduced by almost 40 percent over 20 years’ time. Today’s 3.0
percent expected inflation exceeds the after-tax return currently offered by many
bonds and money market securities. A negative real return does not serve the goal
of preserving and growing the real value of an estate. In the next chapter we will
see how “safe” investments such as Treasury bills have rarely provided a positive
real after-tax return.

Inflation affects investment planning in two ways. The first is obvious. Inflation
reduces the real value of future dollars. The second is that inflation affects future
spending requirements. An investor who currently withdraws a fixed amount from
his portfolio to meet his annual spending needs should expect that this amount will
grow with the rate of inflation, all other things being equal. This introduces a new
risk. Unexpected inflation tends to reduce the market value of financial instruments
while at the same time increasing spending requirements. This combination can in-
crease spending as a percentage of the portfolio’s value. A spending policy that had
seemed reasonable could become unsustainable.

SPENDING

Some investors use their financial assets to fund their living expenses, while oth-
ers can use ongoing employment income. Spending requirements have an impact
similar to inflation and taxation in that they detract from the preservation and
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growth of an estate. Spending tends to be inflexible. Declining markets will re-
duce the value of an estate, and therefore if spending remains unchanged it will
consume a larger percentage of the individual’s assets. Spending requirements will
tend to rise with inflation. This can intensify the adverse impact of inflation. Mar-
kets often react badly to a surge in the rate of inflation. Declining nominal market
returns, declining real asset values, and increased spending requirements would
obviously be a difficult combination, possibly leading to accelerating sales of as-
sets at depressed prices.

The feasibility of a spending policy must be considered in combination with the
impact of taxation and inflation. Preservation of an estate’s real value requires that
investment returns are at least equal to the sum of taxation, inflation, and spend-
ing. If we assume that income and capital gains taxes will take about 30 percent of
investment returns, then spending should not exceed (70% × Pretax investment re-
turn) – Inflation. If we plug in some numbers that seem reasonable based on his-
toric averages, an 8.0 percent pretax investment return and 3.0 percent inflation
would allow for spending 2.6 percent of a portfolio’s value. This calculation does
not allow for spending increases linked to inflation. Based on horizon and expected
inflation, the sustainable spending rate is something less than 2.6 percent.

When considering sustainable spending policies, investors should consider
the range of possible outcomes rather than simply the mean expected return. In
an environment of low or negative portfolio returns, fixed real spending require-
ments will consume an increasing portion of the portfolio’s value. This can lead
to an accelerating downward spiral. At the end of Chapter 30 we will show that
even modest spending requirements can cause significant deterioration in worst-
case forecasts.

CALCULATING AFTER-TAX RETURNS

Investment decisions should be based on expected after-tax returns. Investment
horizon, the method by which an asset is disposed of, and the tax characteristics of
the entity that holds an asset all affect the calculation of expected after-tax return.
Let us use an equity index fund to illustrate. We will expect a 2 percent dividend
yield and 8 percent annual appreciation. Dividends will be paid at the end of the
year, they will be subject to income tax, and the net dividend will be reinvested. All
appreciation will be unrealized until the fund is sold.

Horizon

The investor expects to sell after one year. Taxes will be 40% × 2% + 20% × 8% =
2.4%.

The expected after-tax return is 7.6%.
We define the effective tax rate as 1 – (After-tax return/Pretax return).
In this case, the effective tax rate is 24%.
Let us now change the assumption to a five-year holding period. This will al-

low appreciation to compound on a pretax basis. Table 29.2 shows the expected
growth in value and cost basis.

The sale will produce gross proceeds of $155.28 and will require a capital
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gains tax of 20 percent of the surplus over the cost basis. This yields net proceeds of
$145.67. This is an annualized after-tax return of 7.81 percent. Deferring the pay-
ment of capital gains taxes increased the expected after-tax return from 7.60 per-
cent to 7.81 percent. This reduced the effective tax rate to 21.9 percent. Extending
the example to 10 years produces an expected after-tax return of 8.03 percent, an
effective tax rate of 19.7 percent. A 25-year holding period produces an 8.47 per-
cent expected after-tax return, an effective tax rate of 15.3 percent. Deferral re-
duces the impact of capital gains taxes.

Disposal

The previous example assumed that the investor would sell at the end of the hori-
zon. What if the investor did not sell? There are only four ways an investor can
dispose of a security: Sell it, give it to an heir while the donor is alive, give it to an
heir upon the donor’s death, or give it to a charity. Only selling requires immedi-
ate payment of capital gains tax. If the asset is transferred to an heir while the
donor is alive, the heir assumes the existing cost basis of the asset. If the asset is
given to charity or held until death, capital gains taxes are avoided. Many
wealthy investors will not consume much of their wealth, and therefore many of
their assets may be disposed of by death or charitable giving. We will use the term
bequest mode to describe the situation in which an investor expects to eventually
dispose of an asset in a way that does not require the payment of capital gains
taxes. This is the alternative to liquidation mode in which an investor is manag-
ing an asset with the expectation that it will eventually be sold. In this case, capi-
tal gains taxes can be deferred but ultimately must be paid. Referring to the tax
options described earlier, an investor in liquidation mode may employ the timing
option to defer capital gains tax and thus achieve a greater after-tax return. An
investor in bequest mode can derive more benefit from the timing option by com-
bining it with the disposal option. A buy-and-hold strategy can be particularly
powerful when an investor is operating in the bequest mode. The after-tax ex-
pected return of the index fund is 9.2 percent in the bequest mode regardless of
holding period. There is ongoing taxation of dividends while appreciation is not
taxed. The effective tax rate is only 8 percent. This assumes that all appreciation
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TABLE 29.2 Expected Growth in Market Value and
Cost Basis

Income Cost Market
Year Dividend Tax Basis Value

0 100.00 100.00
1 2.00 0.80 101.20 109.20
2 2.18 0.87 102.51 119.25
3 2.38 0.95 103.94 130.22
4 2.60 1.04 105.50 142.20
5 2.84 1.14 107.21 155.28



can be compounded without any realization. In fact, most index funds make
small periodic distributions of realized gains.

Entity

Let us now assume that the index fund is held within a 401(k) or similar tax-ad-
vantaged entity. In this case, all forms of return including income, realized gains,
and unrealized gains are allowed to compound on a tax-deferred basis. Eventually
the investor will begin to withdraw from the account and the withdrawals will be
subject to ordinary income tax. This is true regardless of the nature of the returns
within the account. Generally funds will be withdrawn gradually over a period of
many years. To simplify the calculation and allow a comparison to the preceding
examples, we will assume a lump-sum withdrawal at the end of the holding period.
We will also net out the tax benefit derived from making a pretax salary contribu-
tion to the retirement account. We are interested only in the impact of deferral on
investment returns after the money is deposited into the account.

Expected after-tax return = {[(1 + R)Y · (1 – T) + T](1/Y)} – 1

where R = Expected total return
Y = Holding period in years
T = Tax rate

The longer the holding period, the greater the value derived from pretax com-
pounding.

5 years {[(1 + 10%)5 · (1 – 40%) + 40%](1/5)} – 1 = 6.44%

10 years {[(1 + 10%)10 · (1 – 40%) + 40%](1/10)} – 1 = 6.94%

25 years {[(1 + 10%)25 · (1 – 40%) + 40%](1/25)} – 1 = 8.03%

The after-tax expected return is very low for short holding periods because 
the conversion of appreciation to ordinary income drives the tax rate toward 
40 percent

Table 29.3 shows the expected after-tax returns for various asset classes in dif-
fering situations based on assumptions regarding expected returns and the compo-
sition of the returns. The expected after-tax returns are a function of the pretax
returns and composition of returns as described at the top of the table. The results
will change as these assumptions change. What will not change is that the conver-
sion of an expected pretax return to an expected after-tax return will vary greatly
based on horizon, disposal plans, and entity. Asset allocation plans should be based
on these specific after-tax returns rather than a generic after-tax return based on full
and immediate taxability. Asset allocation analysis should be integrated with asset
location analysis. Many wealthy individuals have complex estate structures that
may include entities such as charitable remainder trusts, grantor trusts, founda-
tions, insurance policies, and so on. Each of these entities will have unique income,
transfer, and estate tax characteristics. Optimally locating the components of an as-
set allocation plan among these entities can significantly increase the after-tax
wealth received by future heirs and charities. Asset location is another of the free
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options embedded in the tax code. We will discuss how this can be used with pow-
erful results in the next chapter.

CONCLUSIONS

1. Wealthy investors generally have more than enough wealth to meet their spend-
ing needs. Thus, the financial goal is to maximize what can be transferred to heirs
and/or charities net of income, transfer, and estate taxes. Estate and transfer taxes
have such great impact that an investment planning framework must take them
into account.
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TABLE 29.3 Expected After-Tax Returns in Various Situations

Asset Expected Pretax Return and Composition

Money market fund 3% 3% taxable income
Tax-exempt bond 4 4% tax-exempt income
Treasury bond 6 6% taxable income
High-yield bond fund 9 7% taxable income, 2% annual appreciation, 

50% annual turnover
Passive equity 10 2% dividend yield, 8% annual appreciation, 

5% annual turnover
Active equity 11 2% dividend yield, 9% annual appreciation, 

30% annual turnover

5% turnover on passive equity is consistent with historic change in the composition of the
S&P 500.

Expected After-Tax Return, Five-Year Holding Period

Liquidation Bequest Tax-Deferred
Mode Mode Mode

Money market fund 1.80% 1.80% 1.84%
Tax-exempt bond 4.00 4.00 2.47
Treasury bond 3.60 3.60 3.76
High-yield bond fund 5.81 5.89 5.76
Passive equity 7.79 9.00 6.44
Active equity 8.54 9.17 7.13

Expected After-Tax Return, 25-Year Holding Period

Liquidation Bequest Tax-Deferred
Mode Mode Mode

Money market fund 1.80% 1.80% 2.04%
Tax-exempt bond 4.00 4.00 2.81
Treasury bond 3.60 3.60 4.46
High-yield bond fund 5.82 5.83 7.11
Passive equity 8.24 8.74 8.03
Active equity 8.65 8.79 8.96



2. The tax code is complex but contains a great deal of flexibility. Investors can
take advantage of various options in the tax code to meaningfully reduce the im-
pact of taxes.

3. Inflation and spending join taxation as barriers to the growth of real wealth.
The impact of each should be included in a planning framework.

4. Investors should base decisions on risk-adjusted expected after-tax returns.
The conversion of expected pretax risk and return to after-tax risk and return de-
pends on a number of investor-specific considerations. Two different investors
might have very different expected after-tax results from the same investment.
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CHAPTER 30
Real, After-Tax Returns of 

U.S. Stocks, Bonds, and Bills, 
1926 through 2001

Don Mulvihill

Our expectations for future returns from stock and bond markets are highly influ-
enced by their historic returns. Most investors are familiar with the average nomi-

nal past results but less familiar with the more relevant information: past real,
after-tax results. Individuals generally quote nominal rates when discussing market
returns and bond yields. Newspaper and television reporters use nominal rates to de-
scribe stock market results. Investment advisors and brokers use nominal returns in
performance reports and advertisements. It seems that the entire financial services in-
dustry is focused on nominal numbers. A reader is unlikely to find a single quotation
of real, after-tax results anywhere in the Wall Street Journal. However, real after-tax
results are more relevant to taxpaying investors. An interesting exercise is to adjust
historic market returns to reflect the impact of inflation and taxes. The adjusted re-
sults demonstrate how difficult it is to grow wealth net of the combined impact of
taxes and inflation. It is even more difficult when spending requirements are included.

HISTORIC RETURNS ADJUSTED FOR INFLATION AND TAXES

We examined data on monthly U.S. stock and bond market returns since 1926 (Ib-
botson Associates, 2003). The United States has had many bullish and bearish mar-
kets over the past 76 years. Overall, it has been a rewarding experience for
investors as the stock market has multiplied wealth. This period contained many
different market scenarios, thus making analysis more valuable. However, one
should keep in mind that this was a period of extraordinary growth of the eco-
nomic and political power of the United States. Future returns may not be as ro-
bust. The last two decades of the century were particularly robust. Surging
corporate earnings and rising price-to-earnings multiples have produced market re-
turns greater than 20 percent in 11 of the 20 years. In addition to creating wealth,
this boom gave many investors inflated expectations of future investment returns.

We will look at three asset classes: stocks, bonds, and cash. These will be repre-
sented by the past performance of large-cap domestic stocks, intermediate-term gov-
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ernment bonds, and Treasury bills as reported by Ibbotson Associates. Our analysis
of what past investors would have earned assumes that investors owned broadly di-
versified portfolios whose returns were equal to the reported market returns.

An important statistical caveat is in order. We will use this data to analyze
holding periods of as long as 25 years. Using monthly starting points, we have over
600 different 25-year holding periods in our 76 years of data. However, they over-
lap. There are only three independent 25-year holding periods.

Past results are not necessarily indicative of future results although they can
serve as a useful reality check against either extreme optimism or pessimism. The
purpose of our analysis of historical data is not to forecast either future absolute re-
turns or relative returns among asset classes. It is to demonstrate (1) the enormous
differences between nominal and real, after-tax return, (2) the uneven impact of
taxes on different asset classes, (3) the impact of time on the perception of risk, and
(4) the impact of fixed real spending requirements.

The average annual returns since 1926 (calculated as geometric means) are
shown in Table 30.1. An investor trying to decide on the allocation between stocks
and bonds might conclude that the long-term expected return of stocks is about
double that of bonds. This fact would then be weighed against the greater volatility
of stocks in determining the trade-off that best suited the investor’s objectives.
However, during this period, inflation averaged 3.06 percent per year. An adjust-
ment for inflation produces the results shown in Table 30.2.

Inflation changes the situation a great deal. Real returns are much lower. The
historic real return of stocks is nearly four times that of bonds. The adjustment for
inflation might provide greater motivation for ownership of stocks versus bonds.

The next step is to adjust returns for the impact of taxes. This is a subjective
process. Tax rates have varied a great deal over the past 76 years. At times they
have been higher than current rates, but at other times they have been lower.
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TABLE 30.1 Average
Nominal Returns 1926
through 2001

Nominal

Stocks 10.68%
Bonds 5.33
Cash 3.81

Source: Ibbotson Associates.

TABLE 30.2 Impact of Inflation

Nominal Real

Stocks 10.68% 7.41%
Bonds 5.33 2.21
Cash 3.81 0.73

Source: Ibbotson Associates.



Calculating results using the various tax rates in effect at different points in time
would produce results that may not be relevant to an investor who today faces a
38.6 percent federal tax rate. However, calculating historic after-tax returns us-
ing today’s tax rates ignores the interplay between tax rates and the relative de-
mand for stocks and bonds. Past returns would likely have been different if
today’s tax rates were in place. Another complicating variable is the long-term
trend toward lower dividend yields. Dividends are currently taxed as ordinary
income, while appreciation is taxed at the lower capital gains rate. Thus, a
greater portion of past stock returns were subject to ordinary taxation than is
likely to be the case going forward. This requires some sort of simple, subjective
compromise.

� Government bond and Treasury bill returns will be subject to a 30 percent tax
rate. This is reasonable because municipal bonds often trade at yields about 70
percent of comparable maturity government bonds. A high-bracket taxable in-
vestor is likely to buy a municipal bond rather than a government bond subject
to about 40 percent tax.

� Stock returns consist of dividends and appreciation. Dividends are currently
taxed as ordinary income, while appreciation is usually taxed at long-term
rates when the security is sold. In the previous chapter we demonstrated that
deferral of capital gains taxes over long periods can meaningfully reduce the ef-
fective tax rate. Ordinary tax rates have fluctuated a great deal over the past 76
years, and so has the portion of stock returns from dividends. Our assumption
is that investors hold broadly diversified stock portfolios that have returns in
line with the overall market. We will further assume that these investors are
sensitive to taxes and thus favor long holding periods. We will subject stock re-
turns to 20 percent tax in our analysis.

Any attempt to convert historic returns to an after-tax basis requires some arbi-
trary assumptions. This approach seems reasonable. There is no point in being
overly precise because, as demonstrated in the preceding chapter, the actual taxa-
tion of an asset depends on the factors of timing, disposal, and entity. This exercise
is intended only to give us a rough idea of how taxes may alter expected returns
and change relative risk/return ratios of different asset classes.

Taxes are applied to nominal returns, not real returns. If a bond yields 6 per-
cent, the investor owes tax on the 6 percent yield even if inflation is consuming one-
half or more of the nominal return. The combined impact can be seen in the
adjusted data shown in Table 30.3.
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TABLE 30.3 Combined Impact

Nominal Real Real After-Tax

Stocks 10.68% 7.41% 5.57%
Bonds 5.33 2.21 0.66
Cash 3.81 0.73 –0.39

Source: Ibbotson Associates.



Real after-tax returns will tend to decline in inflationary periods because taxes
are levied on nominal returns. Short-term interest rates often move with the ex-
pected rate of inflation. Assume Treasury bill rates are 1 percent above the expected
rate of inflation and thus provide a 1 percent real pretax return. Table 30.4 shows
that an increase in the expected rate of inflation will lead to a decline in real after-
tax returns even if real pretax returns are unchanged.

On an after-tax basis neither cash nor bonds have done much to help an investor
grow the purchasing power of his or her estate. Stocks, however, have provided
growth in real value. Figure 30.1 visually demonstrates the significant differences be-
tween nominal, real, and real after-tax returns. Notice how the relationship between
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TABLE 30.4 Combined Impact of Inflation
and Taxes

Low Higher
Inflation Inflation

Nominal T-bill yield 3.00% 6.00%
Expected inflation 2.00 5.00
Real return 1.00 1.00
Taxes at 40% 1.20 2.40
After-tax nominal 1.80 3.60
After-tax real –0.20 –1.40

FIGURE 30.1 Returns 1926 through 2001
Source: Nominal and inflation data from Ibbotson Associates; tax adjustments by 
Goldman Sachs.
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stock and bond returns changes. Based on nominal pretax returns, investors might
feel they are looking at a menu of investments, each with a unique level of risk. Do
you want the petite filet, the regular size, or the carnivore special? They all sound
good. The choice depends on your appetite for risk. However, looked at on a real
after-tax basis, only one choice is likely to be very satisfying. The menu has changed a
great deal. Do you want to maintain some cash balances? That will cost you. Do you
want some insurance to lock in your level of wealth without too much risk? Bonds
may be the answer. But if you want meaningful growth, better consider stocks or
other higher-return assets.

There are various participants in global bond and money markets. Pension
funds and central banks are tax-exempt. Banks and insurance companies are subject
to regulatory constraints that limit their participation in equity markets, driving
them toward bonds and money markets. It may be the case that these participants
establish market-clearing yield levels that make little sense to taxable clients.

These data suggest that the equity risk premium has averaged about 7 percent
on a pretax basis and 5 percent on a real after-tax basis. A number of observers be-
lieve that the premium has declined in recent years. Broader ownership of equities
and more efficient capital markets may have contributed to this decline. Another
distinction between past results and the current situation is that dividend yields
have declined a great deal. In earlier times, investment analysts used dividend dis-
count models to estimate the value of companies. Today, the P/E ratio is a more
common measure of valuation. This decline is partly the result of the tax code. The
effective tax rate on equities declines as dividends make up a smaller portion of to-
tal return. This means that the effective tax rate on equities has declined relative to
taxable bonds and money market securities. Consequently, the after-tax equity risk
premium is increasing relative to the pretax risk premium. This is an interesting
phenomenon for the immediate purpose of our analysis. It is more troubling on a
broader level. A tax code that encourages companies to retain earnings rather than
distribute them to shareholders is likely to lead to a less efficient allocation of soci-
ety’s capital resources and thus to a lower growth rate. As we write this, President
George W. Bush has proposed eliminating tax on dividends. This change would ob-
viously alter the calculation of expected after-tax return and would likely lead to an
increase in dividend yields.

INFLATION AND “SAFE” ASSETS

Inflation reduces the purchasing power of an estate. Figure 30.2 shows the annual
rate of U.S. inflation during the past 76 years.

There have been two serious inflationary episodes. The first was associated
with shortages during and after World War II. The second covered almost all of the
1970s and was caused, in part, by rising oil prices and rapid growth of the money
supply. During each of these periods, inflation significantly reduced the real value of
estates. During the 10 years ending December 1979, the purchasing power of $1
was cut in half. In recent years inflation has been averaging about 3 percent. This
destroys most or all of the after-tax return currently offered by many bonds and
money market securities.

Figure 30.3 shows that bonds had two periods of exceptionally good returns.
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FIGURE 30.2 Annual U.S. Inflation, 1926 through 2001
Source: Ibbotson Associates.
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FIGURE 30.3 Annual Real, After-Tax Bond Returns, 1926 through 2001
Source: Nominal and inflation data from Ibbotson Associates; tax adjustments by 
Goldman Sachs.
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The first was in the years following the 1929 stock market crash. Prices rose as
bond yields declined to almost zero in response to a sharp decline in industrial ac-
tivity and credit demand. The second period commenced in 1982 and followed the
decision of the Federal Reserve, chaired by Paul Volker, to slow and control money
supply growth. In between, there was a 41-year period in which bonds generally
produced negative real, after-tax returns. Forty-one years is a long time! This was a
dismal period for bond investors. Market yields trended higher and culminated in
the inflationary period of the 1970s.

Many investors consider Treasury bills to be the safest of all investments. How-
ever, when adjusted for taxes and inflation, it is clear that Treasury bills can pro-
duce significant negative returns. Figure 30.4 shows the adjusted returns of
Treasury bills over the same period of time. These returns were even worse than
those of bonds.

Treasury bills have no credit risk and little interest rate risk. However, they of-
fer no hedge against unexpected inflation. During most of the past 76 years, a tax-
able investor holding Treasury bills would have suffered a decline in real wealth. In
1946, a Treasury bill investor would have lost 15 percent of his or her real wealth
in just one year due to the postwar inflation. Over the 10 years ending at year-end
1982, a Treasury bill investor would have lost almost one-quarter of the real value
of his or her principal. Because of the ever-present risk of inflation, investors should
not consider Treasury bills or any other investment to be riskless.

The U.S. Treasury introduced Treasury Inflation-Protected Securities (TIPS) in
1997. These are designed to provide a hedge against inflation. Like other Treasury
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FIGURE 30.4 Annual Real, After-Tax Treasury Bill Returns, 1926 through 2001
Source: Nominal and inflation data from Ibbotson Associates; tax adjustments by 
Goldman Sachs.
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bonds, they have a fixed coupon rate, pay interest on a semiannual basis, and repay
principal at maturity. What is unique is that the principal amount is regularly ad-
justed to reflect monthly changes in the consumer price index (CPI). If you assume
that prices tend to rise, then the principal amount of the bond will rise as the prin-
cipal is adjusted up. At maturity, the investor will receive the inflation-adjusted
amount of principal. TIPS offer an attractive inflation hedge to tax-exempt in-
vestors. As of August 2002, the coupon rate is about 3 percent. A return of 3 per-
cent over the rate of inflation may be very attractive to investors such as pension
funds that have liabilities influenced by the rate of inflation.

Taxes reduce the effectiveness of TIPS as an inflation hedge. Investors are taxed
on their interest payments when received, plus are assessed tax on any upward ad-
justment in the principal amount. The tax on adjustments to the principal amount
is levied at the time of the adjustment, even though the investor will not receive the
principal until maturity. The adjustments are taxed as ordinary income. Assume
prices rise, with the CPI rising 10 percent in a single year. An investor who had pur-
chased a TIPS with a 3 percent coupon rate at par at the beginning of the year
would see the notional principal amount of the security adjusted from 100 to 110.
The investor would receive about $3.30 in interest. This plus the $10 adjustment in
the principal value would create $13.30 in taxable income. At 40 percent tax, the
liability is $5.32. The investor has a bond with par value of $110, $3.30 in interest,
and $5.32 in tax liability for a net of $107.98. This is an after-tax return of about
7.98 percent versus inflation of 10 percent. TIPS are not a good inflation hedge
when the portfolio is directly subject to taxation at high rates. TIPS may be an ef-
fective hedge if held within a tax-exempt entity such as a foundation. When held
within tax-deferred retirement accounts, the effectiveness is greater than in a tax-
able account but less than in a tax-exempt account.

RISK ADJUSTED FOR TAXES AND INFLATION

The two previous sections demonstrated that over the past 76 years (1) real after-
tax returns were significantly less than nominal returns and (2) cash and bond
investments have provided minimal growth in real after-tax wealth. Now, let us
turn our attention to risk and see how adjusting for taxes and inflation affect
risk calculations.

Figure 30.5 shows the risk and return trade-offs of bills, bonds, and stocks
based on both nominal and adjusted historic returns. Note that the riskiness of
stocks declines when returns are adjusted for taxes. This is because the absolute
amount of taxes is high during periods of strong market returns and low or nega-
tive during weak markets.

The nominal return of Treasury bills is essentially riskless over one-year hold-
ing periods. An investor who buys a Treasury bill and holds it until maturity will
earn exactly what was expected. However, the real, after-tax return of Treasury
bills is not riskless because of the impact of inflation.

Readers should not focus too closely on the absolute values plotted in Figure
30.5. They are the result of our arbitrary assumptions regarding tax rates. What is
significant is the direction in which the data points shift as we move from nominal
results to real, after-tax results.
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� The riskiness of stocks declines because the absolute amount of tax varies with
market returns. Taxes are high in strong markets and low or effectively nega-
tive in weak markets. This reduces the volatility in after-tax results.

� The riskiness of “safe” investments increases because the impact of inflation in-
troduces uncertainty into the future real value of money market and fixed in-
come investments.

RISK AND TIME

Figure 30.5 shows risk as measured by the volatility of annual returns. The choice
of time horizon significantly affects the risk calculation. Longer-term returns are
more predictable than annual returns. Random volatility tends to cancel out over
time, converging on the expected average return. Furthermore, market returns from
one year to the next may not be completely independent events. Market returns
have tended to be “mean reverting” during the period we have studied. There is
some controversy on this point. However, data from the past 76 years support the
mean-reversion concept. In particular, long-term cumulative returns have not been
as volatile as the annual volatilities would suggest. A total of 76 years of data yields
only three independent 25-year periods, and so the statistical support for mean re-
version is weak. However, the concept is intuitively appealing.
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FIGURE 30.5 Impact of Taxes and Inflation on Risk and Return
Source: Nominal and inflation data from Ibbotson Associates; tax adjustments by 
Goldman Sachs.
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We can imagine what factors would contribute to mean reversion of returns.
Stock market returns are influenced by growth in corporate earnings and changes
in average P/E ratios. Each has tended to fluctuate around long-term averages. For
example, periods of investor exuberance produce higher than normal P/E ratios,
while periods of investor pessimism can produce lower than normal P/E ratios.
Stock market returns can fluctuate significantly from one year to the next as eco-
nomic growth and P/E ratios oscillate around their long-term averages. Such oscil-
lations would contribute to mean reversion in market returns. Figure 30.6 shows
how longer horizons narrow the range of annualized returns. Annual stock returns
have varied widely, ranging from a negative 54 percent during the 12 months ended
6/30/32 to a maximum of positive 140 percent, which occurred in the subsequent
12-month period, ending 6/30/33. That’s volatility! That is also an extreme exam-
ple of mean reversion. Over longer periods of time, cumulative returns have con-
verged toward their long-term average. During this time period, which included the
Great Depression, there was never a 25-year period in which the diversified stock
market failed to increase real after-tax wealth.

There is a similar argument for mean reversion of bond market returns. Over
the past 76 years, bond yields have generally been in a range of about 5 percent to
7 percent. A period of rising market yields will produce negative bond returns.
However, if market yields subsequently decline to their normal range, there will be
a period of unusually high bond returns.

The distribution of bond and bill returns exhibits a similar pattern, although
the one-year returns are far less volatile that those of stocks. However, a long-term
investor should recognize that the real, after-tax returns of bonds and bills have
converged toward low or negative averages. Figure 30.7 shows the distribution of
25-year returns for all three asset classes. Stocks consistently provided growth in
real, after-tax wealth; bonds rarely provided any growth in real, after-tax wealth;
and Treasury bills have never provided an increase in real, after-tax wealth. This
leads to the trade-off between safety and effectiveness. In nominal terms, all asset
classes have positive expected returns and thus would appear to contribute to the
goal of wealth accumulation. But, when we shift to wealth stewardship focused on
real, after-tax results, we find that money market and fixed income securities may
be ineffective and possibly counterproductive. This is an important consideration
for the investor who is interested in long-term results.

Investors who base investment decisions on nominal, annual return and risk
data are likely to conclude that T-bills are riskless, bonds have modest risk, and
stocks are very risky. And it is absolutely true that during short investment hori-
zons, stock and bond returns can vary, with stocks being particularly volatile.
However, an investor who is focused on the long-term preservation and growth of
the real value of an estate may come to a very different conclusion. Since 1926,
there has never been a 25-year period in which stocks failed to increase real wealth,
there have been few periods in which bonds increased real wealth, and “safe” Trea-
sury bills almost always reduced real wealth. To be more precise, it was the issuer
of the Treasury bills, the government, that destroyed the wealth through taxation
and monetary policy.

Individual investors often use risk analysis to get an idea of potential worst-
case scenarios. An understanding of the relationship between time and risk is very
important in this regard. Riskier asset classes have higher expected returns but
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FIGURE 30.6 Longer Horizons Narrow the Range of Annualized Returns: Distribution of
Real, After-Tax Returns on U.S. Stocks, 1926 through 2001
Source: Nominal and inflation data from Ibbotson Associates; tax adjustments by 
Goldman Sachs.
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FIGURE 30.7 Distribution of 25-Year Returns for All Three Asset Classes: Real, After-Tax
Returns; Rolling 25-Year Holding Periods; 1926 through 2001
Source: Nominal and inflation data from Ibbotson Associates; tax adjustments by 
Goldman Sachs.
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greater volatility around those returns. As the time horizon increases, the higher ex-
pected return compounds and increases the expected future value. Once the time
horizon is long enough, the tendency toward higher returns will increase even the
worst-case scenarios. Table 30.5 illustrates this relationship by comparing histori-
cal real after-tax results for stocks and bonds. For short holding periods, the worst-
case results of stocks were much worse than the worst-case results of bonds. For
10-year holding periods, however, the worst-case results for bonds were actually
lower than the worst-case results for stocks. For 25-year horizons, the worst-case
results for stocks had twice the wealth accumulation of bonds despite the greater
volatility of stock returns.1

Investors should be sensitive to interim risk as well as terminal risk. For exam-
ple, an investor with a 25-year horizon might look at the rightmost column in Table
30.5 and observe that there has never been a 25-year period in which stocks failed
to produce real, after-tax wealth accumulation. The choice of stocks over bonds
might seem obvious. But the investor should also consider whether he or she would
have the tolerance for the interim risk. The results for the two- and three-year hold-
ing periods demonstrate that there were instances when the real value of a stock
portfolio fell to about 40 percent of the original principal during one of the 25-year
holding periods.

APPLICATION

Let us complete this analysis by applying the framework we described in the previ-
ous chapter. A wealthy investor’s goal is:

Subject to funding my consumption needs, maximize the risk-adjusted real
value of wealth that will be received, net of income and estate taxes, by my in-
tended heirs and charitable beneficiaries.

We will estimate the after-tax wealth that might have been accumulated under
a range of asset allocation plans and spending requirements over 20-year holding
periods. We will consider five asset allocation plans ranging from conservative to
aggressive (see Table 30.6). We will define a conservative investor as having 40 per-
cent in stock, 40 percent in bonds, and 20 percent in cash. We will define an ag-
gressive investor as having 80 percent in stock, 15 percent in bonds, and 5 percent
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1Tables 30.5 through 30.11 show average, maximum, and minimum results for various
rolling holding periods. The first such period begins January 1926. The next begins Febru-
ary 1926 and so forth. Calculating an average result by merely averaging the results of these
various holding periods would overweight the data in the middle of the data set. The first
month and last month of the data set will each be used in just one holding period. The sec-
ond and next to last months would each be used in two holding periods. Months in the
middle of the data set would be used in many different holding periods. In order to avoid
any distortion, we calculated the average results by compounding the average returns in the
underlying data set. The maximum and minimum results are based on the results of the
rolling holding periods.
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in cash. We will also identify three points on the continuum between conservative
and aggressive.

We will use a 20-year holding period and consider the results that would have
been achieved in each of the 673 20-year holding periods based on monthly data
from 1926 to 2001. We will assume monthly rebalancing so that the target asset
class weights are maintained. In practice, this might be difficult to achieve without
adverse tax consequences, but we will nevertheless maintain our assumed tax rates
of 30 percent on bonds and bills and 20 percent on stocks.

We will begin with the assumption of no spending draining wealth from the
portfolio. We will assume a $1,000,000 initial value. Table 30.7 shows the distribu-
tion of nominal pretax wealth accumulated in these 20-year periods. Table 30.8
shows the distribution of real, after-tax wealth accumulation. The “terminal mini-
mum” is the lowest ending value that was observed in any 20-year period. The “in-
terim minimum” is the lowest point to which principal sank at any point within
any of the 20-year periods. A conservative investor never saw nominal principal
sink below 84 percent of the original amount. The aggressive investor had situa-
tions in which the nominal principal value had fallen to about 65 percent of the
original amount.

This chapter is being written in late 2002 when stock prices are in the third
year of a bear market. A number of investors who had identified themselves as ag-
gressive and liked stocks because of their long-term expected excess returns are
suddenly becoming less aggressive. One risk of adopting an aggressive posture is
that you do not have the tolerance for interim volatility, and you will switch to a
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TABLE 30.6 Five Asset Allocation Plans

Stocks Bonds Bills

Conservative 40.00% 40.00% 20.00%
Semiconservative 50.00 33.75 16.25
Moderate 60.00 27.50 12.50
Semiaggressive 70.00 21.25 8.75
Aggressive 80.00 15.00 5.00

TABLE 30.7 Nominal Pretax Ending Wealth

$1 million starting value; 20-year holding periods; no spending from portfolio

Expected
Observed

Terminal Terminal Interim
Amount Annualized Maximum Minimum Minimum

Conservative 4,006,457 7.19% 11,292,739 1,894,950 842,612
Semiconservative 4,489,137 7.80 13,359,046 1,895,414 792,248
Moderate 5,026,733 8.41 15,736,158 1,864,478 743,423
Semiaggressive 5,625,130 9.02 18,456,735 1,803,537 697,157
Aggressive 6,290,803 9.63 21,553,998 1,715,355 653,340

Source: Nominal and inflation data from Ibbotson Associates.



more conservative posture following a decline in market prices. This locks in the
loss and creates the possibility of lower terminal results than might have been pos-
sible if a more conservative posture had been adopted from the beginning.

One of our goals in these chapters on taxable client portfolio management is to
show how the principles of modern portfolio management can be applied while ac-
commodating the impact of taxation. Figure 30.8 plots the expected values from
Table 30.8 against the standard deviations of the results observed for the many 20-
year holding periods that we studied. This is a first step in developing an efficient
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TABLE 30.8 Real After-Tax Ending Wealth

$1 million starting value; 20-year holding periods; no spending from portfolio

Expected
Observed

Terminal Terminal Interim
Amount Annualized Maximum Minimum Minimum

Conservative 1,703,177 2.70% 2,962,304 783,104 654,136
Semiconservative 1,897,423 3.25 3,457,124 809,596 652,272
Moderate 2,103,882 3.79 4,023,525 830,364 583,951
Semiaggressive 2,321,830 4.30 4,669,807 849,446 502,581
Aggressive 2,550,273 4.79 5,404,874 866,702 431,080

Source: Nominal and inflation data from Ibbotson Associates; tax adjustments by 
Goldman Sachs.

FIGURE 30.8 Real, After-Tax Wealth and Volatility over 20 Years ($1 Million Initial Value)
Source: Nominal and inflation data from Ibbotson Associates; tax adjustments by 
Goldman Sachs.
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frontier for taxable investors. We have incorporated a holding period, thus cap-
turing some of the benefits of mean reversion. We have projected wealth ad-
justed for taxes and inflation. We have expressed risk in terms of the volatility of
ending results.

There is a great deal of useful and perhaps surprising information in this chart.

� It demonstrates that it is difficult to grow wealth net of taxes and inflation.
Twenty years is a long time by most individuals’ standards. This data covered
some very robust markets, but two of the combinations, on average, were un-
able to achieve even a doubling of real wealth. This was based on the assump-
tion that none of the portfolio was used to meet spending requirements. As
described later, even modest spending requirements will have a big impact on
wealth accumulation.

� The minimum results were almost identical for each combination, and the
riskier combinations actually had higher terminal minimum results. When
looking at asset allocation issues, many individuals attempt to identify their
ideal risk levels based on estimates of worst-case outcomes. The assumption is
that the riskier strategies have inferior worst-case outcomes. That is true only
for short holding periods. The interim low points for the riskier strategies are
likely to be meaningfully lower than their worst-case terminal result. When we
extend the holding period to 20 years, results tend to converge toward long-
term averages. The higher expected return of riskier strategies compounds and
raises even the worst-case outcomes.

Many individuals use their investment portfolios to fund their ongoing expendi-
tures. We next want to see how a spending requirement will alter these results. We
will model the impact of spending based on the following assumption. We will con-
tinue to use 20-year holding periods. We will set spending as a percentage of the port-
folio’s initial value. Thereafter, spending will rise with the rate of inflation and will
not respond to changing portfolio values. Spending will increase with inflation but
not increase in response to very good markets nor will it be cut back in response to
poor markets. This is probably a good approximation of investors’ desires but may
not be a good approximation of investors’ actual behavior. Tables 30.9, 30.10, and
30.11 demonstrate the impact of spending. A comparison to Table 30.8 shows that
even modest spending requirements would have had meaningful impact. Conserva-
tive strategies could not, on average, have supported more than a 2 percent initial
spending requirement without the expectation of a decline in real wealth. One of the
key differences among Tables 30.8 through 30.11 is the deterioration of minimum re-
sults. Our model assumed that spending would continue to grow with the rate of in-
flation regardless of market conditions. In other words, the investor would not cut
back on spending if investment results were poor. Under this assumption, worst-case
results become much worse. Even modest spending requirements can meaningfully
increase the decline of principal value in weak markets. If assets are sold off at de-
pressed prices, those assets cannot contribute to a recovery in principal value in any
subsequent market rebound. This point is best illustrated in Table 30.11, where the
interim worst-case results were about the same as the terminal worst-case results. In
these simulations, the worst cases were the result of market conditions reducing the
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TABLE 30.9 Real, After-Tax Ending Wealth

$1 million starting value; 20-year holding periods; 1% initial spending

Expected
Observed

Terminal Terminal Interim
Amount Annualized Maximum Minimum Minimum

Conservative 1,360,825 1.55% 2,595,485 630,265 549,532
Semiconservative 1,537,089 2.17 3,049,142 651,402 544,236
Moderate 1,725,126 2.76 3,569,878 671,181 532,819
Semiaggressive 1,924,286 3.33 4,165,583 689,457 484,499
Aggressive 2,133,665 3.86 4,844,725 706,095 414,492

Source: Nominal and inflation data from Ibbotson Associates; tax adjustments by 
Goldman Sachs.

TABLE 30.10 Real, After-Tax Ending Wealth

$1 million starting value; 20-year holding periods; 2% initial spending

Expected
Observed

Terminal Terminal Interim
Amount Annualized Maximum Minimum Minimum

Conservative 1,018,473 0.09% 2,228,667 473,239 418,692
Semiconservative 1,176,755 0.82 2,641,160 491,755 417,454
Moderate 1,346,369 1.50 3,116,231 506,462 414,944
Semiaggressive 1,526,741 2.14 3,661,359 519,696 411,184
Aggressive 1,717,057 2.74 4,284,576 531,345 397,904

Source: Nominal and inflation data from Ibbotson Associates; tax adjustments by 
Goldman Sachs.

TABLE 30.11 Real, After-Tax Ending Wealth

$1 million starting value; 20-year holding periods; 3% initial spending

Expected
Observed

Terminal Terminal Interim
Amount Annualized Maximum Minimum Minimum

Conservative 676,121 –1.94% 1,869,352 282,497 279,907
Semiconservative 816,421 –1.01 2,233,178 292,534 285,854
Moderate 967,612 –0.16 2,662,585 301,085 283,944
Semiaggressive 1,129,197 0.61 3,157,135 308,035 280,914
Aggressive 1,300,449 1.32 3,724,427 313,276 276,792

Source: Nominal and inflation data from Ibbotson Associates; tax adjustments by 
Goldman Sachs.



value of the portfolio to the point that subsequent periods of good returns could not
overcome the impact of spending. The value of the portfolio continued to decline un-
til the end of the holding period as spending consumed principal.

CONCLUSIONS

Real, after-tax returns are relevant to a taxable investor who seeks to preserve and
grow the real value of an estate. Because the differences between nominal and real
after-tax returns have been so great, investors should not make investment deci-
sions based on expected nominal results.

Over the past 76 years, government bonds and Treasury bills have more or less
preserved real wealth but have provided no real growth.

Inflation adds an element of uncertainty to all returns. The real return of even
Treasury bills is uncertain and has been quite volatile during periods of surging in-
flation. There is no riskless security. The real, after-tax return of stocks is less
volatile that the nominal return because the absolute amount of tax varies with
market returns, thus narrowing the distribution of outcomes.

Long-term returns of stocks, bonds, and Treasury bills have been more stable
than one would expect from compounding observed annual volatility. This suggests
there has been a mean-reversion tendency. Most investors use risk parameters to es-
timate the potential for bad results. Mean reversion plus the higher average return
for equities leads to the observation that for sufficiently long holding periods, per-
haps 10 years, the observed worst real, after-tax results of equities have been better
than those of bonds or bills. Based on the historic returns, if a portfolio is required
to support ongoing spending requirements, it is the “safer” asset allocation strate-
gies that have been more likely to produce destruction of the estate’s value. How-
ever, the interim volatility of riskier strategies will be greater. Investors should
consider the expected interim volatility in the value of a portfolio as well as the ex-
pected volatility of terminal results.

We demonstrated that an investor can derive an efficient frontier chart that con-
tains adjustments for income taxes and inflation. We plotted the expected future real
after-tax value of a portfolio against the volatility of the estimates based on historic
market returns. In this chapter we did not consider estate or transfer taxes, nor did
we consider tax-advantaged entities. In the next chapter we will seek to derive a sim-
ilar efficient frontier chart that also takes into account estate and entity issues.
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CHAPTER 31
Asset Allocation and Location

Don Mulvihill

The tax code allows for various entities related to retirement savings, estate plan-
ning, and philanthropy. Examples include 401(k) plans, grantor trusts, charitable

remainder trusts (CRTs), and charitable foundations. These are only a few of the
many entities available. We will not attempt to provide even a basic overview of es-
tate planning in this book. It is too complex a subject. We will use these four entities
to demonstrate the value of asset location strategies. This concept was briefly dis-
cussed in Chapter 29. Asset location refers to the positioning of the various compo-
nents of an asset allocation plan among the various entities that make up an
investor’s estate. We have defined the goal of investing as:

Subject to funding my consumption needs, maximize the risk-adjusted real
value of wealth that will be received, net of income and estate taxes, by my in-
tended heirs and charitable beneficiaries.

The growth of wealth and its transfer to heirs or charities is affected by ongoing
income and capital gains tax as well as any transfer taxes. The entities described
above have various tax characteristics. Their usefulness varies by asset class. Finan-
cial assets can be broadly grouped into four categories by the nature of their return.

Return Asset Class/Strategy

1. Tax-exempt income Municipal bonds, tax-exempt 
money market securities.

2. Taxable income, dividends Government and corporate bonds, 
and short-term gains taxable money market securities, bank 

accounts, real estate investment trusts 
(REITs), hedge funds, preferred stock.

3. Realized long-term gains Actively managed public equities, 
private equity funds.

4. Unrealized appreciation Equity index funds, tax-efficient equity 
strategies.

This is a simplification because many assets produce both income and gains,
but the categorization is helpful in understanding asset location. The key is to
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match the tax characteristics of the entity to the return characteristics of the asset
class or strategy. This should be done with reference to the investor’s long-term dis-
posal plans and related transfer tax considerations. Let us consider two situations
to illustrate this point.

SITUATION 1: GOAL IS MAXIMIZING CHILDREN’S WEALTH

Mr. and Mrs. Jones have $25 million in financial assets. They are in their mid-60s.
For planning purposes, they are using a 20-year combined life expectancy. Their
goal is to maximize what can be passed to their four children. Their expenses in-
clude $250,000 annual living expenses that should grow with inflation and
$80,000 per year based on Mr. and Mrs. Jones each giving $10,000 per year to
each child. Mr. and Mrs. Jones have:

� Direct ownership of $15 million in cash and securities.
� A 401(k) plan with $2 million from which they will withdraw $100,000 per

year.
� A grantor trust, now owned equally by the four children, with $8 million.

SITUATION 2: GOAL IS MAXIMIZING LONG-TERM 
GIFTS TO CHARITY

Mr. Smith has $100 million in financial assets plus another $55 million of charita-
ble assets under his control. He is 70 years old and single. For planning purposes he
is using a 15-year life expectancy. He has started a personal foundation and also
created a charitable remainder trust. He has $2 million in annual living expenses
that are expected to grow with inflation. He has:

� Direct ownership of $75 million in cash and securities.
� A 401(k) plan with $5 million from which he will withdraw $500,000 per year.
� A charitable remainder trust with assets of $50 million. The trust will pay Mr.

Smith $2.8 million per year for 10 years. The present value of this annuity is
$20 million. Thus, we consider $20 million of the $50 million to be part of Mr.
Smith’s personal wealth and the remaining $30 million to be part of the chari-
table assets under his control.

� The Smith foundation has $25 million in assets.

The residual of the CRT will go to Mr. Smith’s foundation in 10 years. At his
death, all his personal assets will go to the foundation.

The remainder of this chapter is devoted to exploring how each can benefit from
asset location strategies. We will demonstrate this by developing an efficient fron-
tier chart that assumes optimal asset allocation and location. We will begin with a
brief review of the tax characteristics of the four entities in our examples.
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401(K) PLAN

A 401(k) plan is a common retirement savings vehicle. This vehicle allows investors
to defer tax on salary income contributed to the plan and allows for tax deferral on
all income and gains earned within the plan until they are withdrawn. When money
is withdrawn it will be subject to ordinary income tax regardless of the nature of
returns within the plan. Investors generally must begin to withdraw assets when
they reach age 70. The advantage of a 401(k) is tax deferral and the pretax com-
pounding that it allows. Assuming an 8 percent return, 25 years of deferral reduces
the effective tax rate from 39.1 percent to 21.8 percent.1 The disadvantages of a
401(k) are (1) it converts long-term gains into ordinary income, and (2) the investor
does not get the step-up in basis in which the government waives capital gains tax
on unrealized appreciation in the estate of a deceased person. Income producing in-
vestments such as bonds and REITs benefit from the deferral offered by a 401(k)
plan and suffer little from the disadvantages since they produce little appreciation.
An equity index fund, on the other hand, produces a lot of unrealized capital ap-
preciation plus some ongoing dividend income. The deferral of tax on dividends is
helpful, but turning long-term gains into ordinary income and giving up the possi-
ble benefits of the step-up in basis can actually reduce the investor’s expected after-
tax return. As a general rule, investments that generate a lot of ongoing ordinary
income derive more benefit from 401(k)s and similar entities.

In our examples we will assume that each investor will annually withdraw a
fixed amount equal to 10 percent of the current balance. Mr. and Mrs. Jones, to-
gether, will withdraw $100,000 at the end of each year.2 Mr. Smith will withdraw
$500,000 at the end of each year. We will deduct 40 percent for income taxes and
credit the balance toward their annual spending requirements.

GRANTOR TRUST

A grantor trust is an entity that allows one person to transfer a gift to another while
still retaining some control of the trust. The Joneses gave assets to their children
through a grantor trust. The terms of the trust allow the parents some control over
the timing of the children’s access to the trust assets. The creation of the trust was a
gift to the children that would likely have required the payment of $4 million in
transfer tax if we assume a 50 percent gift and estate tax rate. However, now that
the trust is established, the assets are out of the parents’ estate and will not be sub-
ject to estate tax at their deaths. Further, and this is the point relevant to our analy-
sis, the parents may continue to pay the trust’s income and capital gains tax
without that payment being construed as a gift subject to transfer tax. This
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1The effective tax rate is 1 – (After-tax return/Pretax return). In this example, the after-tax
return is {[(1.0825)(1 – .391)] + 1}1/25 – 1. The +1 element is added to distinguish deferral of
tax on investment return from deferral of tax on salary income contributed to the plan.
2Mr. and Mrs. Jones would be better off not withdrawing anything from the retirement ac-
count until forced to at age 70.5. To simplify our calculations, we will assume they begin
withdrawing now.



arrangement reduces future estate tax liability in two ways. First, because the assets
are now out of the parents’ estate, any subsequent appreciation will not be subject
to estate tax at their deaths. Second, because the parents can pay the trust’s taxes,
future estate tax liability is reduced. If the parents pay $1 in income tax, the estate
tax liability is reduced by $0.50. The grantor trust’s principal balance will grow at
the pretax rate rather than the after-tax rate. We will soon demonstrate that, under
current tax laws, a grantor trust can greatly enhance the transfer of wealth to the
next generation.

CHARITABLE REMAINDER TRUST (CRT)

A CRT is a vehicle commonly used to diversify a low-cost-basis stock holding while
making a partial gift to charity. Mr. Smith has just contributed $50 million worth
of Smith Industries stock to a CRT he created. This stock had a cost basis of about
zero, so we will treat it as zero in our analysis. If Mr. Smith had sold it he would
have had to make an immediate capital gains tax payment of 20 percent of $30 mil-
lion. Instead, Mr. Smith created the CRT, contributed the stock, and arranged for
the CRT to pay him 10 annual payments of $2,800,000. At the end of the 10 years
the balance of the CRT will go to a charity that Mr. Smith has designated. Mr.
Smith has designated his foundation as the future recipient. The IRS requires that
Mr. Smith determine the present value of this annuity and deduct it from $50 mil-
lion in order to determine the amount of charitable donation Mr. Smith has made.
The IRS identifies the appropriate discount rate based on the Treasury yield curve.
We will assume a 6.64 percent rate. This gives the annuity a present value of $20
million. Thus, Mr. Smith can claim a charitable deduction of $30 million today
even though the charity will not get any money for 10 years and the actual amount
that the charity will receive is not determined.

Mr. Smith will control the management of the CRT. The manager will immedi-
ately sell the Smith Industries stock and use the proceeds to build a diversified port-
folio. This sale creates no direct tax liability for Mr. Smith. At the end of each of the
next 10 years, Mr. Smith will receive $2,800,000. The tax characterization of this
payment will be based on the “tiering of income” rules. The IRS will look at the na-
ture of income within the CRT and attribute the most highly taxed sources, in se-
quence, to Mr. Smith. For example, if this year the CRT had

$1,000,000 of interest income and dividends

$600,000 of short-term gains

$49,000,000 of long-term gains

then Mr. Smith will have

$1,000,000 of ordinary income and dividends

$600,000 of short-term gains

$1,200,000 of long-term gains

$2,800,000
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The tiering of income rules create a perverse form of leveraging. If Mr.
Smith’s annuity payment is equal to 5.6 percent of the CRT’s total value, then a
1 percent income and dividend yield would cause 1%/5.6% = 18% of Mr.
Smith’s annuity payment to be subject to ordinary income tax. This is an impor-
tant consideration. In many cases, investors use CRTs to obtain immediate diver-
sification while deferring the payment of long-term capital gains tax on an
appreciated single-stock position. However, the investor may not ultimately ben-
efit if the process of deferral causes a significant portion of the gain to be effec-
tively recharacterized as ordinary income. CRTs should be managed to minimize
taxable income and short-term gains.

FOUNDATION

A foundation is an entity created to pursue philanthropic activities. A single donor
funds a private foundation. That donor has the ability to influence how the portfo-
lio is managed and to what charitable activities distributions are made. Portfolio
management policies must be focused on the benefit of the charity and must meet
“reasonable person” standards. A foundation is not part of an individual’s estate.
Assets contributed to the foundation are generally treated as charitable donations,
subject to certain limitations. In general, an individual may claim a charitable de-
duction for gifts up to 30 percent of their income, if the gift is to a public charity,
and up to 20 percent if the gift is to a private foundation.

Appreciated assets given to a foundation will not be subject to capital gains
tax. The foundation generally must distribute at least 5 percent of its assets to char-
itable activities each year although we will ignore that in our calculations. The
foundation is free of tax except for certain modest excise taxes that we will also ig-
nore in our analysis. Mr. Smith contributed some low-cost-basis shares of Smith In-
dustries to fund this foundation. He was able to claim the market value of the
shares as a deduction against income tax. He owed no capital gains tax. The foun-
dation was then able to immediately sell the shares and reinvest into a more diversi-
fied portfolio without incurring any tax.

We now want to analyze asset allocation and asset location strategies for the
Jones family and for Mr. Smith. We will begin with the Joneses. We will target the
expected future wealth of their children in 20 years’ time, assuming that at that
point both Mr. and Mrs. Jones have died and left their remaining assets to their
children. We will assume a 50 percent estate tax although we note that the estate
tax is currently under review by Congress. We will allocate among six assets with
certain assumptions regarding expected return and volatility (Table 31.1) and cor-
relations (Table 31.2). We will assume a 3 percent inflation rate.

In order to demonstrate the value of estate planning and then the value of asset
location strategies, we will examine the Jones family’s situation in three scenarios.
We will begin by assuming no estate planning or retirement entities. All $25 million
will be held in the parents’ name and will be subject to ongoing income tax. The
ending balance in 20 years will be subject to 50 percent estate tax. Annual spending
will start at $250,000 and will grow at 3 percent per year, reflecting our assump-
tion for inflation. In addition, there will be $80,000 of annual gifts. We will assign
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no future value to these gifts. Finally, to allow for a fair comparison, we will gross
up the parents’ wealth by $4 million to $29 million to reflect the transfer tax they
would pay in order to move $8 million into the grantor trust. We are ignoring life-
time gift allowances and some of the more creative methods for transferring wealth
in order to keep this example simple. The reader might think we have already failed
in that quest, but this is a very simplified example compared to what a practitioner
would typically deal with. These assumptions yield the efficient frontier shown in
Figure 31.1.

Based on the 8 percent volatility solution, the nominal weighted portfolio pre-
tax return is 7.36 percent. However, the impact of estate taxes, income taxes, infla-
tion, and spending combine to produce an expected decline in real wealth from $29
million to just $20.6 million. In our example, the expected nominal wealth, net of
estate taxes, was $37.3 million. Discounting for 3 percent annual inflation yields
the forecast $20.6 million. The estate tax was very onerous. In this example, the en-
tire estate was subject to estate tax and the amount due was $37.3 million.

The next step is to introduce the Joneses’ estate plan. As described previously,
they have $15 million in direct accounts, $2 million in the retirement account, and
$8 million in a grantor trust owned by the children. The parents’ spending will be-
gin at $250,000 per year and will be partially met by $100,000 annual withdrawals
from the retirement account. These withdrawals will be subject to 40 percent in-
come tax. The parents will make $80,000 in annual gifts and will pay the taxes of
the grantor trust. There will be uniform asset location in this example. The asset al-
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TABLE 31.1 Expected Returns and Volatility

Nominal Pretax Real, After- Pretax 
Return Tax Return Volatility

Diversified public equity 9.75% 4.68% 17.24%
Private equity fund 12.62 6.89 34.72
Taxable 10-year AA bond 5.13 0.07 4.74
Tax-exempt 5-year bond 3.52 0.51 5.67
Taxable money market fund 4.75 –0.15 0.45
Hedge fund 8.53 2.47 8.75

TABLE 31.2 Expected Correlations

Taxable Tax- Taxable
Diversified Private 10-Year Exempt Money

Public Equity AA 5-Year Market Hedge
Equity Fund Bond Bond Fund Fund

Diversified public equity 1.00
Private equity fund 0.47 1.00
Taxable 10-year AA bond 0.14 0.04 1.00
Tax-exempt 5-year bond 0.17 0.08 0.78 1.00
Taxable money market fund –0.01 –0.02 0.17 0.16 1.00
Hedge fund 0.39 0.22 0.23 0.28 0.29 1.00



location mix will be identical within each of the three entities. If there is a 10 per-
cent allocation to public equity, 10 percent of each entity will be allocated to public
equity. We will, however, allow each entity to choose between taxable and munici-
pal bonds as appropriate.

Figure 31.2 shows the improvement in the efficient frontier derived from the es-
tate plan. Based on the 8 percent volatility solution, the expected future real wealth
increased by 28 percent, from $20.6 million to $26.3 million. Most of the increase
came in a meaningful reduction of estate taxes from $37.3 million to just $12.1
million (in nominal dollars).

Now we will introduce asset location. We will use optimization techniques to
find the ideal mix of assets and location for varying levels of risk. The optimizer
will be allowed to manipulate the allocation to asset class and location according to
the following instructions:

Maximize: Expected future value net of income and transfer taxes

Subject To:

Initial grantor trust assets = $8 million

Initial direct assets = $15 million

Initial retirement assets = $2 million

Cash in direct assets � 4% of direct assets

Total hedge fund � 10% of total assets

Total private equity � 15% of total assets

Total initial risk � X

Total final risk � 1.1 * X
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FIGURE 31.1 The Jones Family’s Efficient Frontier: Expected Real Wealth of Children in 20
Years Net of Income and Transfer Taxes
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The optimizer uses standard programming techniques to find the best solution
to the stated problem. The best solution is the mix of asset allocation and location
that gives the most expected future value of net income and estate taxes while abid-
ing by the constraints specified earlier. We imposed limits on the allocation to illiq-
uid assets and required that there be some cash in Mr. and Mrs. Jones’ personal
account. These are typical requirements. From a practical point of view, investors
do want to limit their allocation to illiquid investments.

We mapped the efficient frontier by optimizing at different levels of total risk.3
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FIGURE 31.2 Impact of Estate Planning: Expected Real Wealth of Children in 20 Years Net
of Income and Transfer Taxes
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3The optimization process treats each entity as a separate pool of assets. Within each pool
we assume there is continuous rebalancing to maintain the target asset allocation of that en-
tity. In the case where there are no entities, and also in the case where each entity has the
same asset allocation, portfolio risk should remain constant over time. However, in the case
of optimized asset location, each entity will have a different asset allocation mix. Over time,
the relative sizes of the entities will change and therefore the overall asset allocation and risk
level will change. The optimization process tends to place the riskier, more appreciating as-
sets into the tax-advantaged entities. Over time, these entities are expected to grow faster
and therefore there is a tendency for the overall risk level to increase. The degree to which
overall portfolio risk increases is related to the excess performance of risky assets over less
risky assets. In practice, this comes down to the performance of equities. When equities do
well, the risk level will tend to increase and vice versa.

Continuous rebalancing to retain the target level of risk is one option available to an in-
vestor. However, that would require a complex multiperiod optimization process. For the
sake of simplicity, we decided to impose a constraint that the expected risk level could not
drift up by more than 10 percent; that is, if the target initial risk level is 8 percent, the ending
risk level should not exceed 8.8 percent.



Figure 31.3 demonstrates the results. The introduction of asset location allows for
further improvement in the efficient frontier. Using the 8 percent volatility solution
as a point of comparison, the expected future wealth rose an additional 9 percent
to $28.6 million. This is the equivalent of adding 0.43 percent to the annualized
after-tax nominal return on all assets. Table 31.3 highlights the changes in future
wealth and asset allocation.

Table 31.4 shows the optimal asset allocation and location for the 8 percent
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FIGURE 31.3 Benefits of Optimized Location: Expected Real Wealth of Children in 20
Years Net of Income and Transfer Taxes
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TABLE 31.3 Jones Family: Improvements in Expected Future Wealth

All results in $ millions and are based on 8% annual volatility solution.

No Estate Plan Estate Plan Optimized Location

Expected nominal estate tax liability –$37.3 –$12.1 –$10.6
Expected nominal ending wealth $37.3 $47.7 $51.6
Expected real ending wealth $20.6 $26.3 $28.6

Asset Allocation
Diversified public equity 31.0% 31.9% 27.5%
Private equity fund 12.7 11.8 13.5
Taxable 10-year AA bond 0.0 7.0 1.1
Tax-exempt 5-year bond 26.0 10.5 31.3
Taxable money market fund 20.3 28.7 16.6
Hedge fund 10.0 10.0 10.0

100.0% 100.0% 100.0%



volatility solution. The ideal solution includes (1) shifting the higher-return assets
into the grantor trust in order to avoid estate taxes on the appreciation they gener-
ate, and (2) shifting the more tax inefficient investments into the retirement ac-
count or grantor trust where they enjoy tax deferral or tax subsidization via estate
tax savings.

The optimal solution has two tendencies. First, it shifts more of the expected
return into the grantor trust. This reduces future estate tax liability by having more
of the family’s appreciation outside of the parents’ estate. Second, it shifts more tax
liability into the grantor trust. This is helpful because income and capital gains tax
payments are partially subsidized by future estate tax savings. The family is going
to own instruments that generate tax liability. It is better to position them in the
grantor trust so that the parents can pay the income tax while allowing the chil-
dren’s assets to grow and compound at pretax rates. In the case where we imposed
uniform asset allocation on each entity, the pretax return of the parents’ directly
held assets was 7.44 percent while the grantor trust was 7.72 percent. The small
difference was due to the parents’ greater use of municipal bonds. In the optimized
solution, the pretax return of the parents’ holdings declined to 6.80 percent while
the grantor trust rose to 8.51 percent. A grantor trust is a powerful estate-planning
vehicle, and it is far more powerful when used in an optimal manner.
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TABLE 31.4 Optimal Asset Allocation and Location for 8 Percent Volatility
Solution—Jones Family

Entity Allocation Overall Allocation

Direct Holdings
Diversified public equity 26.1% 15.7%
Private equity fund 17.6 10.6
Taxable 10-year AA bond 0.0 0.0
Tax-exempt 5-year bond 52.2 31.3
Taxable money market fund 4.0 2.4
Hedge fund 0.0% 100.0% 0.0% 60.0%

401(k) Retirement Account
Diversified public equity 0.0% 0.0%
Private equity fund 0.0 0.0
Taxable 10-year AA bond 0.0 0.0
Tax-exempt 5-year bond 0.0 0.0
Taxable money market fund 100.0 8.0
Hedge fund 0.0% 100.0% 0.0% 8.0%

Grantor Trust
Diversified public equity 37.0% 11.9%
Private equity fund 9.1 2.9
Taxable 10-year AA bond 3.4 1.1
Tax-exempt 5-year bond 0.0 0.0
Taxable money market fund 19.2 6.1
Hedge fund 31.3% 100.0% 10.0% 32.0%

100.0%



It is interesting to note how the retirement account was used. The chief tax
benefit of retirement accounts is the ability to defer income tax on salary for many
years. However, the tax benefits on investments held within the retirement account
are mixed and decline as the owner gets older. All return earned or accrued within
the retirement account will be subject to ordinary income tax when it is withdrawn.
Any balance left over when both parents have died will be subject to ordinary in-
come tax. The remaining balance will then be subject to estate tax and will not
have the benefit of the step-up in basis. Given that Mr. and Mrs. Jones have begun
to withdraw from the account and have only a 20-year life expectancy, the power
of deferral is diminishing. Given this situation, it makes little sense to shift highly
appreciating assets that generate long-term capital gains rather than ordinary in-
come into the retirement account. The return will be taxed as ordinary income and
the appreciation will be subject to estate tax. Consequently, the optimal solution
derived the most benefit from the tax characteristics of the retirement account by
shifting the money market allocation into the retirement account. This asset class is
subject to ordinary income tax and so will benefit from the deferral that the retire-
ment account can provide.

We will now perform the same analysis for Mr. Smith. His objective is to
maximize the future value of the foundation. Mr. Smith recognizes that all of his
assets will eventually go to the foundation. Thus, his personal assets and the
foundation’s assets should be run in a coordinated fashion. Figure 31.4 shows the
same three efficient frontiers for Mr. Smith. Note that estate planning does not
provide as large an increase as was the case with the Jones family. That is because
Mr. Smith expects to give all his assets to his foundation and therefore there will
be no estate taxes due. Mr. Smith benefits from estate planning because a part of
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FIGURE 31.4 Mr. Smith’s Efficient Frontier: Expected Real Value of the Foundation in 15
Years Net of Income and Transfer Taxes
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the assets under his control can be managed free of income and capital gains tax.
Asset location shifts more of the more tax inefficient assets into the foundation.
Table 31.5 provides ending wealth and asset allocation under the three scenarios.
Table 31.6 shows asset allocation and asset location in the optimized location
scenario at 8 percent volatility.

Mr. Smith is in a very different position from the Jones family because estate
taxes do not affect his plans. Consequently, the percentage increases in future
wealth derived from the introduction of an estate plan are not nearly as great. Es-
tate planning merely shifts a portion of his wealth from taxable to tax-exempt sta-
tus. In general, the faster he gives his wealth to the charity, the greater will be the
future value of the charity. In our example, we assumed that there would be no fur-
ther donations until Mr. Smith’s death.

Asset location strategies allowed for improvement in the expected future value
of the foundation. Optimized location produced an expected real future value of
$223.9 million, which was 7 percent greater than the uniform asset allocation solu-
tion. This was achieved by shifting the tax inefficient hedge fund into the founda-
tion.4 Minimizing the ordinary income generated in the CRT maximized the benefit
derived from the CRT. Remember that the tiering of income rules mean that ordi-
nary income or short-term gains in the CRT cause significant increases in Mr.
Smith’s tax liability on distributions he receives from the CRT. Consequently the
CRT is invested in public equity, which has only a low dividend yield, and munici-
pal bonds. As was the case with the Joneses, the best use of the retirement account
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TABLE 31.5 Smith Foundation: Ending Wealth and Asset Allocation

All results in $ millions and are based on 8% annual volatility solution.

No Estate Plan Estate Plan Optimized Location

Expected nominal estate tax liability $0.0 $0.0 $0.0
Expected nominal ending wealth $305.9 $324.9 $348.8
Expected real ending wealth $196.4 $208.6 $223.9

Asset Allocation
Diversified public equity 31.8% 32.1% 28.2%
Private equity fund 12.1 10.1 10.5
Taxable 10-year AA bond 0.0 12.3 0.0
Tax-exempt 5-year bond 24.8 11.5 22.4
Taxable money market fund 21.3 24.0 28.9
Hedge fund 10.0 10.0 10.0

100.0% 100.0% 100.0%

4In practice, Mr. Smith’s foundation might be viewed as having too aggressive an asset allo-
cation mix. Even though Mr. Smith intends to donate his remaining assets to the foundation,
the foundation must be run according to prudent-person rules. In a real situation, it might be
necessary to impose some additional constraints that produce a more balanced asset alloca-
tion strategy for the foundation.



was to hold a lower-yielding asset that generates ordinary income. The optimal lo-
cation strategy increases the expected future value of the foundation by reducing
Mr. Smith’s ongoing income tax liability. In the case of uniform asset allocation in
each entity, Mr. Smith was projected to pay $38.5 million in income and capital
gains taxes over the 15-year period. In the optimized solution, this declined to
$23.9 million.

Table 31.7 compares the optimal 8 percent volatility results for the two investors.
The calculation of annualized return is net of both income and estate taxes. Mr.
Smith’s annualized return is much greater because he will not pay estate taxes. The
asset allocation solutions are not that different but the asset location solutions were
very different, reflecting differences in the goals and objectives. Minimizing estate tax
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TABLE 31.6 Optimal Asset Allocation and Location for 8 Percent Volatility
Solution—Mr. Smith

Entity Allocation Overall Allocation

Direct Holdings
Diversified public equity 0.0% 0.0%
Private equity fund 0.0 0.0
Taxable 10-year AA bond 0.1 0.0
Tax-exempt 5-year bond 46.3 22.4
Taxable money market fund 53.0 25.6
Hedge fund 0.6% 100.0% 0.3% 48.4%

401(k) Retirement Account
Diversified public equity 0.0% 0.0%
Private equity fund 0.0 0.0
Taxable 10-year AA bond 0.0 0.0
Tax-exempt 5-year bond 0.0 0.0
Taxable money market fund 100.0 3.2
Hedge fund 0.0% 100.0% 0.0% 3.2%

Charitable Remainder Trust
Diversified public equity 79.3% 25.6%
Private equity fund 0.0 0.0
Taxable 10-year AA bond 0.0 0.0
Tax-exempt 5-year bond 20.7 6.7
Taxable money market fund 0.0 0.0
Hedge fund 0.0% 100.0% 0.0% 32.3%

Foundation
Diversified public equity 16.3% 2.6%
Private equity fund 23.6 3.8
Taxable 10-year AA bond 0.0 0.0
Tax-exempt 5-year bond 0.0 0.0
Taxable money market fund 0.0 0.0
Hedge fund 60.1% 100.0% 9.7% 16.1%

100.0%



liability was the key strategy for the Joneses while minimizing income and capital
gains tax liability was important to Mr. Smith.

CONCLUSIONS

Integration of tax considerations into investment decisions is critical to achieving
optimal results. The two subjects are so intertwined that they cannot be dealt
with separately.

The estate tax can be the biggest barrier to the transfer of wealth to heirs.
There are various estate planning entities that can reduce estate tax liability. Asset
location strategies can derive far more utility from these estate planning entities.
Shifting appreciation from parents’ accounts to children’s accounts can be accom-
plished by having the children hold more of the family’s public and private equity.
Entities that allow the parents to pay the taxes due on the children’s investments
can enhance results by allowing the children’s assets to grow at the pretax rate.
This slows the growth of the parents’ assets but, in combination, it reduces estate
tax liability by having more of the overall after-tax appreciation occur outside of
the parents’ estate.

Investors who have more philanthropic intentions are less concerned with es-
tate tax issues and more concerned with minimizing income tax. The less tax they
pay, the more that can go to charity. A strategy of shifting more highly taxed in-
vestments into tax-advantaged entities such as foundations or CRTs will accom-
plish this.

Asset location strategies can meaningfully enhance results without necessarily
taking on any more risk. Each investor is unique and requires customized analysis
and planning.
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TABLE 31.7 Optimal 8 Percent Volatility Solutions

Jones Smith

Annualized nominal return 3.69% 5.56%
Annualized real return 0.67 2.48

Asset Allocation
Diversified public equity 27.5 28.2
Private equity fund 13.5 10.5
Taxable 10-year AA bond 1.1 0.0
Tax-exempt 5-year bond 31.3 22.4
Taxable money market fund 16.6 28.9
Hedge fund 10.0 10.0

100.0% 100.0%



CHAPTER 32
Equity Portfolio Structure

Don Mulvihill

Equities make up the largest part of many investors’ portfolios and an even larger
part of their expected total return. In the previous chapters we have observed:

� Equities generally provide long-term growth in real wealth. Their expected
real, after-tax return is much greater than that of bonds or money market in-
struments.

� Taxes are a major impediment to growing wealth. After-tax returns compound
at a much slower rate. For example, over 25 years, 10 percent per year turns $1
into $10.8, while 8 percent per year produces only $6.8.

� Asset location strategies can reduce the impact of taxation. Matching the return
characteristics of an investment to the tax characteristics of an estate planning
or retirement entity can enhance after-tax returns and the transfer of wealth to
heirs or charities.

These factors support the view that minimizing the tax on equity returns should
be an important consideration in investment strategies for taxable investors. Equi-
ties are interesting because, unlike bonds or bills, the investor can generally control
when taxes are due. Appreciation is the main component of equity returns. Capital
gains taxes on appreciation are due only when a stock is sold. Since the investor
generally controls the decision to sell, investors can defer tax liabilities for many
years. Tax deferral is powerful because it allows wealth to compound on a pretax
basis. Tax deferral can be even more powerful when it can lead to tax avoidance.
The step-up in basis eliminates capital gains tax liability on appreciated assets held
by an individual who has died. The government waives capital gains taxes on ap-
preciated assets given to charity. Many wealthy investors (1) will always have an al-
location to equities and (2) will dispose of a significant portion of their wealth
through death and/or charitable giving. Put these two factors together and you have
a strong case for buy-and-hold equity strategies that allow market returns to com-
pound with minimal capital gains taxes. 

There is an obvious tension between the desire to minimize taxes and the desire
to enhance returns through active management. Active management implies
turnover and the realization of taxable gains that could have been deferred through
a buy-and-hold strategy. In this chapter we will analyze that tension and look at
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ways to organize equity investing in order to enhance the portion of active manage-
ment returns that accrue to the investor rather than the IRS.

Mr. Street is a successful equity portfolio manager. Over the past 15 years his
portfolios have returned 12 percent per year while the market has returned only 10
percent. Mr. Street claims to be tax efficient because his annual turnover is only 30
percent. Would a taxable investor have benefited from Mr. Street’s services or
would the investor have been better off in an index fund? To answer that we must
ascertain (1) whether the investor would have held the stock in a taxable or tax-ad-
vantaged account and (2) whether the investor expected to eventually sell the port-
folio and pay capital gains tax or dispose of the assets through death or charitable
giving, thus avoiding capital gains tax.

All or most of the additional return created by Mr. Street’s portfolio manage-
ment skill would have accrued to the investor if the assets were held in a tax-free
entity such as a foundation or a tax-deferred retirement account. Turnover and re-
alization of gains has no tax impact in these entities. The outcome would be differ-
ent if the portfolio was subject to direct taxation. Ten percent out of the 12 percent
annual return came just from being in the market. Mr. Street deserves credit only
for the extra 2 percent return. In order to earn that additional return, Mr. Street pe-
riodically turned over the portfolio, subjecting all the appreciation to capital gains
tax. Thirty percent annual turnover implies about a three-year average holding pe-
riod. Three years is not very long, so a taxable investor who hires Mr. Street should
accept the fact that, over time, substantially all appreciation will be subject to capi-
tal gains tax. This is very different from a buy-and-hold index strategy that would
have allowed the 10 percent return to compound on a pretax basis. The index fund
would have returned more on an after-tax basis. We present three tables that com-
pare the growth of a portfolio assuming 9 percent annual appreciation and a 1 per-
cent dividend yield. Table 32.1 reflects a passive strategy. We assigned a 5 percent
annual turnover to reflect unavoidable turnover due to mergers, acquisitions, and
benchmark changes. Table 32.2 reflects active management with 30 percent
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TABLE 32.1 Portfolio Growth and Return for Buy-and-Hold

9% annual appreciation; 1% dividend yield; 5% turnover

Annualized 
After-Tax Return

Year Dividend Realized Gain Tax Market Value Cost Basis Bequest Liquidation

$1,000,000 $1,000,000
1 $10,000 $ 4,500 $ 4,900 1,095,100 1,009,600 9.51% 7.80%
2 10,951 9,203 6,221 1,198,389 1,023,533 9.47 7.86
3 11,984 14,136 7,621 1,310,607 1,042,032 9.44 7.92
4 13,106 19,327 9,108 1,432,560 1,065,357 9.40 7.97
5 14,326 24,807 10,692 1,565,125 1,093,797 9.37 8.02

10 22,219 57,809 20,449 2,423,633 1,325,265 9.26 8.22
15 34,248 104,360 34,571 3,732,739 1,749,893 9.18 8.36
20 52,622 172,458 55,541 5,732,896 2,456,188 9.12 8.46
25 80,720 274,187 87,125 8,792,064 3,582,505 9.08 8.54



turnover. In this table we did not account for fees and we assumed the active man-
ager’s return was identical to the market return. In Table 32.3 reflects active man-
agement with net excess return of 2 percent per year. In each case we applied the
turnover to the average level of appreciation in the portfolio. We also assumed that
all realized gains were long-term.

The passive portfolio grew to $8.8 million while the active portfolio grew to
only $7.1 million. If the investor was operating in bequest mode (i.e., disposed of the
assets through charitable giving or death), the passive portfolio’s annualized return
was 9.08 percent versus 8.18 percent for the active portfolio. Tax deferral added
0.90 percent to the after-tax return. If the investor was operating in liquidation
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TABLE 32.2 Portfolio Growth and Return for Active Management with No 
Excess Return

9% annual appreciation; 1% dividend yield; 30% turnover

Annualized 
After-Tax Return

Year Dividend Realized Gain Tax Market Value Cost Basis Bequest Liquidation

$1,000,000 $1,000,000
1 $10,000 $ 27,000 $ 9,400 1,090,600 1,027,600 9.06% 7.80%
2 10,906 48,346 14,032 1,185,628 1,072,821 8.89 7.85
3 11,856 65,854 17,913 1,286,278 1,132,618 8.75 7.88
4 12,863 80,828 21,311 1,393,595 1,204,997 8.65 7.91
5 13,936 94,206 24,416 1,508,539 1,288,724 8.57 7.93

10 20,628 155,839 39,419 2,229,672 1,866,048 8.35 7.99
15 30,419 232,753 58,718 3,287,423 2,744,333 8.26 8.02
20 44,838 343,605 86,656 4,845,511 4,043,765 8.21 8.03
25 66,087 506,537 127,742 7,141,798 5,959,879 8.18 8.04

TABLE 32.3 Portfolio Growth and Return for Active Management with 
2% Excess Return

11% annual appreciation; 1% dividend yield; 30% turnover

Annualized 
After-Tax Return

Year Dividend Realized Gain Tax Market Value Cost Basis Bequest Liquidation

$ 1,000,000 $1,000,000
1 $10,000 $ 33,000 $ 10,600 1,109,400 1,032,400 10.94% 9.40%
2 11,094 59,710 16,380 1,226,148 1,086,825 10.73 9.47
3 12,261 82,260 21,357 1,351,930 1,159,989 10.57 9.52
4 13,519 102,196 25,847 1,488,314 1,249,858 10.45 9.56
5 14,883 120,651 30,084 1,636,828 1,355,309 10.36 9.59

10 23,838 214,379 52,411 2,617,451 2,117,233 10.10 9.67
15 38,026 345,817 84,374 4,174,588 3,367,683 10.00 9.71
20 60,632 552,091 134,671 6,656,077 5,367,864 9.94 9.72
25 96,670 880,369 214,742 10,612,265 8,558,072 9.91 9.74



mode, then there would be a final tax liability equal to the 20 percent capital gains
tax rate applied to the difference between the ending market value and ending cost
basis. This would narrow the gap but the passive portfolio would still be ahead by
8.54 percent versus 8.04 percent. When we allow for 2 percent excess return, the ac-
tive manager does return more than the passive strategy. In the case of bequest
mode, it is 9.91 percent versus 9.08 percent. In the case of liquidation mode, the
successful active manager produced 9.74 percent versus 8.54 percent. Table 32.4
demonstrates how the tax code punishes active management of equities. It is more
difficult to add value on an after-tax basis than a pretax basis. In this example,
about one-half of Mr. Street’s excess return was lost because Mr. Street’s portfolio
turnover accelerated the payment of taxes. 

If an active manager can achieve additional appreciation through skillful port-
folio management, the additional appreciation will generate additional taxes. We
can calculate how much additional appreciation an active manager must generate
in order to simply match the after-tax return of a passive strategy. The results are
shown in Figure 32.1. The shape of the chart shows that any turnover greater than
about 15 percent leads to meaningful tax impact. Much of the tax damage is done
in the first 20 percent of turnover. The reason is that the impact of pretax com-
pounding is related to holding period, which is the inverse of turnover. Five percent
turnover implies a 20-year holding period. Thus, there is little difference between
30 percent turnover, which some consider to be low, and 75 percent turnover. Nei-
ther allows for much pretax compounding. These calculations all assume that
turnover is tax-indifferent. Turnover is applied to the average level of appreciation
in the portfolio. If turnover is applied in a tax-conscious manner, these relation-
ships will change. For example, a policy of aggressively harvesting unrealized losses
might lead to very high turnover in a weak market but would actually enhance the
after-tax return.

Adopting active strategies in a taxable portfolio is similar to paying a cover
charge to enter a casino. The investor agrees to subject market returns to taxation
in the hope that the active management will generate sufficient excess returns to
cover the taxes. Even if the active strategies are successful, the benefit to the in-
vestor is only the net of the excess return and the taxes. A portfolio structure that
shields much of the market’s return from tax consequences of active management
will allow the investor, rather than the IRS, to enjoy the benefit of any excess re-
turns generated by active management.

A “core and satellite” portfolio structure is the combination of a large diversi-
fied portfolio managed with a tax-sensitive strategy plus one or more concentrated
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TABLE 32.4 Annualized Pretax and After-Tax Returns,
25-Year Holding Periods

After-Tax Return

Pretax Bequest Liquidation

Passive 10% 9.08% 8.54%
Active, no excess return 10 8.18 8.04
Active, 2% excess return 12 9.91 9.74



and aggressive actively managed portfolios. The core portfolio allows the market’s
return to compound on a pretax basis. The after-tax return can be further enhanced
through systematic tax loss selling. The satellite portfolios may allow for more ex-
traordinary returns from active management but will likely generate a lot of real-
ized gains. Two examples of satellite portfolios are:

1. A market-neutral hedge fund that is long some stocks and short others, and
balanced to eliminate market exposure. The investor will owe tax on any re-
turns that the hedge fund manager can generate, but that will not subject the
returns of the core index fund to taxation. This arrangement separates active
management from equity exposure.

2. A specialty fund such as active small cap. The portfolio manager can manage
the portfolio aggressively because the core index fund has already created di-
versification. The strategy will generate realized gains but may also generate
excess returns.

The core and satellite approach should allow much of the market’s return to
compound on a pretax basis in the core portfolio. In addition, it may allow for
more effective asset location strategies. Breaking the equity holdings into a tax-
efficient core and tax-inefficient satellites may allow for positioning the tax-inefficient
satellites within tax-advantaged entities.

The last point is particularly important. In many cases there are legal or practi-
cal considerations that limit how much of an investor’s wealth can reside inside of
tax-advantaged entities. Thus, there is a limit to how much of the investment port-
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FIGURE 32.1 Tax Hurdle: Excess Pretax Return Required to Match the After-Tax Return of
a Passive Strategy
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folio can take advantage of these entities. The core and satellite approach takes a
large component of the equity allocation and creates a tax-efficient core portfolio
that does not require the shield of a tax-advantaged entity. This allows more scope
for placing the tax-inefficient investments within the tax-advantaged entities. We
introduced Mr. Smith in the preceding chapter. He controls $155 million in assets.
Of this, $80 million is in tax-advantaged entities. If he had a 60 percent allocation
to equities, the total equity holdings would be $93 million. It will not all fit within
the tax-advantaged entities. But, if he adopted a core and satellite structure with 50
percent of the equity holdings in the core, he could hold the core in his personal ac-
count. There would be $46.5 million in satellite portfolios. These could all fit
within the tax-advantaged entities and still allow room for hedge funds or other
tax-inefficient asset classes.

Let us compare after-tax wealth generation between the two structures shown
in Figure 32.2. In the uniform structure there are three active strategies. Each runs a
diversified portfolio with an expected tracking error of 5 percent. The three man-
agers are given identical amounts and their strategies are uncorrelated. The track-
ing errors will tend to net and the overall tracking error to the benchmark is 2.89
percent. In the core and satellite structure, 50 percent of the equity allocation is put
into an index strategy. The remainder is divided equally among the three managers.
Each manager will have a 10 percent tracking error. The overall expected tracking
error should also be 2.89 percent. We will analyze these two structures in the con-
text of Mr. Smith’s desire to maximize the future value of his foundation.

In the preceding chapter, Mr. Smith’s menu of investment choices included pub-
lic equity. We will assume that was in the uniform structure. We shall now add two
additional choices, as described in Table 32.5.
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FIGURE 32.2 Uniform Equity Portfolio Structure versus Core and Satellite Structure
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TABLE 32.5 Three Equity Strategies

Pretax After-Tax Pretax After-Tax Annual
Return Return Volatility Volatility Turnover

Uniform 9.75% 8.00% 17.24% 16.40% 30%
Core index 9.00 8.16 17.00 16.06 5
Satellite aggressive 10.50 8.39 17.95 16.40 50



We plotted a new efficient frontier for Mr. Smith that reflects the benefits of the
core and satellite approach. We required that equal amounts be invested in the core
index and the aggressive satellites. Figure 32.3 shows the new efficient frontier.

Table 32.6 shows the asset allocation and location results for the 8 percent
volatility solution, comparing the uniform equity struture to the core and satellite
equity portfolio structure. The ideal mix includes using the tax-efficient core in Mr.
Smith’s personal account and the higher-yielding but tax-inefficient satellite strate-
gies in the tax-advantaged entities. This arrangement allows Mr. Smith to retain,
for his foundation, 100 percent of any excess return generated by active portfolio
management. Switching to the core and satellite equity structure increased the ex-
pected real value of the foundation from $223.9 to $225.7 million without increas-
ing expected risk.

We assumed that the core portfolio was a simple buy-and-hold index strategy.
The after-tax return of the index strategy can be enhanced with a systematic tax loss
harvesting strategy. Tax loss harvesting takes advantage of flexibility in the tax code.
The investor decides whether and when to sell a stock. Thus, the investor can decide
whether to realize a gain or a loss. Stocks tend to appreciate over time, so a buy-and-
hold strategy is effective at deferring capital gains taxes on the appreciation. A more
effective utilization of this flexibility is to realize losses and not realize gains. For ex-
ample, Mr. Smith will implement his core portfolio strategy by purchasing a diversi-
fied portfolio of 250 stocks. Eleven months later he looks at the portfolio: 150
stocks have risen in value, 25 are about unchanged, and 75 have declined in value.
The decliners are down by an average of 20 percent. The unrealized loss is equal to
6 percent of the total portfolio value. Mr. Smith also owns several hedge funds.
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FIGURE 32.3 Mr. Smith’s Efficient Frontier: Expected Real Value of the Foundation in 
15 Years Net of Income and Transfer Taxes
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These are likely to generate realized short-term gains. If Mr. Smith were to sell the
stocks that have declined in value within his core equity portfolio and reinvest into
similar stocks, he would realize a short-term capital loss. If that loss could be netted
against the realized gains distributed by the hedge funds, Mr. Smith will reduce his
current year tax liability. That tax savings enhances his current and future wealth.
The tax loss harvesting transaction will reduce the cost basis of his equity portfolio.
However, because he intends to eventually give the equities to his foundation, he is
not concerned with their cost basis. In this case, applying 40 percent ordinary tax
rate to the realized short-term loss would provide Mr. Smith with the equivalent of
an extra 2.4 percent after-tax return from his core equity portfolio. This extra return
comes not from taking additional risk but rather by being more clever in utilizing
the tax code’s flexibility.
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TABLE 32.6 Comparison of Uniform Structure and Core and Satellite Structure

Asset Location

Asset Allocation Direct 401(k) CRT Foundation

Uniform Equity Structure
Public and Private Equity

Uniform diversified public equity 28.2% 0.0% 0.0% 25.6% 2.6%
Core equity — — — — —
Satellite equity — — — — —
Private equity fund 10.5% 0.0% 0.0% 6.7% 3.8%

38.7%

Fixed Income and Money Market
Taxable 10-year AA bond 0.0% 0.0% 0.0% 0.0% 0.0%
Tax-exempt 5-year bond 22.4% 22.4% 0.0% 0.0% 0.0%
Taxable money market fund 28.9% 25.6% 3.2% 0.0% 0.0%

51.3%

Alternative Investments
Hedge funds 10.0% 0.3% 0.0% 0.0% 9.7%

Core and Satellite Equity Structure
Public and Private Equity

Uniform diversified public equity 0.0% 0.0% 0.0% 0.0% 0.0%
Core equity 16.5% 16.5% 0.0% 0.0% 0.0%
Satellite equity 16.5% 0.0% 0.0% 12.0% 4.5%
Private equity fund 10.1% 10.1% 0.0% 0.0% 0.0%

43.1%

Fixed Income and Money Market
Taxable 10-year AA bond 0.1% 0.0% 0.1% 0.0% 0.1%
Tax-exempt 5-year bond 18.4% 18.4% 0.0% 0.0% 0.0%
Taxable money market fund 28.4% 3.4% 3.2% 20.3% 1.6%

46.9%

Alternative Investments
Hedge Fund 10.0% 0.0% 0.0% 0.0% 10.0%



There are two general approaches to tax loss harvesting. The difference involves
how to deal with the “wash sale” rule. If a taxable investor sells a security at a loss and
purchases the same security within 31 days, the investor must net the sale price against
the most recent purchase price rather than the original purchase price. In effect, the re-
alized loss is disallowed and the unrealized loss is carried forward. One approach to
dealing with the wash sale rule is to purchase similar but not substantially identical se-
curities. For example, an investor who owns shares in Merck, a pharmaceutical com-
pany, might sell the shares of Merck at a loss and immediately reinvest in Pfizer, another
pharmaceutical company. Switching from Merck to Pfizer will likely have little impact
on the portfolio’s risk profile. The other approach is to wait the 31 days. An investor
could sell Merck, wait 31 days, and then repurchase Merck. This has the advantage of
maintaining the portfolio’s risk profile over time. However, for the 31-day interval a
part of the portfolio is out of the market and underinvested in equities. Some investors
will purchase equity index futures or exchange-traded funds as a way to maintain eq-
uity exposure. The drawback to this variation is that unwinding the hedge position
may generate short-term gains if the market has risen during the 31-day period.

Tax loss harvesting has two benefits. First, it generates additional after-tax re-
turn. Second, it reduces the risk of the portfolio. Tax loss harvesting generates the
most realized losses in declining markets and fewer realized losses in strong markets.
The investor utilizes the tax code flexibility to allow the IRS to share in losses but not
in gains! Equity markets tend to appreciate and thus the ability to harvest losses from
a portfolio declines with time. In our experience, an investor might realize losses of
10 percent of a portfolio in the first year, 7 percent in the second year, 5 percent in the
third year, and declining amounts thereafter. Actual results will vary with market con-
ditions. Losses will be larger in weak markets and smaller in strong markets. Even in
modestly good markets there are usually some stocks or sectors that are doing poorly
and provide the opportunity for tax loss harvesting. We believe that systematic tax
loss harvesting applied to a broadly diversified portfolio is expected to cumulatively
generate realized losses equal to 30 percent of the portfolio’s initial value. About two-
thirds of these will be short-term in nature. Tax loss harvesting will generally yield
few losses after about five years. Table 32.7 shows how tax loss harvesting can in-
crease after-tax return. Compare this to Table 32.1 that showed the growth of a sim-
ple buy-and hold-strategy. Tax loss harvesting adds the most value when the investor
is in bequest mode, thus able to eventually dispose of the assets in a manner that
avoids capital gains tax liability. If the investor is operating in liquidation mode, then
tax loss harvesting creates tax deferral but not tax avoidance. Losses generate tax
savings but also reduce the portfolio’s cost basis. Once the portfolio is finally liqui-
dated, the reduced cost basis will generate a larger terminal tax liability.

A tax loss harvesting strategy will create meaningful benefits for Mr. Smith be-
cause it fits nicely with his plan to eventually give his assets to his foundation. On
the other hand, the Jones family would derive less benefit because the children will
hold most of the family’s equities by the time Mr. and Mrs. Jones die. The step-up
in basis does not apply to equities held by the children in the grantor trust. We as-
sumed the Joneses had no philanthropic intentions.

We will add tax loss harvesting to the core equity portfolio. We can map out
one last efficient frontier for Mr. Smith, shown in Figure 32.4. We applied the core
and satellite portfolio structure and tax loss harvesting to the Jones family example
as well and derived two new efficient frontiers, shown in Figure 32.5.
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FIGURE 32.4 Mr. Smith’s Efficient Frontier: Expected Real Value of the Foundation in 
15 Years Net of Income and Transfer Taxes
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FIGURE 32.5 The Jones Family’s Efficient Frontier: Expected Real Wealth of Children in 
20 Years Net of Income and Transfer Taxes
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CONCLUSIONS

Equities are an important part of most investors’ portfolios. Optimally exercising
the taxpayer’s control over the recognition of realized gains and losses could mean-
ingfully increase after-tax return.

There is tension between the desire to enhance return through active manage-
ment and the desire to enhance return through capital gains tax deferral. The core
and satellite approach allows investors to better manage this tension.

The core and satellite approach breaks equity holdings into two components
with very different tax characteristics. This allows for more effective asset loca-
tion strategies.

OVERALL CONCLUSIONS

We can review the progress we have made during the past four chapters by look-
ing at the increase in expected wealth transfer for each family. We created an ef-
ficient frontier that integrates estate planning and investment decisions. We
demonstrated that optimal integration can produce significant improvement in
the efficient frontier. The investor can expect to transfer more wealth for a given
level of risk, or could expect to transfer the same amount of wealth with less
risk. Using the 8 percent volatility solution as a reference point, from no estate
planning through to full use of asset location, equity portfolio structure and tax
loss harvesting generated a 44 percent increase in the expected future real wealth
of the Jones children. The same process increased the expected future real value
of the Smith foundation by 17 percent. The Joneses derived a greater increase
because they were faced with the 50 percent estate tax. Table 32.8 demonstrates
this progress. What is important to keep in mind is that the progress was
achieved without increasing risk. Integration of investment and tax planning cre-
ated the additional return.

We have demonstrated a process for applying modern portfolio theory to the
special requirements of taxable investors. The four key steps are:

1. Frame the problem according to the investor’s long-term objectives. This
sounds simple but is often overlooked. The proper framework can bring much
clarity to investment planning.

2. Investors have choices regarding asset allocation, asset location, and equity
management strategies. These choices affect income and transfer tax liabilities.
Understand how these options relate to the investor’s long-term objectives. Op-
timally exercising these options can meaningfully enhance results.

3. The efficient frontier will differ for each investor. An investor’s efficient frontier
should represent a series of asset allocation and location mixes that provide the
highest possible expected after-tax result for a given level of risk. The efficient
frontier is based upon optimal exercise of the various tax options. Build a
mathematical model that relates expected return, risk, a correlation matrix,
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and estate structure to the investor’s long-term goals. Figure 32.6 demonstrates
the optimal efficient frontier for each of the two investors we studied. The effi-
cient frontiers are very different.

4. Implement portfolio strategies in a tax-efficient manner. This is particularly
true of equities because investors can control the timing of capital gains tax lia-
bility. The tax code makes it difficult to add value from active management in
directly taxed accounts. A broadly diversified core portfolio enhanced with tax
loss harvesting is likely to provide the best results in the presence of taxes. In-
vestors should seek ways to shift less tax-efficient strategies into entitites that
reduce or eliminate taxation. The concept of a tax-efficient core portfolio resid-
ing in the investor’s directly owned account complemented with aggressive
satellites in the tax-advantaged entities is likely to derive the most benefit from
the equity allocation.

This modeling process allows investors to analyze many issues on the basis of
the impact on long-term results. Some examples of how this can be applied:

� Portfolio management. Managers generally seek to change the expected return,
risk, or correlation matrix. They seek additional return per unit of risk, or they
seek to reduce correlation to other asset classes. Expectations regarding portfo-
lio management can be captured in terms of revisions to the expected return,
risk, and correlation matrix. The model can then be used to identify how the
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TABLE 32.8 Enhanced Wealth Transfers Based on 8 Percent Volatility Solutions

No Estate Estate Asset Core and Tax Loss
Plan Plan Location Satellite Harvesting

The Jones Family
Children’s Expected Wealth 
in 20 Years

Nominal ($ millions) 37.3 47.5 51.6 53.2 53.7
Real ($ millions) 20.6 26.3 28.6 29.5 29.8

Annualized Return Net of 
Income and Estate Taxes

Nominal 1.26% 3.26% 3.69% 3.85% 3.90%
Real –1.69% 0.25% 0.67% 0.82% 0.87%

Mr. Smith
Foundation’s Expected Value 
in 15 Years

Nominal ($ millions) 305.9 324.9 348.8 351.6 359.1
Real ($ millions) 196.4 208.6 223.9 225.7 230.5

Annualized Return Net of 
Income and Estate Taxes

Nominal 4.64% 5.06% 5.56% 5.61% 5.76%
Real 1.59% 2.00% 2.48% 2.54% 2.68%



investor could alter asset allocation or location to obtain the most favorable
impact on expected long-term results.

� Asset allocation. The model relates risk to expected real long-term after-tax re-
sults. This is done to capture the powerful impact of estate taxes. It has the
added benefit of focusing on what is most relevant to the investor. The classic
efficient frontier relates risk to return. Return, however, is an intermediary vari-
able. The investor is interested in wealth and will likely make asset allocation
decisions on the basis of the expected wealth and the volatility of the expected
wealth.

� Estate planning. We took the existing estate plan as fixed in our two examples.
However, this modeling process can be used to evaluate changes to estate plans
as well. For example, if Mr. Jones was considering buying a life insurance pol-
icy as a mechanism for reducing estate taxes, he could first observe his efficient
frontier based on the existing estate plan. Then he would alter the model to in-
clude the life insurance policy and calculate a new efficient frontier. This effi-
cient frontier would reflect the optimal use of that policy within the context of
his other estate entities. A comparison of the efficient frontiers would allow for
evaluation of the likely benefit of the life insurance policy on his long-term
wealth transfer to his beneficiaries.

� Concentrated stock positions. Some investors have a significant portion of
their wealth in a single stock with very low cost basis. This is often the result of
the sale of a business or stock-based compensation. These investors face the is-
sue of achieving diversification and risk reduction for the least amount of tax.
If Mr. Smith’s personal assets included a large position in low-cost-basis shares
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FIGURE 32.6 Optimal Efficient Frontiers
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of Smith Industries, he could use this process to determine his best choices. He
would alter the model to reflect the additional asset class. He would assign it an
expected return, a volatility, and correlation to other assets. He would change
the model to reflect the fact that reducing the allocation to Smith Industries will
require the immediate payment of capital gains taxes. He would then map out
the efficient frontier that he faces given the embedded tax liability in his exist-
ing holdings. The curve would likely be steeper, reflecting the fact that he
would have to pay capital gains taxes to achieve risk reduction.

Taxable investors seek to maximize risk-adjusted expected after-tax wealth.
The goal is not to maximize pretax return, nor is it to minimize taxes. There is a
tension between the desire to maximize pretax return and after-tax return. This ten-
sion can be frustrating to investors and advisors whose background is in the man-
agement of pension funds and other tax-exempt assets. Properly managing taxable
investor assets requires a much greater level of customization and an understanding
of income and estate tax issues. Each investor is unique. Not only do they each
have unique goals and estate plans, but they also have unique holdings. Customiza-
tion includes an attention to each client’s cost basis and holding periods on existing
assets. The process that we have developed allows investors to optimally navigate
this tension by relating investment decisions to after-tax results. It allows modern
portfolio theory to be properly applied to taxable investors.

NOTES

Readers should not focus on the actual allocation mixes that we identified as opti-
mal in these examples. The output reflected our inputs regarding expected return,
risk, and correlations. In particular, allocations among the highly correlated taxable
bond, municipal bond, and money market classes could swing dramatically based
on small changes to these parameters. Changes in asset allocation within this group
would likely have minimal impact on long-term results. What the reader should ob-
serve is the general tendencies of the optimal solution, especially the placement of
tax-inefficient entities within tax-advantaged entities.

Readers should recognize that modeling estate plans can be complex. Errors in
the model can produce inaccurate results. At the same time, our experience in mod-
eling has sometimes produced results that seemed odd but in fact were correct. The
interplay between the tax characteristics of different entities is complex and the im-
pact not always intuitive. The optimization process that we use includes year-by-
year projections of each entity’s balance and tax liability. Studying these projections
often leads to insights into the unexpected interplay between the entities.
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