Studies in Computational Intelligence 702

Piotr Honko

Granular-
Relational
Data Mining

How to Mine Relational Data in the
Paradigm of Granular Computing?

@ Springer



Studies in Computational Intelligence

Volume 702

Series editor

Janusz Kacprzyk, Polish Academy of Sciences, Warsaw, Poland
e-mail: kacprzyk @ibspan.waw.pl



About this Series

The series “Studies in Computational Intelligence” (SCI) publishes new develop-
ments and advances in the various areas of computational intelligence—quickly and
with a high quality. The intent is to cover the theory, applications, and design
methods of computational intelligence, as embedded in the fields of engineering,
computer science, physics and life sciences, as well as the methodologies behind
them. The series contains monographs, lecture notes and edited volumes in
computational intelligence spanning the areas of neural networks, connectionist
systems, genetic algorithms, evolutionary computation, artificial intelligence,
cellular automata, self-organizing systems, soft computing, fuzzy systems, and
hybrid intelligent systems. Of particular value to both the contributors and the
readership are the short publication timeframe and the worldwide distribution,
which enable both wide and rapid dissemination of research output.

More information about this series at http://www.springer.com/series/7092



Piotr Honko

Granular-Relational Data
Mining

How to Mine Relational Data in the Paradigm
of Granular Computing?

@ Springer



Piotr Honko
Faculty of Computer Science
Bialystok University of Technology

Biatystok

Poland

ISSN 1860-949X ISSN 1860-9503  (electronic)
Studies in Computational Intelligence

ISBN 978-3-319-52750-5 ISBN 978-3-319-52751-2  (eBook)

DOI 10.1007/978-3-319-52751-2
Library of Congress Control Number: 2016963190

© Springer International Publishing AG 2017

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part
of the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations,
recitation, broadcasting, reproduction on microfilms or in any other physical way, and transmission
or information storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar
methodology now known or hereafter developed.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this
publication does not imply, even in the absence of a specific statement, that such names are exempt from
the relevant protective laws and regulations and therefore free for general use.

The publisher, the authors and the editors are safe to assume that the advice and information in this
book are believed to be true and accurate at the date of publication. Neither the publisher nor the
authors or the editors give a warranty, express or implied, with respect to the material contained herein or
for any errors or omissions that may have been made. The publisher remains neutral with regard to
jurisdictional claims in published maps and institutional affiliations.

Printed on acid-free paper
This Springer imprint is published by Springer Nature

The registered company is Springer International Publishing AG
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland



If I have seen further, it is by standing upon
the shoulders of giants.

Isaac Newton (1642-1727)
Letter to Robert Hooke, 1675



Preface

Relational data mining is application of data mining techniques to discover
knowledge that is hidden in data with a relational structure. It aims to integrate
methods from existing fields applied to an analysis of data represented by multiple
relations, producing new techniques for mining relational data. It has been suc-
cessfully applied in areas such as bioinformatics, marketing, or fraud detection.

Granular computing is a new and rapidly growing paradigm of information
processing. It integrates theories, methodologies, techniques, and tools that make
use of granules in the process of problem solving. Granular computing methods
have widely and successfully been applied in the field of data mining. They have
mainly been used to discover knowledge from single table databases; however,
research on incorporating them into mining relational data has also been done.

The goal of this monograph is to highlight research on mining relational data in
the paradigm of granular computing. This newly emerging field can be identified as
granular computing-based relational data mining and shortly called
granular-relational data mining. The monograph provides unified frameworks for
performing typical data mining tasks such as classification, clustering, and asso-
ciation discovery. The book is also aimed to establish itself as a basic text at the
intersection of two fields: relational data mining and granular computing.

The project was partially funded by the National Science Center awarded on the
basis of the decision number DEC-2012/07/B/ST6/01504.

Biatystok, Poland Piotr Honko
September 2016
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Chapter 1
Introduction

One of the main challenges of data mining is to develop its unifying theory [102].
The current state of the art of data mining research seems too ad hoc. Many tech-
niques are designed for individual problems, such as classification, clustering, or
association discovery, but there is no unifying theory. A theoretical framework that
unifies different data mining tasks can help the field and provide a basis for future
research.

The problem of developing a unified framework is more complicated for relational
data than for that stored in a single table. Such data is distributed over multiple tables,
and the central issue in the specification of a relational data mining problem is the
definition of a model of the data. Such a model directly determines the type of patterns
that will be considered, and thus the direction of the search. Such specifications are
usually referred to as declarative or language bias [49]. A bias not only determines
pattern structure, but also limits the search space which can be very huge for relational
data.

The unification in the field of relational data mining can be done by building a
bridge between relational data and knowledge to be discovered from it. Granular
computing as a paradigm of information processing has shown to be a proper envi-
ronment for building such a construction. A granular representation of relational data
can be seen, on one hand, as an alternative view of considered objects, and on the
other hand, as a platform for discovering relational patterns of different types.

This monograph aims to provide comprehensive frameworks to mining relational
data in the paradigm of granular computing. These two fields, i.e. relational data min-
ing and granular computing are more particularly described in the current chapter.
Each of the two parts of the monograph concerns one general granular computing
approach for mining relational data. Part I describes a generalized related set based
approach and is structured as follows. Chapter2 introduces an information system
dedicated to relational data. Information granules in this system are defined based on
the notion of generalized related sets that are the basis to discover knowledge from
relational data. Chapter 3 investigates properties of the granular computing frame-
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work. The properties enable to improve the performance of tasks such as relational
objects representation, search space limitation, and relational patterns generation.
Chapter4 provides specialized versions of the granular computing framework for
association discovery and classification rule mining. Chapter5 develops a relational
version of rough-granular computing by defining approximation spaces and rough
approximations for relational data.

Part IT presents a description language based approach and is structured as fol-
lows. Chapter 6 introduces compound information systems and their constrained
versions. They are an extension of the standard information system to a relational
case. Chapter7 shows how the granular computing based framework defined for
single table data can be upgraded to a relational case. Chapter 8 develops relation-
based granules that make it possible to discover richer knowledge from relational
data. Chapter 9 provides compound approximation spaces that are intended to handle
uncertainty in relational data.

Conclusions on application of granular computing to relational data mining are
given in Chap. 10.

1.1 Relational Data Mining

Multi-relation data mining (MRDM) (see, e.g. [12, 18, 25, 30, 53]) concerns knowl-
edge discovery from relational databases consisting of multiple relations (tables).
Research on relational data covers a range of data mining tasks such as classifica-
tion (see, e.g. [13, 77, 94, 108]), clustering (see, e.g. [11, 14, 29, 47]), association
discovery (see, e.g. [7, 20-22]), subgroup discovery (see, e.g. [55, 56, 99, 111]),
sequence mining (see, e.g. [17, 27, 28, 46]), outlier detection (see, e.g. [3, 64, 78,
79]). Mining relational data has been supported by standard data mining techniques
twofold: upgrading propositional algorithms to a relational case (see, e.g. [13, 70, 77,
95]) and using propositional algorithms to relational data transformed beforehand
into a single table (see, e.g. [4, 50, 51, 54]).

Relational data is usually mined using one of the general frameworks: inductive
logic programming and relational database theory.

Early approaches for pattern discovery in relational data were defined in an induc-
tive logic programming (ILP) framework [24, 26, 69]. ILP is a research field at the
intersection of machine learning and logic programming. It provides a formal frame-
work as well as practical algorithms for learning in an inductive way relational
descriptions from data represented by target examples and background knowledge.

In ILP, data and induced patterns are represented as formulas in a first-order lan-
guage. Data is stored in deductive databases, where relations can be defined exten-
sionally as sets of ground facts and intentionally as sets of database clauses. Patterns
are typically expressed as logic programs, i.e. sets of Horn clauses.

In ILP, the pattern structure is determined by the so-called declarative bias. It
imposes some constraints on the patterns to be discovered. Thanks to the bias, one
can determine which relations and how many times may be used in patterns; how to
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replace a relation attribute with a variable; what values a relation variable may take,
and the like.

An alternative framework [48, 49] for discovering patterns in relational data is
defined in relational database theory (RDB). In relational database, relations are
usually defined extensionally as sets of tuples of constants. However, they can also
be defined intensionally as sets of views. Relational patterns discovered in relational
database can be expressed as SQL queries.

Unlike in the ILP framework, a specification of the pattern structure is not required.
Instead, the patterns are specified by the relationships that occur between the database
entities and are shown by entity-relationship diagram. Alternatively, class diagram
that is a part of Unified Modeling Language (UML) [49] is used to express a bias.
UML class diagram shows how associations (i.e. structural relationships) between
given classes (which correspond to database tables) determine how objects in each
class relate to objects in another class. Furthermore, multiplicities of associations are
also considered. Such an association multiplicity provides information how many
objects in one class are related to a single object in another, and vice versa.

1.2 Granular Computing

When analyzing data to discover knowledge, regardless of the tool used, we usually
aggregate the objects with common features into the same clusters (i.e. groups). Such
clusters can be treated as information derived from the database, which is, in turn,
the basis for the discovery of knowledge. The clusters can be obtained in a variety
of ways depending, among others, on the task to be performed. Furthermore, one
can receive many different partitions of the universe, i.e. families of clusters, for the
same task. The choice of the most proper partition can depend on which solution
accuracy of the problem under consideration is sufficient. The challenge is thus to
develop a framework for constructing and processing such clusters of data.

A field within which frameworks are developed for problem solving by the use of
granules (e.g. clusters of data) is granular computing (GC) [9, 72]. This is a relatively
new, rapidly growing field of research (see, e.g. [5, 6, 16, 23, 45, 57, 61, 63, 73, 86,
97, 100, 104]). It can be viewed as a label of theories, methodologies, techniques,
and tools that make use of granules in the process of problem solving [105].

A granule is a collection of entities drawn together by indistinguishability, sim-
ilarity, proximity or functionality [110]. Therefore, a granule can be defined as any
object, subset, class, or cluster of a given universe. The process of the formation of
granules is called granulation. To clearly differentiate granulation from clustering,
the semantic aspect of GC is taken into account. Therefore, we treat information
granulation as a semantically meaningful grouping of elements based on a given
criterion [10]. An information granule can be represented by an expression of the
form (name, content), where name is the granule identifier and content is a set of
objects identified by name [89].
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Granulation can be performed by applying a top-down or a bottom-up method.
The former concerns the process of dividing a larger granule into smaller and lower
level granules, and the latter the process of forming a larger and higher level granule
with smaller and lower level sub-granules [103].

One can obtain many granularities of the same universe which differ in their
levels. A granule of high-level granularity, i.e. a high-level granule represents a more
abstract concept, and a low-level granule a more specific one. A basic task of GC is to
switch between different levels of granularity. A more specific level granularity may
reveal more detailed information. On the other hand, a more abstract level granularity
may improve a problem solution thanks to omitting irrelevant details.

1.3 Granular Computing Tools: Rough Set Theory

Handling uncertainty in data is a challenging task in the field of data mining. A
powerful framework intended for this issue is provided by rough set theory [71]. It
was proposed by Professor Zdzistaw Pawlak in early 1980s as a mathematical tool
to deal with uncertainty in data. Although being a standalone field, rough set theory,
beside fuzzy set theory [109], is considered as one of the main granular computing
tools. A concept that can include uncertain data is characterized in this theory by a pair
of two certain sets, i.e. its lower and upper approximations. New knowledge about
the concept can be derived from the approximations. For example, decision rules
constructed based on the lower approximation show features of objects that certainly
belong to the concept, whereas those generated from the upper one describe objects
whose membership in the concept is possible.

Many various rough set models have been proposed over the last three decades
(e.g.[32, 82, 107, 116]). They have found a wide range of applications in areas such
as e.g. medicine, banking, or engineering (for more details, see, e.g. [74, 81, 87]).
The standard rough set model has been generalized in a variety of ways. However,
most of the rough set approaches are intended to analyze data stored in a single table.
Such a data structure makes it possible to encode simple features of objects of the
interest. To show more complex properties such as relationships among objects, a
more advanced structure is needed, e.g. relational database.

An adaptation of rough sets tools to relational data can be considered as a general-
ization of the standard rough set model. An overview of this direction of development
of the field is provided below.

The standard rough set model was extended to a covering generalized rough
set model (e.g. [15, 115]), where the universe is replaced with its covering. Such
a generalization enables to deal with more complex problems. Covering rough set
theory with the concept of neighborhood induced by covering plays an important role
in reduction of nominal data and in generation of decision rules from incomplete data.

In [62] a relationship between different approximation operators defined in cover-
ing rough set theory was studied. It was shown that the operators that use the notion
of neighborhood and the complementary neighborhood can be defined almost in
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the same way. It was also investigated that such twin approximation operators have
similar properties.

In [91] matrix-based methods for computing approximations of a given concept
in a covering decision system is proposed. The methods are also used for reducing
covering decision systems. It was shown that the proposed approach can decrease
the computational complexity for finding all reducts.

Another generalization of the standard rough set model (single granulation rough
set model) is rough set model based on multi-granulations (MGRS) [76]. Approx-
imations of a concept are defined by using multiple equivalence relations on the
universe. The relations are chosen according to user requirements or the problem
to be solved. MGRS is considered in two different versions. If the condition of the
lower approximation is satisfied for (at least one of/all) single granulation rough set
models under consideration, then MGRS is called (optimistic/pessimistic). Proper-
ties of optimistic and pessimistic multi-granulation rough set models investigated in
[80] show connections of these models with notions such as lattices, topology on the
universe, and Boolean algebra.

A model that can be viewed as a multi-granulations form of nearness approxima-
tion space was introduced in [96]. A topological neighborhood based on *EI algebra
(a notion from axiomatic fuzzy set theory) is used in information systems with many
category features. The neighborhood is combined with generalized approximation
spaces producing, thereby, an extension model of the approximation space.

Another kind of extension of the standard rough set model is composite rough set
model [112] that is intended for dealing with multiple types of data in information
systems, e.g. categorical data, numerical data, set-valued data, interval-valued data
and missing data. All basic rough set notions such as lower and upper approxima-
tions, positive, boundary and negative regions are redefined in composite information
systems. A dynamic version of the composite rough set model [113], which uses a
matrix-based method, makes it possible to fast update approximations of a changing
concept.

1.4 Mining Relational Data Using Granular Computing

The development of general granular computing frameworks for mining relational
data is a relatively new direction. Instead of approaches described in this book one
can point out the following ones.

An information system dedicated to relational data, which is defined in a granular
computing environment, is proposed in [84]. The information system, called a sum of
information systems, is the pair of the universe (the Cartesian product of the universes
of the information systems, each corresponding to one table) and the attribute set
(the collection of attributes from the attribute sets of the information systems). A
constrained version of this system allows only tuples of objects that belong to a
constraint relation on the Cartesian product of the universes. The constraint relation
can be constructed by conditions expressed by Boolean combination of descriptors
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of attributes. Not only the attributes from the attribute set, but also some other ones
specifying relation between particular information systems can be used to define the
constraints. Such systems can find application in reasoning in distributed systems of
granules and in searching for patterns in data mining.

Another approach where relational data is viewed in the context of GC is intro-
duced in [58]. A relational database can be represented by a relational granular
model which is the pair of the universe (a family of classical sets, called the family
of universes) and the collection of relations on the Cartesian product of sets from the
universe. The sets from the universe correspond to objects of a relational database,
and the relations (of various arities) define constraints for these objects. Some gran-
ules considered in fields such as data mining, web/text mining, and social networks
can be modeled into the relational granular model.

More research has been done for applying one of the main tools of GC, i.e. rough
set theory to relational data.

In[101] the approximation space is defined as a triple of two distinct universes and
a binary relation that is a subset of the Cartesian product of the universes. Approxi-
mations are defined for a subset of one of the universes. They include objects from
the other universe that are in the relation with objects of the subset. Such an approach
can be viewed as a generalization of that introduced in [106] where approximations
are defined in a formal context that is a triple of a universe of objects, universe of
attributes, and a binary relation between the universes.

In [52] approximations are defined in an information system that is a pair of the
double universe (the Cartesian product of two particular universes) and the attribute
set. Approximations of a subset of the double universe are defined based on equiv-
alence classes of the equivalence relation on the double universe. Additionally, a
constrained version of the information system is introduced. It is a triple of the
double universe, a constraint relation on the universe, and the attribute set.

To handle with data stored in many tables a multi-table information system is
proposed in [68]. The system is a finite set of tables (each table is viewed as an
information system). Approximations are defined for a subset of the universe of one
specified table, i.e. the decision table. Elementary sets of a given universe are used
to define the approximations. Indiscernibility of objects from the decision table is
defined using the information available in all the tables of the multi-table information
system.

The general granular computing approach from [84] was also used to process rela-
tional data using a rough set approach. Approximation spaces for multiple universes
are constructed based on (constraint) sums of information systems. Approximations
are defined for a subset of the Cartesian product of the universes using approximations
computed for particular information systems.
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Chapter 2
Information System for Relational Data

2.1 Introduction

The goal of this chapter is to develop a general granular computing based framework
for mining relational data. It is based on an information system defined for relational
data [38]. Information granules derived from the information system are defined
based on the notion of related sets, that is sets of objects related (i.e. joined) to
the objects to be analyzed. Such granules are the basis for discovering relational
knowledge.

The crucial task of the general framework is to process relational data for dis-
covering patterns of different types. Namely, information granules obtained in the
framework can be viewed as an abstract representation of relational data. Such a rep-
resentation is treated as the search space for discovering relational patterns. Thanks
to this, the size of the search space may be significantly limited.

The framework is independent on the way the language bias is specified, thereby
biases from existing frameworks can be adapted. Furthermore, the framework, unlike
others (i.e. ILP, RDB), unifies not only the way the data and patterns are expressed and
specified, but also partially the process of discovering patterns from the data. Namely,
the patterns can directly be obtained from the information granules or constructed
based on them.

Applying the granular computing idea makes it possible to switch between dif-
ferent levels of granularity of the same universe (i.e. the set of objects), thereby one
can choose an appropriate granularity of the data for a given task.

In the framework, one can define new methods as well as redefined existing ones
for performing popular relational data mining tasks.

© Springer International Publishing AG 2017 9
P. Honko, Granular-Relational Data Mining, Studies in Computational
Intelligence 702, DOI 10.1007/978-3-319-52751-2_2
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The remaining of the chapter is organized as follows. Section2.2 constructs an
information system for relational data. Section2.3 defines a granular description of
relational objects that is based on the notion of generalized related sets. Section 2.4
shows how to construct relational patterns based on introduced granules. Section2.5
provides concluding remarks.

2.2 Relational Data

It is assumed that we are given relational data that resides in a relational database;
however, the framework can also be defined for data stored in a deductive database.

Definition 2.1 (Relational database) A relational database can be defined in the
context of MRDM by the following notions.

e A relation schema is an expression of the form R(a, as, ..., a,), where R is a
relation name, and a; (1 < i < n) are the attributes.

e A relation is a subset of the Cartesian product V,, x V,, x --- x V, , where V,,
(1 < i < n) are the value sets of attributes a;.

e A relational database D = T U B is a collection of logically connected relations,
where T = {RT, R}, ..., R,{l_} and B = {RE.RS, ..., REB} consist of target and
background relations, respectively.

The target table (i.e. relation') includes objects to be analyzed, e.g. objects for which
association rules are mined. Such objects may reside in more than one table; for exam-
ple, each target table includes the objects of one class. Background tables include
additional objects which are directly or indirectly joined to the objects of the target
table. The same terms are used for the objects of the target and background tables,
i.e. the target and background objects.

Example 2.1 Given a database D = {customer} U {product, purchase} for the cus-
tomers of a grocery store.

customer married_to
id name age gender income class id cust_id; cust_id,
Adam Smith 36 male 1500 yes 1 5 1
Tina Jackson 33 female 2500 yes 2 6 4
Ann Thompson 30 female 1800 no 3 3 7

Eve Smith 26 female 2500 yes
JohnClark 29 male 3000 yes

1
2
3
4 Susan Clark 30 female 1800 yes
5
6
7 Jack Thompson 33 male 1800 no

I'The notions of relation and table are used in this monograph interchangeably.
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purchase product

id  custy prod;y amount date id name price
1 1 1 1 24/06 1 bread 2.00
2 1 3 2 24/06 2 butter 3.50
3 2 1 1 25/06 3 milk  2.50
4 2 3 1 26/06 4 tea  5.00
5 4 6 1 26/06 5 coffee  6.00
6 4 2 3 26/06 6  cigarettes 12.00
7 6 5 3 27/06

8 3 4 1 27/06

The target table customer includes basic data about customers. The data is divided
into two groups according to the values of the attribute class. The background tables
include information on marriage couples (married_to) and that on products pur-
chased by the customers (product and purchase).

To consider objects apart from the tables they belong to, the notion of relational
object is used.

Definition 2.2 (Relational object) Given a database relation with the schema
R(ay, ay, ..., a,). An expression of the form R(v, v5, ..., V,) is an object of R if
and only if (v{, v2, ..., v,) is a tuple of R.

For example, the first tuple of table customer from Example 2.1 is represented by the
object customer(1, Adam Smith, 36, male, 1500, yes).

A relational database is represented by an information system that is constructed
based on the standard information system [71].2

Definition 2.3 (Information system) An information system is a pair IS = (U, A),
where U is a non-empty finite set of objects, called the universe, and A is a non-empty
finite set of attributes.

The information system for storing relational data is constructed as follows.
Consider a database D = T U B. Let Up, = T, Up, = B, Ap, = |J Ag,® and

ReT
Ap, = U Az
ReB

Definition 2.4 (Information system for a relational database) A relational database
D = T U B is represented by an information system ISp = (Up, Ap), where

e Up = Up, U Up, is a non-empty finite set of objects, called the universe,
e Ap = Ap, UAp, is a non-empty finite set of attributes.

2The standard information system is understood as the Pawlak information system.
3 Ag denotes here the set of all attributes of relation R.
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Example 2.2 Database D of Example 2.1 can be represented by information system
ISp = (Up, Ap), where Up = Up, U Up,, Ap = Ap, U Ap, are defined as follows:
Up, = {customer(l, Adam Smith, 36, male, 1500, yes), . .., customer(7, Jack
Thompson, 33, male, 1800, no)},
Up, = {married_to(1,5, 1) ..., married_to(3, 3, 7), purchase(1, 1, 1, 1, 24/06),

., purchase(8, 3, 4, 1, 27/06), product (1, bread, 2.00), . .., product (6,
cigarettes, 12.00)},
Ap, = {customer.id, customer.name, customer.age, customer.gender, customer.
income, customer.class},
Ap, = {married_to.id, married_to.cust_id;, married_to.cust_id,, purchase.
id, purchase.cust_id, purchase.prod_id, purchase.amount, purchase.date,
product.id, product.name, product price}.*

2.3 Relational Information

Essential information acquired from relational data is expressed by descriptions of
target objects. The descriptions are used in a sense to identify the objects, i.e. the
objects are compared to each other or to patterns (e.g. classification rules) based
on their descriptions. For each target object its description is constructed based on
background relations. To construct such descriptions, the notion of related set is
introduced [36].

Definition 2.5 (Related objects) Object o is related to object o/, denoted by o0 ~ ¢/,
if and only if there exists a key attribute joining o with o’.>

In this approach, the key attribute is, in general, understood as an important
attribute for joining tables. It is usually a primary or foreign key. However, in some
cases, it can also be another attribute by which one table can be joined with another
table or with itself.

A target object description is expressed by a set of background objects joined with
the target object. More precisely.

Definition 2.6 (Related set) A related set of a target object o, denoted by rlt(0), is
a set of background objects directly or indirectly related to the target object.

Each target object in this approach is processed along with its related set.

Example 2.3 Consider the target objects 01 = customer (1, Adam Smith, 36, male,
1500, yes), 0, = customer (2, Tina Jackson, 33, female, 2500, yes) from the infor-
mation system of Example2.2.

“It is assumed that the value of an attribute is specified for a given object if and only if the object
belongs to the relation whose schema includes the attribute.

SThe tables the objects belong to are not assumed to be different.
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The related sets of o; and o0, are rit(oy) = {married_to(1,5, 1), purchase(1, 1,
1, 1,24/06), purchase(2, 1, 3, 2, 24/06), product (1, bread, 2.00), product (3, milk,
2.50)} and rlt(o,) = {purchase(3,2,1,1,25/06), purchase(4,2,3,1,26/06),
product(1, bread, 2.00), product (3, milk, 2.50)}, respectively.

The objects of relation purchase (product) are directly (indirectly) related to the
target objects by attribute c_id (by relation purchase and attribute p_id).

For a given target object one can usually obtain more than one description, each
of which describes the object with different precision. The objective is to choose
an appropriate description of the target object with respect to a given data mining
task. The precision of the target object description (i.e. the related set) can be tuned
by its depth level. To define a related set of a given depth level, Definition2.5 is
generalized.

Definition 2.7 (n-related objects) Object o is n-related to object o,, denoted by

09 L oy, if and only if there exists 0,4 such that o; ~ 0,41, where n > 0 and
0<i<n-—1.

One can note that for n = 1 Definitions 2.5 and 2.7 are equivalent.
A related set of a given depth level is defined as follows.

Definition 2.8 (n-related set) The nth depth level related set of a target object o,
denoted by rlt"(0), is a set of background objects, each of which are m-related to
object o and m < n.

It is assumed that for each 0 € Up, we have rlt°(0) = @. It is reasonable to consider
a target object without its related set (i.e. the related set is empty) when the object
itself includes information, i.e. descriptive attributes occur in the target relation (e.g.
attribute class in relation customer).

Example 2.4 Consider the target object 0, from Example 2.3.
We can obtain two different non-empty descriptions of o, namely rit' (0;) =
{purchase(3, 2, 1, 1, 25/06), purchase(4, 2,3, 1,26/06)} and rit*(0,) = rlt(0,).

A target object with its related sets can be presented in the form of a graph.

Definition 2.9 (Directed graph of related set) Given a target object o. Let di(0’)
be the depth level of an object o’ € {0} U rlt(0). A target object o with its related
set rit(o) can be presented in the form of the directed graph G, = (V, E) where
V ={0o}Urlt(o) and E = {(0/,0") € V x V : 0 ~0",dl(0") < dl(0")}.

The directed graph illustrates how a related set of a given target object is formed
(see Fig.2.1). If the way the object description is formed is not essential, a target
object with its related set can be presented using an undirected graph.

Definition 2.10 (Undirected graph of related set) A target object o with its related
set rlt(0) can be presented in the form of the undirected graph G, = (V, E) where
V={o}Urlt(o)and E = {{0’, 0"} C V :0 ~0"}.
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dl =0  customer(1,Adam Smith,36,male, 1500, ves)

di=1 married_to(1,5, 1) pm'(.'.’m.s'e(i.*l 2 1_._1,24;"06} purr:h;:._?;ﬁ,’].3,2,24;’06)
"“—--.,_q__\__h_h-_-- '“““-H

di =2  customer(5,Eve Smith,26, female,2500, yes) product(1, bread.2.00) product (3, milk,2.50)

v
dl =3 purchase(9,5,3,1,25/06)

Fig. 2.1 Directed graph for the first customer from Example?2.1 (For illustrative purposes table
purchase is extended by the tuple (9, 5, 3, 1, 25/06).)

customer(1,Adam Smith,36,male, 1500, ves)

~ ~ —
married to(1,5,1) purchase(1,1,1,1,24/06)  purchase(2,1.,3,2,24/06)
/’ ____ ._.',,..--"' ""--..____H__--
/ —

t'u.\'f(mrer(ﬁi.Ew Smith., 26, female,2500,ves) _—product(1,bread.2.00) product(3,milk,2.50)

S et S

purchase(9,5,3,1,25/06)

Fig. 2.2 Undirected graph for the first customer from Example 2.1

An undirected graph enables to check if two object are n-related.

Proposition 2.1 Given a target object o and its related set rit(0). Objects o' and 0"
such that o', 0" € {0} U rlt(0) are n-related if and only if there exists in G, a path of
length n joining o' and o”.

As it can be observed in Fig.2.2, two objects can be related in more than
one way. For example, objects customer(1, Adam Smith, 36, male, 1500, yes) and
purchase(2, 1, 3,2, 24/06) are 1-related and 2-related.

A related set of a given target object can be viewed as its specific description.
In order to derive relational patterns the target object description is generalized. To
obtain a general (i.e. abstract) description of a target object itself and its related set,
they both are generalized.

Definition 2.11 (Generalized target object) A generalized target object o, denoted
by 0gen, is the target object with certain components replaced according to a given
substitution.®

A component of an object can be replaced with either a variable, a set of constants, or symbol «_"
if the component is not important for the consideration.
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Definition 2.12 (Generalized related set) A generalized related set of a target object
o, denoted by rlt,,,(0), is the related set with certain components replaced according
to the substitution (partially) constructed during generalization of the target object.

A generalized n-related set is defined in an analogous way.

Related sets can be generalized in a variety of ways (for more details see [36]).
A method for generalization can be developed taking into consideration a language
bias.

Example 2.5 Consider again the target object o = customer(2, Tina Jackson, 33,
female, 2500, yes) from Example2.3 and its related set #it?(0) = {purchase(3, 2,
1, 1,25/06), purchase(4, 2, 3, 1, 26/06), product (1, bread, 2.00),

product (3, milk,2.50)}.

The generalized target object and its related set can be of the following forms

Ogen = customer(A, _, _, _, _,yes) and rltéen (o) = {purchase(B,A,C, _,_),
product(C, {bread, milk}, DI respectively.
An object of the relation customer can be generalized according to the following
language bias constraint mode(customer(+type(c_id), _, _, _, #[yes, no])), which
means that the first argument of the relation customer has to be replaced with an input
variable of a type that is the same as that of attribute c_id, the last one can be replaced
with yes or no (i.e. the class label), and the remaining arguments are omitted. Object
o1s generalized according to the substitution {2/A, Tina Jackson/_, 33/_, female/_,
income/_}.

As presented above, each target object is represented by the set of background
objects related to the target object. It is natural to treat such a set as a granule of
objects drawn together by their relationships with the target object. Therefore, we
consider a granule defined by the pair (o, rit(0)), where o is a target object from a
given information system.

For generalized related sets, information granules are defined by their syntax and
semantics. For this purpose, the method for constructing information granules [83]
is extended to a relational case.

In the approach, an elementary granule is defined by a conjunction of relational
descriptors, i.e. expressions of the form R(#y, 12, . . ., t,), where R is a relation name,
and #; (1 < i < n) are the terms (constants or variables).

Given information system ISp = (Up, Ap).

o A generalized target object 0., of object o from IS, is a trivial elementary granule,
i.e. a single relational descriptor.
The meaning (i.e. semantics) of the granule, denoted by SEM;s, (04ex), is the set
of target objects that satisfy the descriptor.

"The denotation {v1, v2, ..., vy} that occurs in an object argument list means that the corresponding
attribute may take any of the values vy, v, ..., v,. We assume that sets are formed for attributes
that take on a relatively small number of values. Otherwise, the attributes are previously discretized.
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o A generalized related set rity.,(0) of target object o from ISp is an elementary
granule where each descriptor is constructed based on a background relation.
The meaning of the granule, denoted by SEM;s, (rits..(0)), is the set of target
objects for each of which there exists a substitution such that each descriptor
under the substitution is satisfied.

o A generalized target object 04, with its generalized related set ritg,,(0) is repre-
sented by the granule (0gen, Fltgen(0)).

The meaning of the granule is SEMjs, ((ogen, rltge,,(o))) = (SEMis,(0gen),
SEMjs, (rltgen (0))).

Example 2.6 Consider the generalized target object from Example2.5: 0,4, =
customer(A, _, _, _,_,yes) and rltém (o) = {purchase(B,A, C, _,_), product
(C, {bread, milk}, _)}.

The meaning of the granule (0gen, rltéen (0)) is SEMis,, ((0gen- rltéen () = ({or, 02,
04, 05, 06}, {01, 02}) (0; stands for the i-th customer of database D).

Information granules defined as above can be viewed as an abstract representation
of relational data. The accuracy level of the representation can easily be changed by
taking other depth level of related sets. Furthermore, a representation constructed
based on the information granules obtained for all target objects is treated in the
approach as the search space for discovering patterns. Thanks to this, the size of the
search space may significantly be limited.

A granularity of the universe is defined by the set {SEMjs,, (rlt;’en (0)) : 0 € Up,}.
Thus different depth levels of related sets correspond to different levels of information
granulation. As the depth level increases, a lower-level granularity is obtained.

2.4 Relational Knowledge

The information granules defined in the previous section are the basis for the dis-
covery of relational knowledge. Thanks to constructing such granules we are able
to obtain knowledge of different types. Therefore, we can consider as granules, e.g.
frequent patterns and relational association rules, relational classification rules, and
relational clusters and their descriptions.

Firstly, basic definitions will be restated (cf. [25]).

Definition 2.13 (Relational pattern) A relational pattern is an expression of the
form®

Ri(t, 1y, ..., D) AR, 1, o ) Ao ARG (] 88 ),

’ ny >

where R; (1 < i < m) are relations, and indexed ¢ are the terms (constants or
variables).

80ne of relations R; is usually considered as the target one. However, such a relation, as in this
approach, may be determined externally, i.e. it occurs in the database but not in the pattern.
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For simplicity’s sake we denote a relational pattern as .
The frequency of a pattern « is the ratio between the number of objects that satisfy
« and the number of all objects under consideration.

Definition 2.14 (Relational frequent pattern) A relational frequent pattern is a rela-
tional pattern that occurs in a given database with the frequency not less than a given
threshold.

Definition 2.15 (Relational association rule) An association rule is an expression
of the form @« — B, where « and § are relational (frequent) patterns and « is more
general than 8.

The frequency of an association rule « — S is the frequency of 8. The confidence
of association rule « — g is the ratio between the frequency of 8 and that of .

Definition 2.16 (Relational classification rule) A relational classification rule is an
expression of the form’
R(t], ta, ... ty) < Rl(tll, t%, e z,%l) /\Rz(tlz, z%, e t,%z) A ARp (' 15, .., t,Tm),

where R is a target relation, R; (1 < i < m) are background relations, and indexed ¢
are terms.

For simplicity, a relational classification rule is denoted as o < 8.
The accuracy (coverage) of the rule @ <— B is the ratio between the number of objects
that satisfy o A B and the number of objects that satisfy 8 («).

Example 2.7 Assume that we discover associations involving the customers from
database D of Example2.1. Table customer is therefore the target one, however the
division into classes is not taken into account.

product(C, {bread, milk}, _)}. Patterns o and B are satisfied by objects 01, 02, 03, 04,
0¢ and 01, 0, respectively. Hence, the frequencies of « and g are 5/7 and 2/7, respec-
tively.

Since « is more general than 8 we can build the following association rule ¢« — g.
The frequency and confidence of « — B are 2/7 and 2/5, respectively.

Consider information system ISp = (Up, Ap). Relational patterns are represented
by granules as follows.

e A relational (frequent) pattern o in ISp is represented by the granule
(0gen, Fltgen(0)). The meaning of the granule is SEMs, (o) = (SEMjs,(0gen),
SEMISD (rltgen (0)))

d ltgen
The pattern’s frequency can be calculated by freqs, («) = Card(SEMisp (ligen(O)))

card(SEMsp, (0gen))

90ne can also consider rules including negated descriptors or conditions formed based on arguments
of descriptors previously added.
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e A set of relational (frequent) patterns is represented by the set of granules {«; :
1 <i <k}, where k is the cardinality of the set of rules.

The meaning of the granule is {SEMs, (¢;) : 1 <i < k}.

e A relational association rule « — B in ISp is represented by the granule («, ),
where a and B are defined, respectively, by (0gen, rlt;,m(o)) and (0gen, 1ltgen(0))
such that SEMjs,, (rltg.n(0)) € SEMjs), (rlt;,en (0)).

The meaning of the granule is SIM;s, ((«r, B)) = (SIMs, (o), SIM;s,(B)).

Since any association rule is constructed based on patterns that are discovered over
the same relation (i.e. both patterns are checked to be satisfied for objects of the
same relation), the meaning of the granule can be written in a simpler form, that
is, SIMs, (e, B)) = (SEMis,,(0gen) SEMis, (1t} (0)), SEMys, (rltgen(0))).

The rule’s frequency and confidence can be calculated by freqis, (¢ — B) =

freqis, (B) and confis, (¢ — B) = ;:222 Ez; , respectively.

e A set of relational association rules is represented by the set of granules {(«;, ;) :
1 <i < k}, where k is the cardinality of the set of rules.
The meaning of the granule is {SEMs, ((o;, Bi)) : 1 <i <k}.

e A relational classification rule ¢ < g in ISp is represented by the granule (¢, 8),
where a and B correspond to 0,4, and rlt,.,(0), respectively.
The meaning of the granule is SIMys, ((¢«r, B)) = (SIMs, (o), SIMs, (B)).

The rule’s accuracy and coverage can be computed by accis,(a¢ < B) =
ISEMis, (0gen) NSEMs, (rltgen (0)) ISEMisy, (0gen) NSEM s, (rltgen(0))|
ISEMis,, (ltgen (0))] ISEMis,, (0gen)] ’
respectively.
e Asetofrelational classification rules is represented by the set of granules {(«;, 8;) :
1 <i < k}, where k is the cardinality of the set of rules.

The meaning of the granule is {SEMs, ((¢;, Bi)) : 1 <i <k}.

and COV[SD(()[ <~ ﬁ) =

Example 2.8 Given information system IS, from Example 2.2 and patterns

o = customer(A, _, _, _,_,_) A purchase(B,A,C,_,_) and 8 = « A product
(C, {bread, milk}, _).

Consider the following generalizations of the object o0 = customer(2, Tina
Jackson, 33, female, 2500, yes): 04,y = customer(A,_, _, _, _, ), rltéen (o) =
{purchase(B, A, C, _, _)}, rltgen (0) = {purchase(B, A, C, _, _), product
(C, {bread, milk}, _)}.

Patterns o and $ can be represented, respectively, by granules (0gen, rlt; n(0)) and

(Ogens rltgen(o)) with the meanings SEMs, () = ({01, ..., 07}, {01, 02, 03, 04, 06})
and SEM;s, (B) = ({o1, ..., 07}, {01, 02}). ]
The frequencies of o and 8 are freq;s, (o) = %w =5/7 and

D 15p (Ogen) |

_ISEM;s, (r1},,, (o)]
freqlSD (:3) T T ISEMisy (0gen)] 2/7

Consider also the association rule « — f. The meaning of the rule is SEMjs, (¢ —
B) = (o1, ...,07}, {01, 02, 03, 04, 06}, {01, 02}). The frequency and confidence of

o — B are freqss, (@ — B) = freqis, (B) = 2/7 and confis, (@ — B) = jfc:zgiziii =
2/5.
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2.5 Conclusions

This chapter has introduced a general framework for mining relational data. The
structure for storing relational data in this framework is an information system that is
constructed by adapting the notion of the standard information system. Information
granules derived from the information system are used to construct relational patterns
such as frequent patterns, association rules, and classification rules.

The introduced framework can be summarized as follows.

1. The framework can be helpful when a given database consists of many tables
and some background objects are joined with the target ones through a number
of tables. In this case, there arises the problem of how deeply one should search
the database for background objects that are joined with the target ones. In the
framework the search level can easily be changed so as to adjust the target object
representation to a given data mining task.

2. The framework can also be useful when the search space limitation achieved by a
language bias is not sufficient. The search space can additionally be limited since
this is given as a set of information granules derived from the data.

3. The framework has an advantage over the ILP and RDB frameworks in terms of
generation of patterns. Namely, the framework, unlike others, partially unifies the
process of discovering patterns from data. This is done by constructing the search
space based on information granules. The patterns can thus directly be obtained
from such granules or constructed based on them.



Chapter 3
Properties of Granular-Relational Data
Mining Framework

3.1 Introduction

Mining relation data is a more complicated and complex task than in the case of
data stored in a single table. Relational data is distributed over multiple tables, which
causes that the issues such as relational objects representation (1), search space
limitation (2), and relational patterns generation (3) need more attention [44].

1.

An object of a single table database is represented by a tuple of table attributes
values. An object of a database with a relational structure can be represented not
only by a tuple that belongs to a table to be analyzed, but also by tuples of other
tables that are directly or indirectly joined to the table under consideration. There-
fore, relational objects representation can vary, depending on given representation
precision and data mining task.

. Due to multiple tables the search space for discovering relational patterns may

be very huge. This problem is typically overcome by applying a language bias. It
imposes some constraints on patterns to be discovered, thereby the search space
is limited. However, the search space after such a limitation has been imposed on
it can still be large.

. A method for deriving patterns from data is usually provided not by a given frame-

work for mining relational data, but by a concrete algorithm that can be defined
in the framework. Therefore, the whole process of the generation of patterns may
be conducted from scratch at each time when any algorithm parameter changes.

The goal of this chapter is to address the three above problems. To tackle them,

properties of the granular computing framework for mining relational data introduced
in Chap.3 are investigated. The crucial issue in the three tasks is to find a proper
depth level of searching the data. It can be done globally, i.e. the same level for all the
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tasks, or locally, i.e. the level is individually defined for each task.! The properties
investigated in this work can facilitate the process of finding a proper depth level for
any of the three tasks.

The remaining of the chapter is organized as follows. Sections 3.2, 3.3, and 3.4
investigate, respectively, properties of relational objects representation, properties
that can be useful for limiting the search space, and properties that can improve the
process of relational pattern generation. Section 3.5 provides concluding remarks.

3.2 Relational Objects Representation

As mentioned in Sect.3.1 an object can be represented not only by the tuple that
belongs to one relation (i.e. the target relation), but also by tuples that belong to
other relations that are directly or indirectly joined to the target one. The crucial task
is therefore to find a representation proper in terms of generality. That is, on the one
hand, it is specific enough to identify objects, and on the other hand, it is general
enough to avoid too detailed information.

Traditional algorithms for relational data mining do not use explicit objects repre-
sentation; however, they are able to use a depth level (usually specified by an expert)
during the construction of patterns.? It means that all background objects of the given
depth level are considered as the representation of the target ones. Therefore, any
time target objects are processed, the background ones are scanned up to a give depth
level.

Considering explicit objects representations can shorten the process of pattern
generation since unessential features of relational objects can be removed during the
construction of the representations.

The remaining part of this subsection shows properties of the framework that can
be useful for constructing relational objects representation.

Consider a finite database D = T U B, where T = Up, and B = Up, are,
respectively, the sets of target and background relations of D. Let ISp = (Up, Ap)
be an information system of a given database D, where Up = Up, U Up,. Let also
np denote the maximal depth level of D.

Firstly, a simple definition is introduced to compare object descriptions in terms
of generality. Here a description of an object is defined by its related set.

Definition 3.1 (Generality relation of related sets) Let rlf(0) and rit’ (o) be descrip-
tions of an object 0 € Up,. If rit(0) < rit'(0) than rlt(o) is more general than or
equal to rit'(0) (equivalently, rit’(0) is more specific than or equal to rlt(0)).

Let us start with two obvious properties.

UIf the depth level for objects representation is i, then those for the remaining tasks may be not
higher than i.

2 earning from interpretations [19] is an alternative way of handling relational data. Interpretations
correspond to non-abstract objects representations introduced in Chap. 2.
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Proposition 3.1 3 v rli(o) C Up,.

()GUDT

Proposition3.2 VvV rlt'(0) C rit'(0), where 0 < i <np,0 <j <np —i.

()EUDT
Based on the above property, we can see that with increasing depth level, object
description (i.e. its related set) may become more specific.

Proposition 3.3 v v [rlti(o) =ritlo)= v  rlii(o) = rft (0)].
erDT O<i<np l<j<np—i
This property enables us to find the deepest level of object description, which may
be lower than the maximal depth level of the database.
Let S(0) = {rlt'(0) : 0 < i < np, rit'(0) # @}, where 0 € Up,.
By Proposition 3.3 we obtain the following property.
Proposition 3.4 The following holds: V¥ |S(0)] < np.

o€ UDT

Proposition 3.5 For any o € Up, the set S(0) is well totally ordered by the rela-
tion C.

This property enable us to order all object descriptions according to generality. Fur-
thermore, this order can be known a priori (see Proposition 3.2).

The set S(o) is well ordered, hence when considering any number of object
descriptions, we can always find the most general one. Since any subset of the set
S(0) is finite, we can also find the most specific object description.

Let S' = {rit'(0) : 0 € Up,, rlt'(0) # ¥}.

Proposition 3.6 The following hold:

1. US' =0 fori=0;
2. S'is a partial covering of set Up, for 1 <i < np;
3. S'is a total covering of set Up, fori = np.

Remark 3.1 The set S’ can be treated as the i-th level description of all target objects
(target relation description for short).

Definition 3.2 (Relation < on.”)Let. = {S' : 0 < i < np}. We define a relation
< on . as follows:

S§i<¥& v 3XCV.
XeSiyeS

If S < &, we say that S? is more general than or equal to §/ (equivalently, S/ is more
specific than or equal to S).

Proposition 3.7 S’ < S™, where 0 <i <np,0 <j <np — .

3Proofs of the propositions formulated in this chapter can be found in [44].
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Based on the above property, we can see that with increasing depth level, target
relation description may become more specific.

Proposition 3.8 The set .7 is well weakly ordered by the relation <.

Since the set . is weakly ordered, we can compare in terms of generality any two
target relation descriptions. Despite the antisymmetry does not hold, the set . can
be totally ordered based on the depth level according to Proposition 3.7.

The set . is well ordered, hence when considering any number of target relation
descriptions, we can always find the most general one. Since any subset of the set
. is finite, we can also find the most specific target relation description.

3.3 Search Space Limitation

Relational data is distributed over multiple tables, thereby the search space for dis-
covering relational patterns may be very huge. This problem is typically overcome by
applying a language bias. It imposes some constraints on patterns to be discovered,
thereby the search space is limited. However, the search space after such a limitation
has been imposed on it may still be large.

The remaining part of this subsection shows properties of the framework thanks
to which the search space can additionally be limited.

To define the search space the following set is used. Let At;s, = {R; (t’i, R tf,l_) :
t]‘f eTm(=1,...,n),R; € rel(D)} be the set of all atom formulas of information
system ISp, where Tm is the set of all terms (constants or variables), and rel(D) is
the set of all relation names of a database D.

Remark 3.2 The family &?(Ats,) can be treated as the unlimited search space for
relational patterns.

We have the following relationship between abstract object descriptions and the
search space.

Proposition 3.9  V rlt,.,(0) € P (Atsg,).

()EUDT

3.3.1 Syntactic Comparison of Abstract Objects Descriptions

This subsection shows how abstract objects descriptions, i.e. generalized related sets,
can syntactically be compared in terms of generality.*

40ne should distinguish between the syntax of a related set and the syntactical comparison of related
sets. The former concerns the form of the related set, whereas the latter does the way the relate sets
are compared. Analogously for semantics.
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An abstract object description, denoted by rlt,,,(0), is, in fact, obtained by apply-
ing a substitution o to the object description rlt(0), i.e. rlty.,(0) = rit(o)o.

Syntactic comparison of abstract objects descriptions is possible if they are con-
structed in the same way regardless of the depth level. Therefore, the following
assumption is made.
Assumption 3.1 v Y rli'(0)o; = rli'(0)o;

I<i<j=np o€Up,

It is assumed above that a term to be replaced is substituted according to the same

binding regardless of the depth level the substitution is defined for.

Proposition 3.10 Under Assumption3.1, V rli (o) C rltgf;(o), where 0 <

en
0€Up, &

i<np,0<j<np-—i.

Based on the above property, we can see that with increasing depth level, abstract
object description may become more specific.
Let Sgen(0) = {rlt},,(0) : 0 < i < np, rlt'(0) # B}, where 0 € Up,.

gen

Proposition 3.11 The set S,.,(0) (0 € Up,) is partially ordered by the relation C.

Thanks to this property, we can find the most (or least) general object descriptions.

Proposition 3.12 Under Assumption3.1, the set Sy.,(0) (0 € Up,) is well totally
ordered by the relation C.

By the above properties, we can order any subset of the set S,.,(0) according to
generality and find in the subset the most (or least) general object descriptions.
LetS! = {rlf (0o):0c¢€ Up,, rlt'(0) # @}.

gen gen

Remark 3.3 The set S é . €an be treated as the search space limited by the i-th depth
level.

Let Sgen = {St,, 1 1 <i <np}.

gen

Proposition 3.13 Under Assumption 3.1, S;en < S;,’:,’, where 0 < i <np,0 <j <
np — I

Based on the above property, we can see that with increasing depth level, abstract
target relation description may become more specific.

Proposition 3.14 The set .7, is partially ordered by the relation <.

Thanks to this property, we can find the most (or least) general target relation descrip-
tions.

Proposition 3.15 Under Assumption 3.1, the set 4., is well totally ordered by the
relation <.

By the above properties, we can order any subset of the set .7, according to gen-
erality and find in the subset the most (or least) general target relation descriptions.
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3.3.2 Semantic Comparison of Abstract Objects Descriptions

‘When comparing patterns in terms of generality, a semantic order may be more impor-
tant than the syntactic one. This subsection shows how abstract objects descriptions
can semantically be compared in terms of generality.
Leto, = {t/t' € 0 : 3t/t" € o'} denote a substitution o limited by a substitution
i

o’ to bindings that include terms to be replaced by both o and o”.

Assumption32 vV o;ando;, are equivalent.’

1<i<j<np !
Definition 3.3 (Relation <4 on S, (0)) Let S,.,(0) (0 € Up,) be defined as previ-
ously. A relation <y on S, (0) is defined as follows:

X=xpY&3xecCy,
9

where X, Y € Sg.,(0) and 0 is a substitution.®
If X <y Y, we say that X is more general than or equal to Y (equivalently, Y is more
specific than or equal to X) (cf. [75]).

Proposition 3.16 Under Assumption3.2, ¥V rit., (0) =g rltéﬁi(o), where 0 <
U y

0€Up, gen
i<np,0<j=<np-—i

Proposition 3.17 Under Assumption 3.1, rlt;en(o) =<9 rlt;g(o) for 0 = @, where
0<i<np,0<j<np-—i
Proposition 3.18 The set S,.,(0) (0o € Up,) is quasi ordered by the relation <.

Proposition 3.19 Under Assumption 3.2, the set Sg.,(0) (0 € Up,) is well weakly
ordered by the relation <.

Definition 3.4 (Relation <4 on .%,.,) Let 7., be defined as previously. A relation
=g on Sy, is defined as follows:

i .
Sgen je Sjgen < V EI X ff) Y
X€Sgen YEShen

If S;;,en =p Sé,en, we say that ngen is more general than or equal to Sée,, (equivalently,

Sgen is more specific than or equal to S,,,).

5Two substitutions are equivalent if and only if each one can be obtained from the other one by
renaming variables.

5The notion of substitution is used in two cases: for the generalization of related sets; for the
semantic comparison of generalized related sets. To better distinguish these cases, we denote the
former substitution by (indexed) o, and the latter one by (indexed) 6.



3.3 Search Space Limitation 27

Proposition 3.20 Under Assumption3.2, V Si =<y Sggf;, where) < i <

gen
0€Up, &

nD,OSJSHD—l
Proposition 3.21 The set 7., is quasi ordered by the relation <.

Proposition 3.22 Under Assumption 3.2, the set /e, is well weakly ordered by the
relation <y.

Conclusions from the properties given above are analogous to those from
Sect. 3.3.1.

3.4 Relational Patterns Generation

A method for deriving patterns from data is usually provided not by a given frame-
work for mining relational data, but by a concrete algorithm that can be defined in
the framework. Therefore, the whole process of the generation of patterns may be
conducted from scratch at each time when any algorithm parameter changes.

The remaining part of this subsection shows properties of the framework that can
be useful for relational patterns generation.

When generating a pattern, we mainly consider its semantics to determine the
pattern’s quality.

For simplification, we will use the denotation M (e) instead of SEM;s, (e), where
M is the abbreviation of meaning, i.e. semantics.

It is assumed that the higher number of objects satisfying a pattern candidate is,
the more general the pattern candidate is.

Proposition 3.23 v M (rlt,.,(0)) € Up,.

0€Up,

Proposition 3.24 Under Assumption3.1, ¥V M(rlt;;,j,’;(o)) c M@l (0)),

= gen
o€Upy

where 0 <i <np,0 <j<np—1i

Based on the above property, we can see that with increasing depth level, the pattern
candidate may became more specific.
Let Sy (0) = {M(rlt;en(o)) :0 <i < np, rit'(0) # 0}, where 0 € Up,.

Proposition 3.25 The set Sy (0) (o € Up,) is partially ordered by relation C.

Thanks to this property, we can find the most (or least) general pattern candidates.

Proposition 3.26 Under Assumption3.1, the set Sy(0) o € Up, is well totally
ordered by the relation C.

By the above properties, we can order any subset of the set Sy (0) according to
generality and find in the subset the most (or least) general pattern candidates.



28 3 Properties of Granular-Relational Data Mining Framework
Let Sjiu = {M(rlti,m(o)) :0€ Up,}.
Proposition 3.27 Si, < S/ where 0 <i <np,0<j <np—i.

Based on the above property, we can see that with increasing depth level, pattern
candidates set may become more specific.

Proposition 3.28 The set .7 is quasi ordered by relation <.

Proposition 3.29 Under Assumption 3.1, the set /) is well weakly ordered by rela-
tion <.

Since the set .#), is weakly ordered, we can compare in terms of generality any two
pattern candidate sets. Despite the antisymmetry does not hold, the set .}, can be
totally ordered based on the depth level according to Proposition 3.27.

The set .y is well ordered, hence when considering any number of pattern
candidate sets, we can always find the most general one. Since any subset of the
set . is finite, we can also find the most specific pattern candidate set.

3.5 Conclusions

This chapter has investigated properties of the granular computing framework for
mining relational data. The properties have been studied in the context of the three
essential relational data mining problems: relational objects representation, search
space limitation, and relational patterns generation. One can observe that they are in a
sense interrelated. Namely, the level of generality of relational objects representation
can determine those of the search space and pattern candidates set. Therefore, thanks
to the framework, one can not only separately consider one of the above issues, but
also comprehensively process relational data according to a given data mining task.



Chapter 4
Association Discovery and Classification
Rule Mining

4.1 Introduction

Association discovery and classification are ones of the most extensively studied
tasks in the field of data mining (see, e.g. [1, 2, 8, 33-35, 92]). These issues have
also been widely investigated for relational data (see, e.g. [22, 25, 59, 93, 114]).
One can indicate many different relational techniques and algorithms for both tasks;
however, a unified framework for them does not seem to have been introduced so
far. Such a framework is needed for unifying operations that are independent of the
technique or algorithm applied for processing relational data. One can indicate the
following essential operations that need to be unified: relational object representation,
search space limitation and generation of relational patterns. These issues will briefly
be discussed.

1. An object of a single-table database is represented by a tuple of table attribute
values. An object of a database with a relational structure can be represented not
only by a tuple that belongs to a table to be analyzed, but also by a certain part of
the tuples of other tables that are directly or indirectly joined to the table under
consideration. Therefore, relational object representation can vary depending on
a given data mining task.

2. The search space for discovering relational patterns may be very huge. This
problem is typically overcome by applying a language bias, which imposes some
constraints on the patterns to be discovered, thereby the search space is limited.
However, the search space, after such a limitation has been imposed on it, may
still be large.

3. Rule-based classification is one of the most common classifying methods in data
mining. Classification rules can be considered as a special case of association
rules. The way of deriving both types of rules from data is usually provided not
by a given framework for mining relational data, but by a concrete algorithm that
can be defined in the framework; therefore, the whole process of the generation of
rules may be conducted from scratch each time any of the algorithm’s parameters
change.

© Springer International Publishing AG 2017 29
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When a unified framework for mining (relational) data is developed, there is a
need to specify it for a given data mining task. On the one hand, such a specialized
framework should be tuned for one concrete task, on the other hand, the frame-
work should make it possible to define a spectrum of algorithms for the task to be
performed, both existing and new algorithms.

The goal of this chapter is to provide frameworks for association and classification
rules discovery from relational data [38, 39]. The frameworks are specialized versions
of the general granular computing framework for mining relational data (see Chap. 2).

The remaining of the chapter is organized as follows. Sections4.2 and 4.3 intro-
duce specialized frameworks for association discovery and classification rule mining,
respectively. Section4.4 evaluates the approach’s complexity. Section4.5 provides
concluding remarks.

4.2 Association Discovery

The general framework for association discovery can be outlined as follows.

1. For each target object compute its related set.

2. Generalize the related sets.

3. Compute frequent patterns based on the generalized related sets.
4. Compute association rules based on the frequent patterns.

The tools for performing the first two steps are provided by the general granular
computing framework described in Chaps.2 and 3. The third step is crucial for
association discovery and will be presented in this section. The last step can be, in
turn, performed by applying any existing method that derives relational association
rules from frequent patterns, cf. [21].

In the following approach, frequent patterns can be generated by applying a top-
down or bottom-up method.
Given:

e ISp = (Up, Ap)—the information system of database D;

e n—the depth level of related sets;

e k—the number of seeds, i.e. the number of target objects to be generalized;
e minfreq € (0, 1]—the frequency threshold.

Find:
e FP—a set of frequent patterns;
Steps:

1. For each target object o of ISp compute rit"(0).
2. Choose randomly k seed objects from the target objects.
3. Based on the chosen objects, generate initial patterns, i.e. granules of the form

(ogenv rltg,”m (0)), where
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a. The top-down case: m := 0;
b. The bottom-up case: m := n.

4. Add to FP each initial pattern with frequency not less than minfreq.
5. FP' := {J; For each m-level frequent pattern p from FP find its all allowed

a. The top-down case: FP' = FP' U special(p, m); Nextm := m + 1;
b. The bottom-up case: FP" = FP" U general(p, m); Nextm :=m — 1.

6. Add to FP each frequent pattern from FP’ if p is not equivalent to any pattern
from FP.
7. Repeat steps 5 and 6 until

a. The top-down case: all of the patterns from step 5 are not frequent or m > n;
b. The bottom-up case: m < 0.

The most important points will be discussed below.
Re 3. The way target objects and their related sets are generalized in the top-down
case may vary from that in the bottom-up case.
Re 3a, b.
The top-down case: Initial patterns are to be the most general ones, hence m = 0.
The bottom-up case: Initial patterns are to be the most specific ones, hence m = n.
Re 5. Each pattern from FP is the one of level m when the instruction from step 5 is
performed for the fist time. Otherwise, patterns of level m are obtained based on the
patterns of the previous level found in step 6 (the previous loop run). Furthermore,
such patterns, unlike those from the first loop run, may not be frequent, therefore, we
check if a given pattern is frequent before we find its specifications/generalizations.
Allowed specifications or generalizations of a given pattern are understood as those
patterns that can be formed according to given constraints.
Re 5a. A specialization of a pattern p is done in one of the following ways:

1. A variable that occurs in p is replaced with a set of values the variable may take,
e.g. a specialization of customer(A, _, _, _, _, B) is customer(A, _, _, _, _, n';
2. A set of values that occurs in p as a component is replaced with its non-empty

Re 5b. A generalization of a pattern p is done in one of the following ways:

1. A set of values that occurs in p as a component is replaced with a new variable,

e.g. a generalization of customer(A, _, _, _, _, 1) is customer(A, _, _, _, _, B);

2. A set of values that occurs in p as a component is replaced with its superset,
e.g. a generalization of customer(A,_, _, _, _, _) A purchase(B,A, C,2,_) is
customer(A, _, _, _, _, _,) A purchase(B, A, C, {1, 2}, );

UIf a set of values consists of one element, then the set is replaced with the element.
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3. p is reduced by removing one of its conditions, e.g. a generalization of
customer(A, _, _,_,_,_) A purchase(B,A, C,{1,2},_) is customer
A, 0.

Furthermore, the condition from steps 5 and 6 that a pattern has to be frequent
may be omitted in the bottom-up case. The condition is satisfied according to the
following property: Any generalization of a frequent pattern is frequent.

The approach is illustrated by the following example.

Example 4.1 Given information system ISp from Example 2.2. We examine the top-
down case and the following settings n = 1,k = 1, minfreq = 0.3. We use the
following constraints during the construction of patterns:

1. mode(customer(+type(customer.id), _, _, _, _, +type(class))),

2. mode(customer(+type(customer.id), _, _, _, _, #[yes, no))),

3. mode(1, purchase(+type(purchase.id), +type(cust_id), —type(prod_id),
—type(amount), _)),>

4. mode(1, purchase(+type(purchase.id), +type(cust_id), —type(prod_id),
#(1,2,3], ),

5. When a pattern is being specialized, its variable can be replaced with exactly one
value (i.e. a set of values is not allowed).

Suppose that 0, = customer(2, Tina Jackson, 33, female, 2500, yes) is a randomly

chosen seed object. We have rlt' (o) = {purchase(3,2,1,1,25/06),
purchase(4, 2,3, 1,26/06)}. According to the above constraints we obtain the fol-
lowing generalizations 02, = customer(A, _, _, _, _, B), rlt;m(OZ) = {purchase
(C,A,D,E, )}.

Let ¢y = customer(A,_,_,_,_,B),co = (customer(A, _,_,_,_,yes),c3 =
customer(A, _, _, _,_,no),p1 = purchase(C,A,D,E,_),p, = purchase

(C,A,D, 1,_)}), p3s = purchase(C,A, D, 2, ), ps = purchase(C,A, D, 3, ).

The case m = 0. We have the initial pattern (02,4, rltgen(oz)) = (c1, ¥) with fre-
quency 1, hence FP = {(o,,, rltgm (02))}.

The specifications of the pattern are the following (frequency given after the colon):
(c2,9) :5/7, (¢c3,9) : 2/7.

Since only the frequency of the first new pattern is higher than minfreq, we obtain
FP = {(c1,9), (c2, D)}

The case m = 1. Based on the patterns from FP we obtain the following patterns of
level I: (c1. {p1}) : 5/7, (c2. {p1}) - 4/

Specializations of these patterns are:

(e, {p2h) = 4/7, (2, {p2}) = 3/7, (1, {psh) = 1/7, (2, {p3h) = 1/7, (cr, {pa}) :
2/7, (c2. {pa}) : 2/7.

2 An argument preceded by symbol “+” (“=*) has to be replaced with an input (output) variable. The
first argument of function mode (i.e. value 1) means that the relation purchase can be used in the
construction of a pattern at most once.


http://dx.doi.org/10.1007/978-3-319-52751-2_2

4.2 Association Discovery 33

Since m = n, the set of frequent patterns to be returned is of the following form
FP = {(c1,9), (c2,¥), (c1, {p1}), (c2, {p1}), (c1, {p2}), (2, {p2 D)}

One can observe that the first and third patterns of set FP are directly obtained
from the information granules, i.e. the generalizations of object o, (levels 0 and 1,
respectively), whereas the remaining patterns are constructed based on the granules.

4.3 Classification Rule Mining

The following framework for generating relational classification rules is introduced.
In this approach the rules can be generated by applying a top-down or bottom-up
method.

The general framework for classification rule mining is analogous to that from
Sect.4.2.

1. For each target object compute its related set.
2. Generalize the related sets.
3. Compute classification rules based on the frequent patterns.

A more detailed solution is given below.
Given:

e ISp = (Up, Ap)—the information system of database D;
e n—the depth level of related sets;

Find:
e RS—a set of classification rules;
Steps:

RS :=0;

For each target object o of ISp compute rlt" (0);

Choose one object from the target objects;

Based on the chosen object, generate an initial rule, i.e. a granule of the form

7 = (Ogens rlt?en (0)), where

b S

a. The top-down case: m := 0;
b. The bottom-up case: m := n;

5. Refine the initial rule r:

a. Compute a set of candidate rules:
i. The top-down case: RS := {r} U special(r, m); Nextm := m + 1;
ii. The bottom-up case: RS" := {r} U general(r, m); Nextm := m — 1,
b. r := best_candidate(RS');
c. Repeat step 5 until stop_criterion(r);
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6. RS :=RS U {r};
7. Repeat steps 3—6 until stop_criterion(RS);

Selected steps of the above framework will be studied.
Re 3. The way of choosing target objects is defined by the algorithm to be used. One
can observe that in the top-down case the choice of a target object is not important
because the generalization of each target object of a given class is the same.
Re 4. The way target objects and their related sets are generalized in the top-down
case may vary from that in the bottom-up case.
Re 4a, b.
The top-down case: An initial rule is to be the most general one, hence m = 0.
The bottom-up case: An initial rule is to be the most specific one, hence m = n.
Re 5a. The function special(r, m) (general(r, m)) returns a set of allowed special-
izations (generalizations) of a rule r at a level m.? The function works analogously
to that for specializing (generalizing) frequent patterns.
Re 5b. The function best_candidate(S) returns a rule from S that has the highest
quality based on a given quality measure.
Re 5c. The stop criterion is defined by a given technique or algorithm for generating
classification rules. For step 7 it is done analogously.

Rule generation is illustrated by the following example.

Example 4.2 'We are given information system ISy from Example 2.2. We examine
the top-down case and n = 1. We evaluate a rule based on its accuracy and use the
following constraints during the construction of the rule:

1. mode(customer(+type(customer.id), _, _, _, _, #[ves, nol),

2. mode(1, purchase(+type(purchase.id), +type(cust_id), —type(prod_id),
—type(amount), _))),

3. mode(1, purchase(+type(purchase.id), +type(cust_id), —type(prod_id),
#(1,2,3], ),

We have RS := ¢,

Suppose that 0, = customer (2, Tina Jackson, 33, female, 2500, yes) is a chosen
object. We have rt'(0y) = {purchase(3, 2, 1, 1,25/06), purchase(4, 2, 3, 1,
26/06)}. According to the above constraints, we get the following generalizations

02,,, = customer(A, _, _, _, _, B), rltg'e,,(oz) = {purchase(C,A, D, E, _)}.
Let ¢ = -customer(A,_,_,_,_,ves),p1 = purchase(B,A,C,E,_),p» =
purchase(B,A,C, 1, _),ps = purchase(B,A,C,2,_),ps = purchase(B,A,

C,3,.),ps = purchase(B,A, C,{1,2},_),ps = purchase(B,A,C,{1,3},_),
p7 = purchase(B, A, C, {2, 3}, _).

The case m = 0. We have the initial rule r = (0y,,,, rlty,,(02)) = (c1, ¥)* with
accuracy 5/7.

3 Allowed specializations or generalizations of a given rule are understood as those rules that can
be formed according to given constraints.

4The granule  (customer(A, _, _, _, _,yes),¥)) can be transformed into the rule
customer(A, _, _, _, _, 1) <= 1, where the rule premise is satisfied by any object.
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Since the set of specifications of r is empty under the given constraints, then r is the
best candidate.

The case m = 1. Based on r we obtain the following rule of level 1: r := (¢, p1).
We have the following specialization of r at level 1 (accuracy given after the colon):
(e, {p2)) = 3/4, (cr.{p3) = 1/1, (cr, {pa}) = 2/2, (cr, {ps}) : 3/4, (c1, {pe}) :
4/5, (1, {p7}) : 3/3.

We have three rules with the maximal accuracy, then the rule with the highest cov-
erage is taken, i.e. r := (customer(A, _, _, _, _, 1), {purchase(A, C, {2, 3}, _)}).
Since m = n, then RS := RS U {r}.

4.4 The Approach’s Complexity

This subsection provides an analysis of the framework’s time complexity. Operations
such as granule formation and pattern generation (association and classification rules)
are studied.

Letn = |Up,| and m = |Up,|.

1. The cost of the formation of granules (o, rlt(0)) for all 0 € Dy is
T(n,m) = nm' < nm = O(nm),
where m’ is the number of all objects from the database’s tables to be scanned. In

a pessimistic case, we have m’ = m.
2. The cost of the generalization of all granules (o, rlt(0)) € U is

T,m) =|Ul > > 1=n(rlt)| + HC < n(m+ 1)C = O(nm),
o' €{o}Urlt(o) acattr(o’)
where C = > 1is the cost of the generalization of an object o’.> C does not
acattr(o’)

depend on the data size.

Relational data is represented by a class of granules of the form (0g4en, Fltgen(0)).
One can observe that the size of this representation only depends on the size of
Up,. Namely, we assume that a given database is representative, i.e. (almost) all
relationships occur in the database. Therefore, adding new background objects does
not affect (or hardly affects) the form of the generalized related sets. Hence, we can
ignore the size of rlt,.,(0) when analyzing the complexity of the approach.

1. Construct a pattern (without checking the pattern’s satisfaction).
Let o be a target object based on which a pattern is constructed. To generate a
pattern we need to scan objects from rlt,,,(0) to check which of them should be
taken as the pattern’s conditions. We assume that the cost of scanning a set is

Sattr(o) is the collection of all components of an object o.
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equal to its cardinality.
The cost of pattern generation is

T()= D 1=rltg(0)] < C=0(),

o' €rltgen (0)

where C = max{|rlty,(0)| : 0 € Up,}.
2. Compute special(r, i) or general(r, i) for all conditions of a pattern

a. Find all generalizations of a pattern.

i.

ii.

Replacing values with variables.

To generalize a pattern we need to replace a set of values (in particular
a singleton) that occur in the pattern’s condition with a variable. We
assume that the cost of the replacement of a set of values is 1.

Let PS be the set of all patterns, p the pattern to be generated, cond (p) the
set of all conditions of p, and comp(c) the set of components (constants,
a set of constants or variables) of a pattern condition ¢ to be modified,
i.e. generalized or specialized. The cost of the generalization of a pattern
is

Tm= 2, D, 1=lcondp)licomp(c)] = CiCy=0(D),

cecond(p) lecomp(c)

where C; = max{|cond(p)| : p € PS}, Co = max{|comp(c)| : ¢ €
cond(p), p € PS}. Values C; and C; are small and do not depend on the
data size.

Removing conditions.

To generalize a pattern we need to scan all of the pattern’s conditions
in order to remove one of them. We assume that the cost of the removal
of a condition is 1.

Let p be a pattern to be specialized. The cost of the generalization of a
pattern is

Tmy= D 1=lcond(p)| =C=0(0),

cecond(p)

where C = max{|cond(p)| : p € PS} is small and does not depend on
the data size.

b. Find all specializations of a pattern.

i.

Replacing variable with set values.

To specialize a pattern we need to replace its condition variable with a
list of values. We assume that the cost of the replacement of a variable
is 1.

Let val(V) be the values set of a variable V, and Sy the family of sets of
values taken into account during the replacement of a variable V. The
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cost of the specialization of a pattern is

T(n) = Z z Z] < Z Z QeI _ 9y —

cecond(p) Vecomp(c) leSy cecond(p) Vecomp(c)
|cond (p)[|comp(e)| 2"V = 2) < €1C,2% —2) = O(D),

where C; = max{|cond(p)| : p € PS}, C; = max{|comp(c)| : ¢ €
cond(p), p € PS}, C3 = max{|val(V)| : V € var(c), c € cond(p),p €
PS}. In a pessimistic case, we have Sy = P(val(V)) \ {0, val(V)}.% ¢,
and C, are small and do not depend on the data size, and neither does
C5 since we assume that the data is discretized.

ii. Adding conditions.
To specialize a pattern we need to choose a new condition. We assume
that the cost of the choice of a condition is 1.
Let cond;(p) be the set of all conditions to be generated for a pattern p
at a given level i. The cost of the specialization of a pattern is

Ty = D 1=lcondi(p)l < C=0(1),

cecond;(p)

where C = max{|cond;(p)| : p € PS} is small and does not depend on
the data size.

3. Check if the target objects satisfy a pattern.

If a pattern is only constructed by adding or removing conditions, it is enough
to scan rltg.,(0) to check if o satisfies the pattern. If any condition of a pattern
is generalized or specialized, we need to additionally scan rlt(0) to check if o
satisfies the condition. However, we assume that background objects from rlt(0)
are associated with the corresponding objects from rlt,,, (0). Thanks to this, there
is no need to scan the whole rlt(0). Hence, we can ignore the cost of finding a
background object to satisfy a given condition and we assume that the cost of the
verification of a condition is 1.

Let O C Up, be a set of objects for which a pattern is to be checked, and mod (c)
the set of all conditions derived from a condition ¢ by applying the special or
general function. The cost of checking the pattern satisfaction is

W=y ¥ ¥ ¥ 1=

0€0 0'€rltye, (0) cecond(p) ¢’ emod(c)

lo € Ollrltgen(0)|{c € cond(p)}|lmod(c)| < nCiC,C3 = O(n),

6P(X) is the power set of X.
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where C| = max{|ritge,(0)| : 0 € Up,}, Co = |cond(p)|, C3 = max{|mod(c)| :
¢ € cond(p)}. When the whole pattern is only constructed by adding or removing
conditions, then Cz = 1.

The operations from points 1-3 are independent, thus the complexity of the gen-
eration of a pattern is O(1) + O(1) + O(n) = O(n). We assumed that the database is
representative, hence we obtain that the number of patterns does not depend on the
data size. Thus, the complexity of the generation of a pattern set PS is

|PS|O(n) = O(n),

where FP), = special(p, m) or FP, = general(p, m).
Based on the above analysis one can immediately show the pattern generation
approach’s scalability with respect to the data size.

Definition 4.1 (Algorithm’s scalability) An algorithm is scalable with respect to
data size n if it has a linear time complexity.

Proposition 4.1 An algorithm for pattern generation based on the framework is
scalable.

4.5 Conclusions

This chapter has introduced specialized frameworks indented for association discov-
ery and classification rules mining from relational data. They both are based on the
general framework for mining relational data. The structure for storing relational data
in this framework is an information system that is constructed by adapting the notion
of standard information system. Information granules derived from the information
system are used to construct relational patterns such as frequent patterns, associa-
tion rules, and classification rules. The frameworks enable to define new algorithms
as well as redefine existing ones for generating relational patterns. A granular rep-
resentation of relational data can be a platform for not only different rule mining
algorithms but also for different tasks, e.g. association discovery and classification
rules mining.



Chapter 5
Rough-Granular Computing

5.1 Introduction

Rough set theory [71] as a useful tool to deal with imprecise data is often considered
as one of basic techniques of granular computing [9, 72]. In this view, granules are
formed by means of rough inclusions as classes of objects close to a specified center
of the granule to a given degree. Formally, they resemble neighborhoods formed with
respect to a certain metric.

In recent years, one can observe a trend in data mining towards the application of
granular computing based on the rough set approach. This newly emerging approach
is called rough-granular computing [85, 89].

Techniques of granular computing, especially rough sets, have widely been
applied in the field of data mining (see, e.g. [9, 72, 85]). Methods of rough sets
have also found application in mining data stored in multiple tables, i.e. relational
data mining. Namely, it has found application in tasks such as eliminating unimpor-
tant data (see, e.g. [88]); the analysis of invalid, missing, and indistinguishable data
(see, e.g. [60, 66]); reducing data size (see, e.g. [65]); relational classification rules
generation (see, e.g. [65, 67, 90]).

This chapter develops a rough-granular computing framework for mining rela-
tional data [37]. To this end, the tolerance rough set model [82, 88] is adapted. Two
ways for constructing the universe from relational data are introduced: the universe
constructed from granules directly derived from relational data and the one con-
structed from information granules being a generalized representation of relational
data. The framework combines advantages of both granular computing and rough
sets. Due to applying granular computing methods, one can overcome the problems
of relational data representation and the search space limitation. The application of
rough sets makes it possible to deal with uncertainty in relational data.

The remaining of the chapter is organized as follows. Section5.2 provides a
rough-granular computing model developed for single table data. Sections 5.3 and
5.4 introduce approximation spaces for relational granules and generalized relational
granules, respectively. Section 5.5 provides conclusion remarks.

© Springer International Publishing AG 2017 39
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5.2 Rough-Granular Computing for Single Table Data

Rough-granular computing can be viewed as rough set theory interpreted in the
framework of granular computing and applied to discovering knowledge from data-
bases. Elementary granules in this approach are represented by indiscernibility or
similarity classes. Higher level granules, which correspond to rough approximations,
are constructed based on elementary granules that totally (lower approximation) or
partially (upper approximation) belong to the concept under consideration. These
granules are the basis for discovering relevant patterns (e.g. classification rules)
describing the concept.

Depending on the data type and the task to be performed, different rough set
models can be used as the core of rough-granular computing. In this work, the
tolerance rough set model [82, 88] is taken due to its flexibility in tuning parameters.

Definition 5.1 [82] (Approximation space) A parameterized approximation space
ASy ¢ for an information system IS = (U, A) is defined by ASy s = (U, Iy, v5), where

e U is a non-empty set of objects,
e [ : U — P (U) is an uncertainty function,
e 15 : P(U) x P(U) — [0, 1] is a rough inclusion function.

For every object, the uncertainty function defines a set of similarly described objects
(elementary granule). The function can be defined as follows.

Definition 5.2 (cf. [82]) (Uncertainty function) Let IS = (U, A) be an information
system. An uncertainty function /p . is defined by

Ip () = ()M, )

aeB

where x € U,B C A, e = (g, : a € B) is a vector of thresholds such that £, > 0 for
aeB, l,.,x) ={yeU:d,x,y) <eq},andd, : U x U — [0, o0) is a distance
measure.

The rough inclusion function defines the degree of inclusion of a set X in a set
Y, where X, Y C U. Depending on its definition, the rough inclusion function can
satisfy different properties. The following properties will be considered.

. V ACB= (A, B) =1 (),
A,BCU

2.V ws(A,B)=1<ACB(p),
A,BCU

3.V 1(B,C)=1= 15(4,B) <vs5(4,C) (p3),
A,B,CCU

4. ¥V BCC=w15(A,B) <154, 0 (pa),
A,B,CCU

5. V u(A.B)=0&ANB=0 (ps).

A,BCU
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We call vg rough inclusion function (RIF), quasi-rough inclusion function (q-RIF),
or weak quasi-rough inclusion function (weak q-RIF) if it satisfies properties p, and
p3,p1 and p3, or p; and py, respectively [31]. Property ps is optional (see Sect.9.2.2).

The following rough inclusion functions will be used.

Definition 5.3 [82] (Rough inclusion functions) The rough inclusion v;, (X, Y) of
aset X in a set Y is defined by

0 if0<r<l

Viu (X, Y) = fi (vsrr (X, Y))  where fj , () =} =hif il <t <u,
1 if t>u

card(XNY) .
Tf X#0 is the standard rough inclusion.

O0<l<u<landv X,Y) = card(X)
= Th= ki ( ){ 1 ifX=0

Note that if / = 0 and u = 1, then the rough inclusion v;, is equivalent to the
standard rough inclusion vgg;.
The lower and upper approximations (higher level granules) of a concept are defined
as follows.

Definition 5.4 [82] (Approximations of a subset in ASyg) For an approximation
space ASy s = (U, Iy, vs) and any subset X C U, the lower and the upper approxi-
mations are defined respectively by

LOW (ASys,X) =f{x € U :vs(y (x),X) =1},
UPP (ASys,X) ={x € U : vs (Iy (x) , X) > 0}.

Symbols #, $ denote vectors of parameters which can be tuned in the process of
concept approximation.

Definition 5.5 (cf. [71]) (Rough set) Let ASys = (U, Iy, vs) be an approxima-
tion space. The tolerance rough set of a subset X C U is defined by the pair
(LOW (ASy5, X), UPP(ASy 3, X)).

Example 5.1 Consider the database from Example 2.1. Let ASz o). .0y = (U, Ip,

v;,,) be an approximation space, where U = {o; : 1 < i < 7}, o; correspond to ith

object from table customer, B = {age, income}, € = (€qge, Eincome) = (5, 500), the

distance measure is d(x, y) = |a(x) — a(y)|, [ = 0.33, u = 0.67.

Let X; = {1, 2,4, 5, 6} be the set (i,e. concept) to be approximated.

The table below shows the similarity classes and their rough inclusion degrees in X.
We obtain the following approximations (higher level granules) LOW

(ASB.o).(1.uy> X) = 12,5, 6}, UPP(AS,¢). 1.0y X) =1{1,2,5,6,7}.
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0; € U| Ipc(0)) vu(Ip.(0:), X)
1 .7 05

2 2.6 1

3 3.4,7] | 033

4 B3.4,7) | 033

5 (5.6 1

6 (5.6) 1

7 (1,3.4,7)] 05

5.3 Approximation Space for Relational Granules

This section introduces an approximation space for granules directly derived from
relational data.

Consider a finite database D = T U B, where T = Up, and B = Up, are,
respectively, the sets of target and background relations of D. Let ISp = (Up, Ap)
be an information system of a given database D, where Up = Up, U Up,.

Definition 5.6 (Approximation space AS,, ;) An approximation space AS} ¢ for a
database D = T U B represented by the information system ISp = (Up, Ap) is
defined by AS;,ss = (U', Iy, vs), where

e U' ={(0,rlt'(0)) : 0 € Ur} is a non-empty set of granules,
e Iy : U' — P (U') is an uncertainty function,
e v5: P (U') x P(U") — [0, 1] is a rough inclusion function.

The component of an approximation space that needs to be adapted to operating
on granules is the uncertainty function. It can be constructed based on similarity
measures.

Typical measure can be used for attribute values.

Definition 5.7 (Similarity of values) Let v,V € V, be values of an attribute. The
similarity of values v and v’ is calculated as

) , (v=V) if aisnominal,
simg(v, V') = =/

TtV —min Vil if a is numerical,

where (v = V') returns 1 if v = V' and 0 otherwise.

The first step is to measure the similarity of objects of the same relation.

Definition 5.8 (Similarity of objects) Let 0 and o’ be relational objects constructed
over a relation R. The similarity of objects o and o’ for attribute subset B C R.A is
computed as follows

MifB;é@,

simp (0, o) = [ o ifB =0
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Since a target object may be joined with more than one object of the same relation,
the measure that operates on sets of objects is introduced.

Definition 5.9 (Similarity of sets) Let Sg and S}, be sets of relational objects con-
structed over a relation R such that [Sg| < |Si|. The similarity of sets Sg and Sy is
computed as follows

max {Z}i"l' simg(P[i], P'[i]) : P € perm(S}e)}
IS

R_simg(Sg. Sy) =

where perm(S) is the set of all permutations of a set S, and P is a certain permutation
of § R-

Due to operating on permutations the measure is suitable for relatively small sets.
The next measure operate on sets including objects of different relations.
Let Z={Bgr:R € SNS,B C RA}where S and S are sets of relational objects.

Definition 5.10 (Similarity of sets of relational objects) The similarity of sets S and
S’ of relational objects is computed as follows

2 Rerel(s)rel(s’) R_simp, (Sg, Sg)

S_simg(S,S) = [rel(S) U rel(S")|

Finally, one can define a measure operating on granules.

Definition 5.11 (Similarity of granules) Let g = (o0, rlt(0)) and g’ = (0, rit(0))
be granules such that o0, o' € Up,. The similarity of granules g and g’ is computed
as follows

g_simg(g, g) = S_simg({o} Urlt(o), {0’} Urlt(0)).

The above measure does not take depth levels into account. They are essential if the
same relation can be found at different levels. This situation takes place when related
sets are constructed in a recursive way. The measure defined below treats each level
separately.

Let g; be the granule g = (o, rlt'(0)) limited to depth level j < i. For j = 0 we
assume that go = o. Let also %; be % limited to depth level j < i.

Definition 5.12 (Similarity of granules w.r.t. depth levels) Let g = (o, rlt'(0)) and
g = (0, rlt'(0)) be granules such that 0, o’ € Up,. The similarity of granules g and
g’ with respect to depth levels is computed as follows

o SiaSsing (4.8
g'_simz(g,g) = i1 .
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Example 5.2 Consider the following granules constructed based on the database
from Example 2.1: g; = (o, rlt3(01)) = (ci, {m1, p1, p2, ¢5, P71, P5)), 82 = (04,
rit* (04)) = (cs, {, ma., ps., pe, c6, Ps, P, P7}).!

Let # = {B¢,Bu,B,, By} where B, = {age,income},B,, = ¢ (relation
married_to does not include descriptive attributes), B, = {prod_id, amount} and

B, = {name}.
R_simp.+R_simp,, +R_ximgp +R_Sime,

We obtain  g_simaz(g1, g2) = 3 =
0.64+ 1402540 _
A 0.47.

Taking the depth levels into account, we obtain g'_sim (g1, go)==msalcil-icih)

1
n S_simqp,gy) ({m1,p1.p2} Am3,ps pe N +S_simie gy (es.py 3} co.0y P D +S_simyg,) (D, {p7))

: =
0.6+0.69+0.34+0 __
ST = 041,

Having a similarity measure that operates on granules, one can define the uncer-
tainty function.
Definition 5.13 (Uncertainty function in AS; ¢) The uncertainty function I - in an
approximation space ASL ¢ is defined as follows

Ig..(g) = {g’ el : g_simg (g, g/) > g} ,

where € € (0, 1] is a similarity threshold.

In the above definition, g_simg can be replaced with g'_simg to take into account
depth levels. The similarity can also be verified at each depth level separately as it is
done in the following function.

Definition 5.14 (Uncertainty function operating on depth levels in AS;’SB) Lete =
{gj:j=1,...,i}, where ¢; € (0, 1] is a similarity threshold for depth level j. The
uncertainty function / f@ . in an approximation space AS;%$ that operates on depth
levels is defined as follows.

i
e =15
j=0

Example 5.3 Consider the following approximation spaces for the database (with-
out relation married_to) from Example 2.1: AS?BO’EO)’(LL,) = (U° I, -y, v1.) and
AS(IK@,)’(LM) = (U 1., v,), where | = 0.33,u = 0.67,By = {age, income},
g0 = 0.6, B = {By, B1}, = {eo, €1}, Bi = {prod_id, amount}, e, = 0.25.2
Universe U' consists of the following granules g; = (cy), {p1,p2}), &2 = (c2),
{P3,g4}), 83 = (c3), {ps}), g4 = (ca), {ps. pe}): 85 = (cs,Y), g6 = (cs, {P7}). &7 =
(c7,9).

1Symbols ci, mj, pi, p; denote the i-th object of tables customer, married_to, purchase,
product, respectively.

2Here, attribute prod_id is treated as nominal.
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Let X; = {1,2,4,5, 6} be the set to be approximated.
The table below shows the similarity classes and their rough inclusion degrees
in X.

g € U°[ Ip, - (g) Vi upyeg (). X)| g€ U In-(9) | viulam,-(8),X)
1 {1,3,4} 0.67 1 {1,3,4) | 0.67

2 (2,3,4,5,6,7} 0.67 2 2,3,4 | 0.67

3 {1,2,3,4,7} 0.6 3 {1,2,3,4}| 0.75

4 (1,2,3,4,7} | 0.6 4 {1,2,3,4}] 0.75

5 2,5,6) 1 5 {5} 1

6 {2,5, 6} 1 6 {6} 1

7 2,3,4,7) 0.5 7 {7} 0

We obtain the following approximations LOW(AS?BO!EO),(W),X) = {1,2,5,6},
UPP(ASY .auw X)) = USLOWWASy 0. X) = {1,2,3,4,5,6},
UPP(AS(':%,)’(LV),X) ={1,2,3,4,5,6}.

5.4 Approximation Space for Generalized Relational
Granules

This section introduces an approximation space for information granules being a
generalized representation of relational data.

The universe defined as in the previous subsection makes it possible to apply
a wide range of uncertainty functions. Furthermore, the size of granules from the
universe can be adjusted by changing the depth level.

In order to additionally limit the size of the universe, granules are constructed
based on generalized descriptions of target objects. To obtain a general (i.e. abstract)
description of a target object itself and its related set, they both are generalized.

Definition 5.15 (Approximation space genASL,$) An approximation space
genASj;’s; for a database D = T U B represented by the information system
ISp = (Up, Ap) is defined by genAS?f,h$ = (U.,,. Iy, vs), where

gen’®

o Uk, = {(0gen, 1t} (0)) : 0 € Ur} is a non-empty set of granules,

° I# . [/i

ton = P (UL,,) is an uncertainty function,

gen

e vs:P (UL, ) xP(Ul,) — [0,1] is a rough inclusion function.

gen gen

To compute the similarity of generalized objects of the same relation, the measures
from Definitions 5.7 and 5.8 can be used. Attributes that are replaced in a generalized
object with variables are treated as nominal.

The mentioned measures can be used if a syntactic comparison of generalized
objects in sufficient. Otherwise the following measure can be applied.
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Definition 5.16 (Semantic similarity of objects) Let 04, and ogen be relational

ob]ects constructed over the same relation. The semantic similarity of objects 0.,
and 0}, for attribute subset B is computed as follows

. 1 if 3,0pen0 =0, N0, 0V = 0pen:
Simy(Ogens 0y,,) = [O otherwise oCgen gen 7 Tgen gen
Example 54 Let § = rit) (04) = {purchase(B, A, C, 1, _), purchase

gen
(B',A,C',3, )}and &' = rltgm(%) = {purchase(B, A, C, 3, _)}, where o4 and og
correspond to customers 4 and 5 from Example 2.1, respectively (relation married_to
not taken). Let By = {purchase.id, cust_id, prod_id, amount}.

We obtain simg, (purchase(B, A, C, 1, _), purchase(B, A, C,3,_)) = 0.75 and

simp, (purchase(B', A, C', 3, ), purchase(B, A, C, 3, )) = 0.5, hence
R _simp(S,S’) = 0.38. Using measure simgo we obtain sim},o(purchase
(B',A, C',3,_),purchase(B,A,C,3,_)) = 1 (¢ = {B'/B,C'/C}), hence

R_simy (S,8') = 0.5.

Definition 5.17 (Extended semantic similarity of objects) Let 04, and oim be rela-
tional objects constructed over the same relation. The extended semantic similarity
of objects 0,,, and o;,en for attribute subset B is computed as follows

: -1 .

1 if 350gen0 = ogen A ogen = Ogen;
. 4 / s .
simp(0gen, ogen) =105 if 350gen0 = 0 Y 0 = Ogen;

0 otherwise.

Example 5.5 For illustrative purposes, consider a relation filmmakers(scenarist,

director, producer) and its three relational objects 0 = filmmakers(1,2,3),0" =

filmmakers(2,2,3), 0" = filmmakers(4, 5, 5). Let the generalized objects be the fol-

lowing Ogen = filmmakers(A, B, C), ogm = filmmakers(A, A, B),
Ogen = ﬁlmmakers(A B, B). Let By = filmmakers.A.

Using measure ssz we obtain that the similarities of any pair of the objects is 0.

For measure sin, , we have ssz (0gen; gen) = 0.5 (0 = {B/A, C/B}, 04en0 =0,

gen
and Ogen 7& Ogen) sszo(Ogen, Ogen) 0.5 (o’ = {C/B}, OgenO' = Ogen and
1
O:g'/en o'” 75 Ogen) and Slm (085’”’ gen) =0.

If during generalization only variables introduced at higher levels are taken into
account, then one may obtain a generalized related set with repetitions.

Definition 5.18 (Generalized related set with repetitions) A generalized related set
with repetitions is defined as follows rritg.,(0) = {(01, 1), ..., (04, Ip) : Fltgen(0) =
{o1, ..., 0u}, n < |rltgen(0)|} where [; is the number of repetitions of object o;.

min{v,v'}

Let minmax(v, V') = (o 7]

Where v and V' are positive numbers.

Definition 5.19 (Similarity of objects with repetitions) The similarity of objects with
repetitions (o, [) and (¢/, I) is computed as follows
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sim((o, ), (0, 1)) = minmax(l, l')sim(o, 0'),

where sim(o, 0') is any similarity measure operating on o and o'.

During generalization a value that occurs in a object can be replaced with a set of
values. To handle such sets the following measures are introduced.

Definition 5.20 (Similarity of sets) Let V and V' be subsets of V, where a is an
attribute. The similarity of sets V and V' is computed as follows

vav’|
sim(V, V') = ' [Vov| o :
minmax(avgV,avgV’) if a is numerical,

if ais nominal;

where avgV is the average of values from V.3

To take into account the similarity of sets in terms of size, the following measure
is used.

Definition 5.21 (Similarity of sets w.r.t. set size) Let V and V' be subsets of V,
where a is an attribute. The similarity of sets V and V'’ with respect to the set size is
computed as follows

sim'(V, V') = (sim(V, V") 4+ minmax(|V|, |V’|)) /2.

Example 5.6 Let rrltglen(oz) = {(purchase(B,A,C,1,_),2)} and rrit! (03) =

gen
{(purchase(B, A, C, 1, _), 1)}, where 0, and 05 correspond to customers 2 and 3 from
Example 2.1, respectively. Let By =  {purchase.id, cust_id, prod_id,
amount}.

We obtain simg, ((purchase(B, A, C, 1, ), 2), (purchase(B, A, C, 1, _),
1)) = 1/2. Consider also different generalizations rlt§en(02) = {purchase(B, A, _,
{1,3},_))} and rlt;,en(03) = {purchase(B, A, _, 4, _))}. Let By = {prod_id}. Using
the measure from Definition5.20 we obtain simp,(purchase(B, A, C,
{1, 3}, ), purchase(B, A, C, 4, _)) = sim({1, 3}, {4}) = 0. For the measure from
Definition5.21 we have simg,(purchase(B, A, C, {1, 3}, _), purchase(B, A, C,
4, ) = sim’({1, 3}, {4}) = 0.25. Customer 2 bought two products, whereas cus-
tomer 3—one. It means that their purchases in terms of size are similar to degree
0.5.

Example 5.7 Consider the following approximation spaces for the database (with-
out relation married_to) from Example 2.1: AS?BU,U),(l,u) = (Ug Ip, ., V1,4) and

AS(I%,),(LM) = (U;en,lgg,g, Vi), where [ = 0.33,u = 0.67, By = {age, income},
o = 0.6, Z = {By, B1}, = {0, €1}, B1 = {prod_id, amount}, e, = 0.25.

3The measure can be used for sets of positive numbers only.
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Let attributes age and income be generalized as follows age; = {25-30}, age, =
{30-35}, ages = {36-40}, inc; = {1500-2000}, inc, = {2500-3000}. Let relation
purchase be generalized using the aggregation approach with respect to attribute
prod_id. Universe U glen consists of the following elements:

g1 = (customer(A, _, ages, _, incy, yes), purchase(B, A, _, {1, 3}, _)),
g» = (customer(A, _, ages, _, incy, yes), purchase(B, A, _, {1, 3}, _)),
g3 = (customer(A, _, ages, _, incy, no), purchase(B, A, _, 4, _)),

g4 = (customer(A, _, age,, _, incy, yes), purchase(B, A, _, {2, 6}, )),
gs = (customer(A, _, agey, _, incy, yes), ?),

g6 = (customer(A, _, agey, _, incy, yes), purchase(B, A, _, 5, _)),

g7 = (customer(A, _, age,, _, incy, no), ¥).

Let X; = {1,2,4,5, 6} be the set to be approximated.
The table below shows the similarity classes and their rough inclusion degrees
in X.

g€ U Ipc(2) ViuUBy.co ), X)| g € U'| 1(2) viu(.(2), X)

1 (1,3,4,6,7) 0.6 1 (1,3, 4) 0.67

2 2,3,4,5,6) 0.8 2 2.3.4,6) | 0.75

3 {1,2,3,4,6,7} 0.67 3 {1,2,3,4,6} 0.8

] (1,2,3,4,6,7) | 0.67 ] (1,2,3,4,6]] 0.8

5 2,5, 6] I 5 5 I

6 (1,2,3,4,5,6,7)] 0.71 6 (1,2,3,4,6]] 0.8

7 (1,3,4,6,7) 0.6 7 G 0
We obtain thg, following approxirglations LOIW(AS?BO,EO).(l,u)’X) = {2,3,4,
5, 6}, UPP(AS(BU,%),(M),X) = U ,LOW(AS(%)’(,’M),X) = {1,2,3,4,5,6},

UPP(AS! 5, 1.0 X) =1{1,2,3,4,5,6).

5.5 Conclusions

This chapter has introduced a rough-granular computing framework for mining rela-
tional data. Two ways for constructing the universe based on relational data have been
defined: the universe constructed from granules directly derived from relational data
and the one constructed from information granules being a generalized representation
of relational data.

The rough-granular computing framework enables to describe in an approximate
way concepts derived from relational data. The framework can also be used as a tool in
the process of discovering patterns from relational data. Namely, it can be embedded
in the classification rules mining framework (Chap.4) to improve classification of
uncertain relational data.
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Chapter 6
Compound Information Systems

6.1 Introduction

The goal of this chapter is to provide a general framework for analyzing and process-
ing relational data in a granular computing environment [41]. This work can be
treated as an extension of a granular computing based framework intended to handle
propositional data, i.e. data stored in a single table [83]. Two information systems
for storing relational data are introduced. They both combine universes of informa-
tion systems (each corresponding to one database table) into one universe. The first
system, called compound information system, allows all combinations of objects
from the particular universes, whereas the second one, called constrained compound
information system, reflects relationships that exist in the database. The chapter also
extends an attribute-value language to express relationships among objects as well
as a language for granule description to express information granules derived from
relational data, called relational information granules.

Relational information granules are the basis for constructing patterns to be dis-
covered from relational data. Thanks to this approach, the patterns can be formed
over a simpler language (i.e. an extended attribute-value language) compared with a
relational one, but they are able to preserve expressiveness of their relational coun-
terparts.

The remaining of the chapter is organized as follows. Section6.2 introduces
relational information granules. Sections 6.3 and 6.4 develop a compound informa-
tion system and constrained compound information system, respectively. Section 6.5
investigates the consistency and completeness of the approach. Section 6.6 provides
concluding remarks.
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6.2 Information Granules

This section introduces a granular computing based framework which is constructed
based on definitions from [83].

In the traditional database theory, attribute values are the primitives for data min-
ing. In granular computing theory, in turn, the primitives are defined by granules of
entities. Data can be transformed into granules by applying a partition or covering
of the universe. In the former case, granules are defined by equivalence classes, and
in the latter case—by similarity classes.

This chapter uses a framework in which granules are constructed by applying a
partition of the universe.! More precisely, each attribute value forms one granule
consisting of objects that share the value.

An information granule is represented by an expression of the form (name,
content), where name is the granule identifier and content is a set of objects identified
by name [89]. To construct granules, logical formulas over some language are used,
i.e. granule description language. Namely, granules are defined by formulas which
are used to express the properties of the objects from the granules.

It is assumed that an information system IS = (U, A) is given along with the
following:

e a set of formulas @ over some language.
e a function SEM : & — P(U).

Definition 6.1 (Syntax and semantics of L;s) The syntax and semantics of the lan-
guage Ljg are defined recursively by’

1. aeA,veV,= (a,v) € Lis (an atomic formula) and SEMs(a,v) = {x € U :
a(x) = vy,

2. @ € Lig = —«a € Lig and SEMs(—a) = U\SEMls(Ot);

3. aj,ap € Ligs = o1 Aap € Lig and SEMg(a; A ay) = SEMig(ay) N SEMg(as);

4. aj,ar € Ligs = a1 Vo, € Lig and SEMs(a; V o) = SEMs(o1) U SEM (o).

Definition 6.2 (Granule of IS) Given an information system IS = (U, A). A granule
of IS is defined by
(name, content) = (o, SEMs(a)), where o € Lys.

Remark 6.1 Given an information system IS = (U, A). A partition of U over an
attribute a € A is defined by a set of elementary granules G, = {SEMs(a,v) : v €
Val.

I'The approach introduced in this chapter can also be applied with no changes to a framework that
uses a covering of the universe to form granules.

2In this approach the equality relation in the construction of conditions is used. The approach can
easily be extended to a case where the conditions are also constructed by applying equality relations
and a membership relation.

3The notation SEM;s((a, v)) is simplified by writing SEMs(a, v).
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Example 6.1 The information system from Example 2.2 can be transformed into the

following granular counterpart*:

U\A|Name Age Gender Income Class
1 [AS, {1 | 36,{1}) | (m,{1,6,7}) (1500, {1} |, {1,2,4,5,6})
2 | (TJ,{2) |33, {2, 7D |(f, {2,3,4,5})| (2500, {2,5}) |(v,{1,2,4,5,6})
3 [ (AT, {3}) | (30, {3,4})|(f, {2,3,4,5}|(1800, {3,4,7} (n, {3,7})
4 [ (SC, {4}) |30, {3,4]) |(f, {2, 3,4,5} | (1800, {3,4,7) | (v, {1,2,4,5,6})
5 | (ES, {5} | 26,{5}) |(f,{2,3,4,5}| (2500, {2,5}) |(v,{1,2,4,5,6})
6 |(JC,{6})| (29,{6}) | (m, {1,6,7}) (3000, {6}) |(v,{1,2,4,5,6})
7 |MT,{7H|(33,{2,7})| (m, {1,6,7}) |(1800, {3,4,7}) (n, {3,7})

Conjunctions of atomic formulas (i.e. elementary granules) are used to construct
information granules.

Definition 6.3 (Refinement of a set of elementary granules) Given an information
system IS = (U, A). Let G,, G, be sets of elementary granules, where a, b € A.
G, is a refinement of G, if every elementary granule in G, is contained in some
elementary granule in G,. In this case we can say that G, is finer than G, or Gy, is
coarser than G,.

Sets of elementary granules introduced by more than one attribute are defined recur-
sively:
If G, and G, are sets of elementary granules, then sois G,, ={gNg #V:g €
Guv 8 e Gb}

It is easy to observe that G, is finer than G, and G,. A finer set, in general,
includes a higher number of smaller granules. Therefore, it can be viewed as a finer
level of granularity of the universe compared with a coarser set.

6.3 Compound Information Systems

This section introduces a compound information system for deriving information
granules from relational data.

A compound information system is constructed based on information systems
corresponding to database tables. Firstly, two general definitions of the syntax and
semantics of the language are introduced.

Let L be a language such that the syntax and semantics of an atomic formula
a € L and its negation —« € L are defined.

4Symbolic values are abbreviated to their first letters. Granules in the table are presented in
a simplified form, e.g. the granule (30, {3, 4}) from column age corresponds to the granule
((age, 30, {3,4}).
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SEM (o) ----- ) \/ﬁvj\\ SEM (o)

SEM (o Aoy) -~ / - SEM (o Va,)
s \ |

Fig. 6.1 Expansion of language L by the conjunction and disjunction of atomic formulas

Definition 6.4 (Syntax and semantics of L) The syntax and semantics of the lan-
guage L are defined recursively by those of « € L and —« € L, and by

l. aj,ap € L= a; Aoy € Land SEM (o1 A ap) = SEM (o)) NSEM (a2);
2. aj,ap € L= oa; Vay € Land SEM (o V ap) = SEM (a;) U SEM ().

In Fig.6.1 for any atomic formulas, language L is expanded by the conjunction
and disjunction of the formulas (black arrows labeled with A and V). The semantics
of new formulas is constructed based on that of the atomic formulas (white arrows).

LetnowL =L; U---U Ly (k > 1)be alanguage such thatforeach L; (1 < i < k)
the syntax and semantics are defined.

Definition 6.5 (Syntax and semantics of L) The syntax and semantics of the lan-
guage L are defined recursively by those of each L; and by the following

1. e € Li = a € L and SEM(a) = SEM;(cx).?

2. « € L= —a € L and SEM (—a) = SEM;(—«), where @ € L;;

3. aj,ap € L= a1 Aap € L and SEM (o) A o) = SEM (o) N SEM (),
4. aj,ap € L= o1 Vay € Land SEM(a; V o) = SEM (o) U SEM (o).

In Fig. 6.2 for any defined language L; its every formula « is added to language L
(black unlabeled arrows). Language L is expanded by the negation of every previously
added formula (the arrow labeled with —). The negated formulas are de facto taken
from L;. The semantics of added formulas are unchanged (white arrows). Defining
the conjunction and disjunction of formulas, we proceed analogously to Fig.6.1.

The notion of information system will be slightly redefined.

Definition 6.6 (Information system for database table) An information system for
a database table with the schema R;(id, ai, ..., a,) is a pair IS; = (U;, A;), where
U,’ = {x X € Ri} andAi = {ld, ap,az, ... ,am}."

SSEM,; is the semantics of L;.
6The index (i.e. the relation identifier) is omitted if this does not lead to a confusion.
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L | o -0 | I
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Fig. 6.2 Expansion of language L by the formulas of language L;

For any database table two types of attributes are distinguished:

1. descriptive attribute—any attribute that can be used to construct a descriptor in
a standard attribute-value language;

2. key attribute—any primary/foreign key attribute and any descriptive attribute by
which one table can be joined with another table or with itself.

Let1S = (U, A) be an information system of a database table, where A = Ay U Aoy
and A (Akey) is a set of descriptive (key) attributes.

Definition 6.7 (Aromic formula in L;s) An atomic formula in L;s is an expression
of either the form

e (a,v), where a € Ay and v € V, (first form) or
o (a,a),where a,a € Ag, (second form).”

Let Lis = Lys,,, Y Lys,,,, where Lyg,, (Lys,, ) consists of formulas of the first (sec-
ond) form. It is needed to define the syntax and semantics of atomic formulas and
their negations of Lys,,, and Lys,,,, and then apply Definition 6.4 to Lys,,, and Lys,, , and
Definition 6.5 to Lys.

Definition 6.8 (Syntax and semantics of Ljs = Lis,,, U Lyg,,, ) The syntax and seman-
tics of the language L;s are defined recursively by the following, by Definition 6.4
(applied to Lys,,, and Lys,, ) and by Definition 6.5 (applied to Lys)

a € Ages, v € Vg = (a,v) € Lig,,, and SEMs,, (a,v) = {x € U : a(x) = v};
a € Lig,, = —a € L, and SEMs,, (—o) = U\SEMjs,, (o),
a,d € Ay = (a,d) € Ls,,, and SEMjs,, (a,d’) = {x € U : a(x) = d'(x)};
o€ LISkL,). = o € LISkey and SEM[S,W), (—a) = U\SEM]SM ().

Ll s

"It is assumed by default that a condition can be constructed based on two key attributes if they are
of the same type.
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Example 6.2 For illustrative purposes the customer table from Example 2.1 is
extended by an attribute balance that is defined as follows balance = {(1, 3550),
(2,40100), (3, 140), (4, 1800), (5, 10860), (6, 3000), (7,0)}. We construct the
information system IS = (U, A), where U ={1,...,7},A = Ages U Agey, Ages =
{age, gender, income, balance, class},and Ay, = {id, income, balance}. We assume
that the customer table can be joined with itself using the attribute income or/and
balance.

For formula « = (income, 1800) € L;5,, we obtain SEMs, (1) = {3,4,7} and
SEMjs,, (—o1) = {1,2, 5, 6}. For formula oy = (income, balnace) € Lis,, we obtain
SEMjs,, () = {4, 6} and SEM;s,, (—or) = {1,2,3,5,7}. ‘

A compound information system and description language corresponding to two
database tables are defined as follows.

Definition 6.9 (Compound information system IS ;) Let IS; = (U;, A;) and IS; =
(Uj, Aj), where i # j, be information systems. A compound information system IS;
is defined by®

IS(,‘J) = X(IS,‘,ISJ‘) = (U, X l]j,Ai UAJ) (61)

Definition 6.10 (Afomic formula in Lys,,) An atomic formula in Lys,,, is an expres-
sion of either the form

e any atomic formula from Lys, or Lys; (first and second form) or
o (a,d’), where a € (Akey, @' € (A))key (third form).°?

Let Ly, = Lis,; Y Lis,,;» where Lyg, , consists of formulas from Ly, and Lys; (i.e.
first and second form formulas) and Ly, consists of formulas of the third form
constructed over 1S; and IS;.

Definition 6.11 (Syntax and semantics of Lys, ;) The syntax and semantics of the
language Ls,, are defined recursively by those of Lys, and Lys;, by the following, by
Definition 6.4 (applied to L;s,,, and Lys,,;), and by Definition 6.5 (applied to Ly ;)

ivj in]

1. x € LIS,» = ac LlSivj and SEMIS,-V, (@) = SEM[Si (@) x Uj;

2. x € L]S/ = o ec LISW/- and SEM]S[V/. (0) =U; x SEM]S/ (@);

3. x e LISM = o € LISivj and SEM]SM (—a) = (U; x Uj)\SEM[SM ();

4. a € Ay, d € Ay = (a,d’) € Lys,; and SEM;s, (a,d’) = {(x,y) € U; x
Uj:ax) =d )}

5. x € LISW = T € LlSiA/ and SEM[SW,(—'Ol) = (U; x U,')\SEM]SW.(O[).

8The intersection of A; and A; is empty because all attributes names are distinct from one another,
e.g. customer.id # purchase.id.

91. The subset of A; that consists of all key attributes is denoted by (A;)gey. 2. As previously, it is
assumed that key attributes are of the same type.
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Example 6.3 Consider the information system 1S, 2y = X (IS, IS,), where IS} and
IS, are constructed respectively based onrelations Ry = customer and Ry, = purchase
from Example 2.1.

For formula «; = (age, 1800) € Ls,),, we obtain SEMs,),. (c1) = {3,4,7} and
SEM;s, (1) = {3.4,7) x Us.

For formula oy = (Ry.id, Ry.cust_id) € Ls,,, we obtain SEMjs, ,(a2) = {(1, 1),
(1,2),(2,3), 2,4, 3,8),(4.5), 4,6), (6, D}.

For formula o3 = o) Aay € Lys,, we obtain SEMs,, (a3) = {(3,8), (4,5),
4,0)}.

A compound information system and description language corresponding to m
database tables are defined as follows.

Definition 6.12 (Compound information system 1S, ..n) Let IS; = (U;, A;) be
information systems, where 1 <i < m and m > 1 is a fixed number. A compound
information system IS(; 2. ) is defined by

ISG,2,.m = XUS1, 1S, ..., ISy) = (H Ui, |J A,-) : (6.2)
i=1 i=1

We will write IS, for IS1.2,....m)-

Definition 6.13 (Syntax and semantics of Lis,,) The syntax and semantics of the
language Lys,,, are defined recursively by those of Ly, and Lys,, (1 <i < j < m), by
the following, and by Definition 6.4 (applied to L, ).

l. € L]S,. = o0 € LIS(m) and SEM]S(/”) () =U; x---xUi_1 x SEM[S[(OI) X
Uip1 X -+ X Ups

2. wely,, =>acks, and SEMs, (o) ={(X1, .., %, ..., X}, ..., %n) €
m
I1 U : (xi, xj) € SEMISU,/)(“)}Q
k=1

3. x e LIS(W,) = o € LIS(W,) and SEM[S(m) (—ma) =(U; x -+ X Um)\SEMIS(m)
().

Since knowledge discovery is focused on selected database tables only, usually
one table (i.e. the target table), the semantics of Lys,,, is expanded by the following
l. aels, = SEM;TS"(M) (@) = 74, (SEMs,,, (@), where 1 < i < m'’;
2. a €Ly, = SEM;TS[('J)Z"W (@) = 74, 4.4, (SEMs,, (@), where
1<i,ip,....iy <mand k < m.
Example 6.4 Consider the information system IS4 = xS, ISz, 1S3, 1S4),
where 1S, 1S,, IS5, and IS, are constructed respectively based on relations R =
customer, Ry = married_to, R3 = purchase, and Ry = product from Example 2.1.

1077, (o) is understood as a projection over the attributes from A.
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For formula a; = (age, 1800) € L;5, we obtain SEMs, (a1) = {3,4,7} x Uy x
U3 X U4.

Forformulaa, = (Ry.id, R3.cust_id) € Lys, ,, we obtain SEMs,, (a2) = {1} x Uy x
{1,2} x Us U {2} x Uy x {3,4} x Uy U {3} x U x {8} x Uy U {4}xU, x {5, 6}x

U4U{6} X U2 X {7} X U4.

Forformulaas = a1 A @y € Lys,, 5, weobtain SEMs,, (a3) = {3} x Uz x {8} U {4} x
U, x {5,6} x Uy, SEM,’;‘(‘; (3) ={(3,8),(4,5),(4,6)} and SEM,’;‘(A) (a3) = {3, 4}.

The compound information system makes it possible to store objects that belong
to relations defined extensionally. However, relations defined intensionally can also
be expressed in the extended propositional language. Suppose that we are interested
in which pairs of persons are married couples, without indicating the order as it is
done in relation R = married_to. We can define a new relation R’ = marriage with
the schema marriage(id, cust_id;, cust_id,) by means of the rule
((R .cust_id;, R.cust_id,) N (R .cust_id,, R.cust_id>))Vv
((R'.cust_idy, R.cust_idy) A (R .cust_idy, R.cust_id,)) — (R'.id, R'.id)."

The following introduces an extension of an attribute-value language to express
granules to be derived from relational data.

Definition 6.14 (Extended attribute-value language) Given an information sys-
tem IS¢,y = xSy, IS2, ..., IS,,), where IS; = (U;, A;) (1 <i < m). An extended
attribute-value language is an attribute-value language that includes features of the
following forms, and their negations

1. (a,v), where a € (A))4es and v € V,,;
2. (a,d), where a, d’ € (Aj)jey;
3. (a,d), where a € (Aj)key, d' € (Aj)ikey and i # j.

The compound information system is a logical representation of a relational data-
base devoted for pattern discovery. Relational data can be represented physically by
information systems corresponding to database tables and by the definition of com-
position of the systems. From the practical point of view, the universe constructed
as the Cartesian product of particular universes is too large to be stored. To limit the
universe, only possible joins between particular universes are taken into account.

6.4 Constrained Compound Information Systems

This section introduces a constrained compound information system. Constraints
used in this system show how particular universes can be connected with one another.
To construct constraints one can adapt the relational database notion, i.e. inner or
outer join. In this study, left outer join defined by third form formulas is used.

"'The rule conclusion is a trivial formula and means that an object which satisfies the formula
belongs to the relation.
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Definition 6.15 (Left outer join on third form formula) Let IS; = (U;, A;) and IS; =
(Uj, A;) be information systems. Let also 6 € Lyg,,; be a third form atomic formula.
A left outer join on 0 is defined by

Ui <y Uy = SEM;s,,,(0) U {(x, null) : x € UN\SEMjg (9)). 6.3)

inj
This definition guarantees that each x € U; is included in U; <4 U;.

Definition 6.16 (Left outer join on disjunction of third form formulas) Let ©® =
{61, 60,,...0,} be a set of joins of information systems IS; = (U;, A;) and IS; =

(Uj, Aj), i.e. a set of third form atomic formulas such that v 6 e Ly, A left outer
6e®
join on a disjunction of all the conditions from @ is defined by

Ui <o Uy = | SEMs,,(0) U{(x, nudl) < x € U\ | SEMf, 0)}.  (6.4)
fe® 0ec®

This definition guarantees that (x, null) is added to U; < U; if and only if x € U;
is not in any relation defined by 8 € ® with any object from U;.

The constrained compound information system and the description language cor-
responding to two database tables are defined as follows.

Definition 6.17 (Constrained compound information system Ing)) Let IS; = (U,
A;) and IS; = (U}, A;) be information systems. Let also ® = {0}, 6>, ...6,} be a set
of joins of IS; and IS;. A constrained compound information system IS(("Z ;) 18 defined
by

ISG ;) =<0 S, IS)) = (U; 2 Uj, A; UA)). (6.5)

The language L,S((;)J) = LIS,-(”CJ- UL,SI_% is defined analogously to that associated
with the compound information system. The syntax and semantics of LISf'ij) are
defined in the same way as in Definition6.11. It is enough to replace IS j),
IS;yj, IS;;, and the x operation WithISfij), ISSJ., ISi(ij, and the < operation, respec-
tively.

Example 6.5 1. Consider the information system IS(("]) 2) = e, (1S1, 1S,), where
IS and IS, are constructed respectively based on relations R; = customer and
R, = purchase from Example 2.1. The set of joins is defined as follows ® = {6},
where 6 = (R,.id, R,.cust_id).
We have U, Us={(1,1),(1,2),(2,3),(2,4),@3,8),4,5), 4,0),

(5, null), (6,7), (7, null)}. We obtain 0 € L, o, and SEM, e (8)={(1, 1),
[S(] 2) IS(LZ)

(1,2),(2,3),(2,4),(3,8), 4,5), (4,6), (6, 1}

2. Consider also the information system ISgJ) = <, (IS1, IS3), where IS3 is con-
structed based on relation R3 = married_to and ®, = {0, 6,}, 0, = (R, .id,
R;.cust_idy), 0, = (R;.id, Rs.cust_id»).

Wehave U; <9, Uz = {(1, 1), (2, null), (3, 3), (4,2), (5, 1), (6,2), (7, 3)}. We
obtain 0, € L1s("l’23) and SEM1S(‘TZ3) 01) ={(3,3),(5,1),(6,2)}.
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The constrained compound information system and the description language cor-
responding to m database tables are defined as follows.

.....

(Ui, A;) be information systems, where 1 <i <m and m > 1 is a fixed number,
and ® = {0}, 6,, ..., 6} be a set of joins such that v 3 U; <9 U; # ¥ (each

I<j<mi<j
information system joins with some earlier considered system).

A constrained compound information system 153,2,“.,"0 is defined by

IS(? 2,..m) — ]><1@(IS], ISz, ey ISm) = (Ul <p U2 P - PNp Um, UA,)
i=1
(6.6)
As previously, we will write IS, for IS{ , .
The syntax and semantics of L,S(@) are defined in the same way as in Definition 6.13.

It is enough t(') replace I..S'(i’j),IS(m), and the x operation with Ing),IS((”fn), and
the <o operation, respectively.

The semantics of L,S(@) is expanded by the following
l.axe L,S((;)”) = SEM;TSI;,

(o) = ma, (SEM,S(@)(a)), where 1 <i < m;
(m) m
2. a € L,S(e) = SEM

Tiy iy sy,

© i1 A e i
1S5, 2

1<i,ip,....iy <mandk < m.
Example 6.6 Consider the information system IS(% = g (IS4, 1S,, 1S3, ISy),
where ISy, IS, 1S3, and IS4 correspond respectively to relations R; = customer,
Ry = married_to, Ry = purchase, and Ry = product from Example 2.1, and ® =
{(R;.id, Ry.cust_idy), (R;.id, Ry.cust_id,), (R;.id, R3.cust_id), (R3.prod
_id, Ry.id)}.
We have U;<pg Uy~ Us<p Uy ={(1,1,1,1),(1,1,2,3), (2, null, 3, 1),
2,null, 4,3),(3,3,8,4),(4,2,5,6), 4,2,6,2), (5, 1, null, null), (6,2,7,5), (7,
3, null, null)}.
The universe consists of 10 elements and is over 134 times smaller than that con-
structed using the Cartesian product.
For formula o; = (age, 1800) € L;s, we obtain SEM[S((Z) (1) ={@3,3,8,4), 4,2,
5,6),(4,2,6,2), (7,3, null, null)}.
For formula oy = (R,.id, R3.cust_id) € L5, we obtain SEMIS((Z) () ={(1, 1,
1,1),0,1,2,3), (2,null, 3,1), (2,null, 4,3), 3,3,8,4),(4,2,5,6),(4,2,6,2),
6,2,7,5)}.
For formula o3 = oy A s € Lys,,, we obtain SEM,S((:)” () ={@3,3,8,4), 4,2,

5,6),(4,2,6,2)}, SEM;;'({) (a3) = {(3,8), (4,5), (4,6)}, and SEM,’;‘((.;) (a3)={3,4}.
Like in the case of the compound information system, relational data is repre-
sented physically by particular information systems and the constraints (i.e. joins)
among the systems. However, for databases relatively small the constrained com-
pound information system can be used as both a logical and physical representation.
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6.5 Consistency and Completeness of Granule Description
Languages

This section provides a formal evaluation of the approach.
Firstly, consistency and completeness of the languages defined in this work is
investigated.

Definition 6.19 (Consistency and completeness of a language L;s) A language Ly,
where IS = (U, A) is an information system, is consistent and complete if and only
if for any formula o € Lyg the following hold

SEMs(a) N SEMs(—a) = @ (consistency) (6.7)
SEM5(a) U SEMs(—a) = U (completeness) (6.8)

For compound information systems we obtain.
Proposition 6.1 ' The following hold:

1. Alanguage Lis = Lys,,, U Lys,,, is consistent and complete.
2. Alanguage Lys,, where i # j, is consistent and complete.
3. Alanguage Lis,,, where m > 1 is a fixed number, is consistent and complete.

Consistency is not satisfied for a language with the expanded semantics. One
of the reasons that this does not hold is the database structure. Namely, if there is
one-to-many relationship from table T to table T’, then formulas constructed over
the two tables and with respect to T are, in general, not consistent regardless of the
language.

Example 6.7 Consider the information system 1S 2y = X (IS, IS2), where IS and
IS, correspond respectively to relations R; = customer and R, = purchase from
Example 2.1. Let « = (R;.id, Ry.cust_id) N (Ry.amount, 1). We have —a = —(R].
id, Ry.cust_id) vV —(Ry.amount, 1). We obtain (1, 1) € SEM;s,, () and (1,2) €
SEMjs,,,, (—a). More precisely, (1,2) € SEMs,, ((Ry.id, Ry.cust_id) A —(Ry.
amount, 1)). Hence, 1 € SEM,”S‘“VZ) () N SEM};‘M (—a).

We say that a language is partially consistent if its each formula is consistent or it
is inconsistent due to the database structure. Other inconsistencies are caused by the
definition of a granule description language or by the construction of the universe.

Example 6.8 Consider the information system 1S 2y = x(IS1, 1S;) where IS and
1S, correspond respectively to relations R; = customer and R, = married_to from
Example 2.1. Take the formula o = (Ry.id, Ry.cust_id,).

12Proofs of the propositions formulated in this chapter can be found in [41].
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We obtain SEMs,, ,, (@) = {(3, 3), (5, 1), (6, 2)} and SEMs,, ,, (—ar) = {(1, 1), (1, 2),
(1,3),(2,1),(2,2),(2,3),3,1),3,2), 4, 1), 4,2), 4,3), (5, 2), (5, 3), (6, 1),
(6,3),(7,1),(7,2),(7,3)}. Hence, SEM;s, , (o) N SEMs,, ,, (—-a)

We also obtain SEMjg, , () = {3,5, 6} and SEM[g | (—a) = Hence SEMjg,
() NSEM ,S“ (—a) # 0. The above inconsistency is due to the construction of the
universe.

Proposition 6.2 The following hold:

1. Alanguage Lys,; with the expanded semantics is complete.
2. Alanguage Lis,,, with the expanded semantics is complete.

We now examine constrained compound information systems.

Proposition 6.3 Languages L,S(e_)_), where i # j, and Lg( . where m > 1 is a fixed
i i
number, are consistent and complete.

Proposition 6.4 A language Llsf'?.) with the expanded semantics, where i # j, is
1]
partially consistent if and only if v SEM”‘O (9) N SEM o (6’) = 0.
0,6'€0,0£0" I8¢ I8,
One can note that for a typical database (i.e. for any two tables at most one
relationship is specified) its language is partially consistent.

Example 6.9 1. Consider the information system 1582) = <19 (IS1, 1S,), where
IS, and IS, correspond respectively to relations Ry = customer and R, =
married_to from Example 2.1, and ® = {0, 6,}, 0, = (R;.id, R,.cust_id}),
60, = (Ry.id, Ry.cust_id»).

The universe is U; < U = {(1, 1), (2, null), (3, 3), 4,2), (5, 1), (6, 2),
(7,3)}.

‘We have SEM;;‘U (61) NSEM ls“ 0,) ={3,5,6}N{1,4,7} = @. We have two

possible third form atomic formulas o = 6 and ap=6,. We obtain SEM;TS‘@ (a1)
(1,2)

NSEM. (~e) = (3.5.6}N(2.1.4.7) =0 and SEMygp (a2) N SEMygp (=

ap) = {1 4 71N {2,3,5,6} =@. Therefore, the language is partially
consistent.

2. Take the same relations, except that the second relation is the target one. Consider
therefore the information system IS(")'I) = g/ (IS2, IS)), where ©' = {6}, 65}
and 0; = (Ry.cust_idy, Ry.id), 05 = (Ry.cust_id,, R .id).

The universe is U, <9 Uy = {(1, 1), (1, 5), (2,4), (2,6), (3,3), (3, 7)}.
We have SEMT2, (6;) N SEM,S(), 0 =1{1,2,3}n{1,2,3} ={1,2,3}.

IS ()/
We have two possible third form atomic formulas ] = 0] and o) = 6}. We

[CA)]
obtain SEMZ, (a)ﬂSEMISO, (—a}) = {1,2,3} N {1,2,3} = {1, 2, 3}, where
2,1 2.

i=1,2. Therefore the language is not is partially consistent.

For the database from the second case of the above example we can only consider
positive formulas. To make negative formulas allowed, we can use sublanguages
defined by particular formulas.
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By Proposition 6.4 we obtain

Corollary 6.1 The sublanguage L,Se of the language L,So with the expanded
semantics, where 0 € © and i # j, is partlally consistent.

Example 6.10 For the information system 15811) from the previous example we use
the sublanguages L,sz ) and L,Sg .

We have the following subuniverses U, <y U 1 ={(1,5), 2, 6) (3 3)} and U, »<ip
U ={1,1),(2,4),3,7)} We obtain SEM ISQ (oc YN SEM Isg (—wxi):{l, 2,3}
NY =¥ and SEM () N SEM (_‘“2) = {1 2,3lNY = (Z)

(2 M 159

Proposition 6.5 A language Lls((?.) with the expanded semantics, where i # j, is
ij
complete.

Proposition 6.6 A language L1s{‘fn ) with the expanded semantics, where m > 1 is a
fixed number; is
1. partially consistent if and only if ¥V SEM”’(, (9) N SEM”’() (9/) =
159, 6.6'c® 18
2. complete.

6.6 Conclusions

This chapter has developed a granular computing based framework for analyzing and
processing data stored in a relational structure. In this framework, data is placed in
a (constrained) compound information system, and relational information granules
are constructed using an expanded language for granule description. Furthermore,
an attribute-value language has been extended to enable expressing relational pat-
terns. In comparison with a relational language, this one has a simpler syntax, but
its expressiveness is not limited. Relational information granules are the basis for
discovering patterns such as frequent patterns, association rules, and classification
rules.



Chapter 7
From Granular-Data Mining Framework
to Its Relational Version

7.1 Introduction

Mining data stored in a relational structure [25] rather than in a flat one is a more
challenge task. Such data is distributed over multiple tables, and complex relation-
ships among objects of the database can occur. Nevertheless, many algorithms (e.g.,
[13, 70, 77]) developed for mining propositional data have been upgraded to a rela-
tional case. The idea underlying this approach is to preserve as many features of the
algorithm to be upgraded as possible. Therefore, only notions specific for relational
data are extended. The most important benefit of this approach is a possibility to use
all knowledge and experience related to the development and application of standard
data mining algorithms.

The goal of this chapter is to provide a general framework for mining relational
data [40]. This is an upgrade of a granular computing based data mining framework
to a relational case. The general outline of the process of upgrading is inspired by
the methodology for extending attribute-value algorithms [95] (details are given in
Sect.7.2). In the methodology used in this chapter, we start with introducing a general
granular computing based framework for mining data. It is constructed on the basis
of definitions introduced in [83, 89]. Next, we employ a relational extension of an
information system to store data and that of an attribute-value language to express
patterns. Subsequently, we define a procedure for translating patterns expressed in
the extended attribute-value language into a relational language. Finally, we examine
the problem of limiting the search space for discovering patterns.

The remaining of the chapter is organized as follows. Section7.2 restates the
methodology for upgrading a standard data mining algorithm to a relational case.
Section 7.3 constructs a framework for a relational extension of a standard granular
computing approach. Section 7.4 assesses the methodology complexity. Section7.5
provides concluding remarks.

© Springer International Publishing AG 2017 65
P. Honiko, Granular-Relational Data Mining, Studies in Computational
Intelligence 702, DOI 10.1007/978-3-319-52751-2_7
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7.2 Relational Extension of a Standard Data Mining
Algorithm

Many of first algorithms for mining relational data were developed based on algo-
rithms devoted to propositional data. The task of upgrading a standard data mining
algorithm to a relational case is not trivial and requires much attention. An upgraded
algorithm should preserve as many features of the original algorithm as possible. In
other words, only crucial notions, e.g. data and patterns representation, are upgraded.
Furthermore, the original algorithm should be a special case of its relational counter-
part, i.e. they both should produce the same results for identical propositional data.
A general methodology for upgrading a standard data mining algorithm to a
relational case was proposed in [95]. This methodology is set in an inductive logic
programming (ILP) [24] environment and includes the following steps.

1. Identify the propositional learner that best matches the learning task.
An algorithm is chosen that is able to execute as many operations needed for a
given task as possible.

2. Use interpretations to represent examples.
A relational data representation called interpretations is used to represent both
propositional and relational data.

3. Upgrade the representation of propositional hypotheses by replacing attribute-
value tests with relational tests and modify the coverage test accordingly.
A relational representation is used for expressing patterns to be derived from the
data. The notion of pattern satisfiability is also upgraded.

4. Use 6-subsumption as the framework for generality.
A method called 6-subsumption is used for determining if a given pattern is more
general than another.

5. Use an operator under 0-subsumption. Use that one that corresponds closely to
the propositional operator.
A specialization or generalization operator is chosen to refine patterns. The choice
depends on the method the original algorithm applies to construct patterns, i.e. if
the top-down (bottom-up) method is used, then the specialization (generalization)
operator is chosen.

6. Use a declarative bias mechanism to limit the search space.
Constraints are imposed on patterns to be discovered in order to limit the search
space which is much bigger (even infinite) than for propositional data.

7. Implementation.
The algorithm is implemented taking into account the differences resulting from
changing the data structure. Some operations such as attribute discretization or
attribute set reduction cannot be used directly and need adaptation for relational
data.

8. Evaluate the implementation on propositional and relational data.
The effectiveness of the upgraded algorithm is verified twofold: for propositional
data by comparing with the results obtained by the original algorithm; for rela-
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tional data by comparing with the results obtained by other relational data mining
algorithms or by performing a statistical evaluation.

9. Add interesting extra features.
The algorithm is extended by additional features, especially by those specific for
mining relational data, e.g. another method for limiting the search space.

The main advantages of methodology can be described as follows.

1. A possibility to exploit all expertise and heuristic available for propositional
algorithms.

2. A clear relationship between the upgraded relational algorithm and its propo-
sitional counterpart, resulting in e.g. identical results on identical propositional
data.

The above methodology is dedicated to upgrading a concrete standard algorithm.
Therefore, the replacement of the algorithm, and the more of the data mining task,
may cause considerable changes in other steps of the upgrading process.

7.3 Granular Computing Based Relational Data Mining
Framework

This section introduces a general methodology for upgrading the granular computing
based data mining framework to a relational case. The methodology is simplified with
comparison to that presented in Sect.7.2. Namely, only the steps of the upgrading
process that are independent of the algorithm to be extended and the data mining
task to be performed are carried out.

1. Defining relational data representation.
Propositional data is to be treated as a special case of relational one. Therefore,
the basic task is to define a common representation for propositional as well as
relational data. A typical solution relies on using or adjusting a standard relational
language to express propositional data.
The approach presented in this chapter applies the inverse solution. We start with
apropositional representation (i.e. an information system) and extend it to express
relational data (i.e. a connection of information systems, each corresponding to
one database table).

2. Defining relational pattern representation.
The pattern representation should be consistent with the data one. Therefore,
the way the data is represented determines the pattern representation. Generally
speaking, the same language is used to represent data and patterns to be discov-
ered from it.
Along with defining relational pattern representation, we need to upgrade pat-
tern satisfiability. Relational patterns, unlike propositional ones, involve multiple
tables, therefore checking pattern satisfiability for analyzed objects implies check-
ing conditions that concern objects that reside in other tables and are related to
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the analyzed objects.

We use an extended attribute-value language to express patterns to be generated
from the data. Such patterns are translatable into a relational language.

In this approach data from all database tables is located in one compound infor-
mation system which makes it easier to check pattern satisfiability.

. Upgrading the notion of pattern generality.

A standard task done during pattern generation is the comparison of patterns with
respect to their generality. In the propositional case, one pattern is more general
than another if all conditions of the first pattern are ones of the other pattern. In the
relational case the problem of generality is more complicated since variable based
conditions are allowed in pattern construction. Therefore, not only the syntax, as
in the propositional case, but also the semantics of patterns should be check to
compare their generality.

The propositional form used in the approach makes it possible to compare the
generality of patterns based on their syntax only.

. Upgrading pattern refinement.

During propositional pattern generation, patterns are refined by specialization
(adding new conditions) or by generalization (removing conditions). In the rela-
tional case, patterns can also be refined in a different way, e.g. by changing the
scope of terms occurring in the patterns (replacing variables with constants or
vice versa).

In the approach, patterns are refined by adding or removing propositional condi-
tions only.

. Limiting the search space.

The propositional search space for pattern discovery can be limited by basic
constraints such as a list of allowed attributes, a set of allowed values for each
attribute, the size of patterns, the size of a set of patterns. Relational search space
is significantly bigger because of a multi-relational data representation and of
different combinations of variables that can occur in pattern conditions.

The search space is here limited in two steps: by data model constraints (it guar-
antees that only valid relationships can be used to construct conditions), by an
expert constraints (it guarantees that only conditions specific to a given problem
can be used).

For the purposes of this work we assume that

a relation denoted by R; corresponds to the target table,
for each database table there exits an attribute id that is the identifier of the table’s
objects.

7.3.1 Construction of Conditions

We can construct any condition over relational data using formulas of a language
LIS(”) .

(m)
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Given an information system IS(?,L) = ><p(S81,1S,,...,1S,), where IS; =

(Ui, A;) is constructed based on relation R; (1 <i < m).

We construct granules with respect to the target relation, i.e. granules of the form

(a, SEM”!, («)), where o € Lygo .
)

1.

156
initial condition!

a. trivial condition (the second form formula)
A condition is to be satisfied by any object of the target relation R;.
We have id € Ay = o = (id, id) € LISI'

b. relationship condition (the second form formula)
A condition is constructed based on R; where for two attributes a relationship
is defined.
Let a,b € A; be attributes for which a relationship is defined. We have
a,be Ay =>a=(a,b) e Lys,.

. attribute-value condition (the first form formula)

Given a formula «. The condition to be added to & is (¢ = v), where a €
Al, S Va.
Wehavea € Aj,veV, = ay = (a,v) € Lys,.

. another relation-based condition (the third form formula)

A condition to be added to «; is constructed based on relation R; (1 < j < m).
Leta € A; and b € A; be the attributes by which relations R; and R; are to be
joined. Wehavea € Aj,be A; = ay = (a,b) € L[gg -

o

. recursive condition (the third form formula)

A condition to be added to «; is another condition constructed based on the target
relation R;. Let a, b € A; be different attributes by which relations R; is to be
joined with itself. To this end, we make a copy of the relation. Let R] = R; be a
copy of Rj. Wehavea € A|,b e A} = ar = (a,b) € Llsf"{_],)~

. negated condition

a. attribute-value condition (the first form formula)
A condition to be added to «; is (a # v), wherea € Ay, v € V.
Wehavea € Aj,veV, = ary=(a,v) € Lig,anday € L;s, = —op €
Lys,.

b. another relation-based condition
Itis done by default. Namely, the values of attributes for which a relationship
is not defined are assumed to be different.

c. another relation-based condition (the third form formula)

! An initial condition indicates the target relation and may be omitted if this does not lead to a
confusion, e.g. formulas (Ry.id, Ry.id) A (Ry.id, Ry.a) and (R].id, Ry.a) generated for target
relation R; are equivalent.
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A condition to be added to «; is a negated condition constructed based on

relation R; (1 < j < m).

Leta € A; and b € Aj; be the attributes by which relations R, and R;

are to be joined. We have a € A;,b € A; = oy = (a,b) € L,S(«l) : and
5]

oy € LISS)J) = o) € LIS(("])J)'

6. complex condition?

a. conjunction of relationship conditions (the second form formula)
Let S be the set of pairs (a, b) € A; x A; of attributes for which relationships

are defined. Wehave V a,be Ay = o= A\(a,b) € Lys,.
(a,b)eS s

b. conjunction of conditions joining another relation
i. relationship condition (the third form formula)
Given a formula «;. Let S be the set of pairs (a,b) € A} x A; (1 <
J < m) of attributes by which relations R; and R; are to be joined. We

have V aEAl,bEAj:>012=/\(a,b)€LIS(-)‘
(a,b)esS s (1.j)

ii. negated relationship condition (the third form formula)
Consider «, from the previous point. We have iy € L; 5o = T €
)

formulas is not normally allowed for patterns. Therefore, the pattern «; A
—a; can be transformed into an equivalent set of patterns {o; A —(a, b) :
(a, b) € S}. However, form the practical viewpoint its convenient not
to replace such a pattern with its equivalent being a set of patterns. The
main reason is that such a pattern’s condition is equivalent to a single
condition expressed in a relational language.

The addition of any condition to non-target relation that occur in the formula is done
analogously to the addition of any condition to the target relation.

Example 7.1 Consider the information system [ S((Z) = ><i9(IS1, 1S, 153, 184)
constructed based on relations Ry = customer, R, = married_to, R3 = R|, R4 =
purchase from Example 2.1.

An example formula valid in / S((Z) iS oy Ay A a3 A g A a5 Where

o1 = (Ry.id, R;.id)—an entity is a customer (initial condition),

oy = (R;.age, 30)—the customer is age of 30 (attribute-value condition),

a3 = (Ry.id, Ry.cust_idy)—the customer is married (another relation based
condition),

a4 = (Ry.cust_id,, R3.id)—the customer’s spouse is a customer (recursive con-
dition),

2 A complex condition is understood as a set of simple conditions that are to be added simultaneously.


http://dx.doi.org/10.1007/978-3-319-52751-2_2

7.3 Granular Computing Based Relational Data Mining Framework 71

a5 = —(Rs.id, Ry.cust_id;)—the spouse has not purchased yet (negated
condition).

7.3.2 Expression of Patterns

The construction of patterns using formulas of language L, 5©, will be shown. We
define patterns such as frequent patterns (i.e. itemset), association rules, classification
rules. We also discuss pattern construction with respect to the notions of patterns
generality and pattern refinement.

Let IS(%) =><9(1S81,1S,,...,1S,) be an information system.

Definition 7.1 (Frequent pattern)®

1. An expression of the form p = o} Ay A -+ A @ is a pattern in IS((',;) with
respect to R if &y € Ly, or there exists 1 < i < m such that o) € L,S&_.
ISEM o (p)l
2. The frequency of p is freq;s,(p) = T:T)’ where 151 = (Uy, Ay).
3. pisfrequentif freq;s (p) > t, where ¢ is a given threshold.

Before defining an association rule, the syntax and semantics of L, 5@, will be
expanded by (cf. [83])

e aj,q) € LIS(:;) & (ap,ap) € L,S(en)”;
SEM;so (a1, @2)) = (SEM g0 (1), SEM g0 (2)).

Definition 7.2 (Association rule)

1. An expression of the form o« — g, represented by the granule (o, 8) € L; 58>
is an association rule in / S((Z” with respect to R; if «, B are patterns with respect
toR;in IS ((':)n) such that « is more general than or equal to .

2. The frequency of @« — B is freqrs, (¢ — B) = freqs, (B).

. freqis (B)

3. The confidence of « — B is confis, (¢ — B) = m.

Example 7.2 Let I S(('f 2 = X6 (IS, 1S,) be the information system constructed

based on relations R = customer and R, = married_to from Example 2.1.

Consider patterns p; = (R;.id, Ry.cust_idy) and p, = (age, 1800) A (R;.id,

Ry.cust_idy). We obtain SEM;r;{.ljz)(pl) = {1,3,4,5,6,7} and SEMfg(m) (p2) =

{3, 4,7} Hence, the patterns’ frequencies are freq;s, (p1) = 6/7, freqis,(p1) =
3/1.

We have that p; is more general than p,, then » : p; — p» is an association rule
with freq;s, (r) = 3/7 and confs, (r) = 1/2.

3In this subsection the term pattern is understood as an itemset.


http://dx.doi.org/10.1007/978-3-319-52751-2_2

72 7 From Granular-Data Mining Framework to Its Relational Version

Definition 7.3 (Classification rule)

1. An expression of the form o — B,* represented by the granule (o, B) € L, 56 5

is a classification rule in / S((;)n) with respect to R; if « is a pattern with respect to
R and B is one of the forms

a. (d,v),whered € A, is a decision attribute (i.e., class attribute) and v € Vy;
b. (id,id), where id € A

2. The accuracy and coverage of @ — S are respectively

|SEM”( @A B)l ISEM! 150 @AB)l

and covyg, (a0 — = #
[SEM] o @I 15:( p) = ISEM} o (B

(m)

accrs, (@ — B) =

Conditions of a rule of the second form (1b) are constructed over the sum of all the
target relations, but the conclusion is constructed over one of the target relations.

Example 7.3 1. Consider the information systemlSﬁ’z) from the previous example.
Examine the rule @« A B where o = (age, 30) A (R;.id, Ry.cust_idy), B =
(class, 1).

We obtain SEM}’S‘IZ( o) =1{3,4,7}, SEM,SO (B) =1{1,2,4,5,6} and

SEM[S" (o A B) = {3}. Hence, accys, (r1) = 1/3 covys, (r1) = 1/7.
(1,

2. To 111ustrate the second form of rules we assume that the customers are defined
by two separate relations customer and —cutomer such that the customer of
the first (zeroth) class belong to customer (—cutomer). The schema is common
for both the relations, and it does not include the class attribute. Let Ry =
customer, —~ Ry = —customer, Ry = R{U—R;|, R, = married_to and 158),2)~
Rule o A B is redefined as follows o = (age, 1800) A (Ry.id, Ry.cust_idy)and
B = (R;.id, R;.id). We obtain SEM,S(”)(ot) = {3,4,7}, SEM,SM)(;B) =
{1,2,4,5, 6} and SEM,Sl Y (o A B) = {3}. The remaining calculations are the
same as those for r;.

Now logical constraints for constructing conditions will be introduced.
For propositional conditions the following constraint is imposed.

e A condition defined on attribute a can be added to a pattern if no condition defined
on a occurs in the pattern.

Construction of relational patterns is limited by the following constraints.

Definition 7.4 (Constraints on attribute) A condition defined on attribute a can be
added to a pattern if

“Unlike in Chap.2, relational classification rules are not written in an inverse form, since they are
extensions of propositional classification rules.

5The second form is used when the class attribute is not given, and the membership of an object to
a class is meant as its belonging to one of target relations.


http://dx.doi.org/10.1007/978-3-319-52751-2_2

7.3

Granular Computing Based Relational Data Mining Framework 73

positive condition

a. the same condition (not taking into account the negation sign) is not added;

b. no condition defined on a occurs in the pattern (a is a descriptive attribute);

c. there occurs in the pattern a non-negated relation such that a is an attribute
of this relation®;

negative condition
A negated condition can be added to a pattern if

a. its positive counterpart can be added to the pattern;
b. the condition is not a part of a complex condition.

Example 7.4 1. Given an information system [ S((Z) = (IS, 185,183, 1S54)

constructed based on relation Ry = customer, R, = married_to, Ry =
purchase, Ry = product from Example2.1.

Consider the pattern (R;.id, Ry.id) A (Rj.age, 1800) A —(R;.id, R3.id). We
check which of the below conditions that are assumed to be allowed can be added
to the pattern.

Positive conditions that can be added: (R;.geneder, male), (R,.id,
Ry.cust_idy);

Positive conditions that cannot be added: (R;.id, R3.id) by 1a, (R;.age, 27) by
1b, (R3.amount, 1) and (R3.prod_id, R4.id) by lc.

For the purposes of illustration we extend the database by relations
manufacturer and supplier respectively with the schemas manufacturer
(id, name), supplier(id, name). We also extend relation product by attributes
manu_id and supp_id. These additional relations includes information about
the manufacturers and suppliers of products.

Given an information system / S(('f’z) = ><p (IS, 15,), where where 1S, and
1S, are constructed based on relations Ry = manufacturer, R, = product,
respectively.

Consider the pattern (R;.id, R;.id) A (Ry.id, Ry.manu_id).

A negative conditions that can be added: —(R;.id, Ry.supp_id);

Negative conditions that cannot be added: —(R;.id, Ry.manu_id) by 2a, —
(Ry.id, Ry.supp_id) by 2b under assumption that (R;.id, R,.manu_id) A
(Ry.id, Ry.supp_id) is considered as a complex condition.

7.3.2.1 Pattern Generality

The search space for discovering patterns is structured by means the is more general
relation. The notion of generality for propositional patterns is defined as follows:
One pattern is more general than another if all conditions of the first pattern are

%A non-negated relation is understood as a relation added to a pattern by means of a non-negated
condition.
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ones of the other pattern. For relational data such a syntax comparison is not suf-
ficient to define generality relation between two patterns. For example, the pattern
product (X, X5, X3, X4, X5) is more general than product (X, X», X3, X4, X4),
what can be verified by the semantics comparison only. This problem is solved by
applying 6-subsumption as the framework for generality. According to this frame-
work, one pattern is more general than another if there exists a subsumption such
that all conditions of the first pattern after applying the substitution are ones of the
other pattern. Unfortunately, checking if or not a pattern is more general than another
pattern is an NP-complete problem.

In the approach any constraint is expressed by a separate condition, thanks to
this, only the syntax comparison is needed to check if one pattern is more gen-
eral than another. For example, for the patterns (product.id, product.id) and
(product.id, product.id) N (product.manu_id, product.supp_id), being the
equivalents of product(Xy, X,, X3, X4, X5) and product (X, X2, X3, X4, X4),
respectively, it is enough to check if any condition of the first pattern is one of
the the other pattern.

However, some patterns may need to be transformed into its equivalent form before
checking which one of them is more general. For example, consider relations R} =
customer, Ry = purchase, Ry = R,. The pattern p; = (R;.id, Ry.cust_id) A
(Ry.amount, 1) A (Rp.date,25/06) is less general than the pattern p, = (R;.id,
Ry.cust_id) A (Ry.amount, 1) A (Ry.id, R).cust_id) A (R).date, 25/06). In order
to syntactically show it, the first pattern needs to be transformed as follows p; <
P2 A (R,.id, Réld)

7.3.2.2 Pattern Refinement

Propositional patterns are refined by specialization (adding conditions) or general-
ization (removing conditions).’
Relational patterns can be refined by the above as well as by replacing some terms
with other terms, thereby producing more or less general conditions. For example,
the pattern product (X, X», X3, X4, X5) can be specialized by replacing X5 with
Xy, i.e. we obtain product (X, X2, X3, X4, X4).
Since any constraint is expressed by a separate condition in the approach, then any
refinement is done as in the propositional case, i.e. by adding or removing condi-
tions. For example, the pattern (product.id, product.id) is specialized by adding
the condition (product.manu_id, product.supp_id), i.e. we obtain the pattern
(product.id, product.id) A (product.manu_id, product.supp_id).
Furthermore, in a constrained compound information system the direction of
refinement is determined. Namely, constraints in such a system are expressed by

third form formulas which are not symmetric (i.e. A (a,a’) & (d,a) for
(a,ael o0
i

7 Additional refinements are possible if we consider also patterns constructed by using conditions
of the form (a, V'), where V is a set of values an attribute ¢ may take.
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any 15° ;)- Thanks to this, unnecessary refinement can be eliminated. For exam-
ple, in the system 158,2) = < (I8, 1S,), where IS, and IS, are constructed
respectively based on relations R; = customer and R, = married_to, and ® =
{(Ry.id, Ry.cust_idy), (Ry.id, Ry.cust_id,)}, thepattern (Ry.id, Ry.cust_id;) can-
not be refined by useless conditions such as (Rp.cust_id;, Ry.id) and
(Ry.cust_id,, Ry.id).

During relational patterns construction a phenomenon called determinacy prob-
lem may arise. This occurs when the pattern refinement does not change the pat-
tern’s coverage. For example, suppose that each customer of the database from the
running example has purchased at least one product. Therefore, refining the pat-
tern (customer.id, customer.id) by adding the condition (customer.id, purchase.
cust_id) does not affect the pattern’s coverage. On the other hand, if we are inter-
ested in e.g. customers whose have purchased only one piece of some product, we
cannot add the condition (purchase.amount, 1) without adding the previous one.

This problem is overcome by applying the lookahead method [49]. Generally
speaking, the condition that causes the determinacy problem can be added to the
pattern if this is necessary for adding another condition that does not cause the
determinacy problem. Such conditions are added in one step as a refinement.

Conditions that cause the determinacy problem can be detected in a constrained
compound information system.

Definition 7.5 (Condition causing determinacy problem) Given a constrained com-
pound information system IS(% =><9(IS81,1S8,,...,1S,),where IS; = (U;, A;)
(1 <i < m).Indeed, @ is the set of all possible third form conditions.

A condition # € @ to be added to a pattern p causes the determinacy problem
with respect to 1S; if SEM;T;(.) (p) C SEM;T;,(.) ).
(m) (m)
Example 7.5 Consider relations R; = customer, Ry = married_to, Rz = purchase
and R4 = product from Example 2.1 and the information system / S(% = <19 (IS,
18, 183,18,), where ® = {(R;.id, Ry.cust_idy), (Ry.id, Ry.cust_id,),
(R;.id, R3.cust_id), (Ry.prod_id, R4.id)}.
We check conditions for determinacy with respect to /S, and the pattern p =
(Ry.id, Ry.id) A =(Ry.income, 1800). Let U, = SEM;IS'((Z)(p) ={1,2,5,6}.
For 0y = (R;.id, Ry.cust_id,) we have U, §§ SEM;Téf (61) = {3, 5, 6}.
For 6, = (R;.id, Ry.cust_id,) we have U, Q SEM;’;i_) (6,) ={1,4,7}.

For 63 = (R;.id, R3.cust_id) we have U, C SEM;’SI(.) 03) ={1,2,4,5,6}.
4

Hence, only the last condition causes the determinacy problem.

7.3.3 From Granule-Based Patterns to Relational Patterns

A procedure for translating patterns expressed in the extended attribute-value lan-
guage into a relational language will be defined.
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We start with restating the definitions of relational language and its formulas.
The relational language (here denoted by Lg) is a restricted first-order language
(function-free formulas are allowed). Its alphabet consists of constants, variables,
relation names, connectives, and quantifiers.

Definition 7.6 (Formulas in L) Formulas in L are defined recursively by

1. A term ¢ is either a constant or a variable.

2. if Risk-aryrelationandy, 1,, ..., #; are terms, then R(¢, t5, . . ., f;) iS an atomic
formula.
3. if o is an atomic formula and X is a variable, then 3 « and V « are atomic formulas.

X b'e
4. if a; and o are atomic formulas, then so are —aq, @) A oo, o) V @s.

Given an information system [.S(,. Let <& be a binary operator defined by:
a &g agif and only if ag € Ly is a relational equivalent of o € Ly, .

Proposition 7.1 8 The following holds v 3 o &pag

OlEL[S(m) oR GLR

Example 7.6 1. trivial initial condition

Wehave (customer.id, customer.id) < customer(Xy, X», X3, X4, X5, X¢).
2. relationship initial condition
Let product be the target relation. We have (product.manu_id, product.
supp_id) < g product(Xy, X», X3, X4, X4).
3. attribute-value condition

We have (income, 1800) g customer (X, Xo, X3, X4, X5, Xg) A X5 =
1800.

4. another relation-based condition
Wehave (customer.id, customer.id)A(customer.id, purchase.cust_id) < g
customer(X1, X, X3, X4, X5, X¢) A purchase(Yy, X1, Y3, Y4, ¥s).

5. recursive condition
Given the pattern (customer.id, cust_id;). We add the condition (cust_id,,
customer’.id). We obtain (customer.id, cust_id) A(cust_id,, customer’.id)
& customer(Xy, Xo, X3, X4, X5, X¢) A married_to(X, X7)A\ customer
(X7, X3, Xo, X10, X11, X12).

6. negated attribute-value condition
We have —(age, 30) < customer (X, X2, X3, X4, X5, X6) A X3 7# 30.

7. negated relationship condition
We have (customer.id, customer.id) A —(customer.id, cust_idy) <
customer(Xy, Xo, X3, X4, X5, X¢) A ~married_to(X1, Y>).

8. negated conjunction of conditions joining another relation
Let manufacturer be the target relation. We have (manufacturer.id,
manufacturer.id) A —((manufacturer.id, product.manu_id) A
(manufacturer.id, product.supp_id)) <r manufacturer(Xy, Xo) A —
product(Yl, Ys, Y3, X1, Xy).

8Proofs of the propositions formulated in this chapter can be found in [40].
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7.3.4 Search Space Constraints

Finally, additional constraints for the search space will be defined. Note that the
search space is partially limited by the data model, i.e. the constrained compound
information system. Thanks to this, only valid conditions to occur in patterns are
allowed. The constraints defined in this subsection make it possible to construct
conditions specific to a given problem only.

The propositional search space can be limited by basic constraints such as a list
of allowed attributes, a set of allowed values for each attribute, the size of patterns,
the size of a set of patterns. Here we consider the constraint that needs to be adapted
in the relational case, i.e. the limitation of the set of values an attribute may take.

We start with defining the search space for relational data.

Definition 7.7 (Relational search space) The search space S S, s©, of an information
system /S(, is defined by SS;s0, = {p € Lysg, * pis a pattern}.

The criterion p is a pattern differs depending on the data mining task to be solved.
To define a constraint on an attribute the syntax and semantics of L5, (1 <i < m)
is expanded by the following

® ac (Ai)de.ﬁ S - Va = COI’lSl‘((l, S): \/(a,v) € LIS,-;

veS
SEM;js, (const(a, S)) = | SEM;s.((a, v)).
ves
® a € (Akey, S € (Akey = const(a, S) = \/ (a,d’) € Lyg;
a'eS
SEMs, (const(a, S)) = U SEM;s,((a, a’)).
a'eS

The syntax and semantics of L; 59, (1 <1, j < m) is expanded by the following

a € (Adkey:S S (Aprey = const(@S) = \(a,d) € Ly :
a'eS h
SEM,S{;)”(COI’ZSt(a,S)) = U SEM,S(@/_)((a,a’)).
' a'eS "
Finally, the syntax and semantics of L; 59 | is expanded by the following

L1 J2 sk

a e (Ai)keyaS = U SjI’Sj/ g (Aj/)key (1 S l S k) = COnSt(a,S) =
1<i<k
\ const(a,S;); SEM;se  (const(a,S)= |J SEM;s0 (const(a,S;)).
1<i<k U Jydo i) I<i<k @.jp)

The set of allowed values/attributes for an attribute a can be defined semantically.”

1. Sff = V,—constants (default for descriptive attributes);

2. S, = {a’ isakeyattribute : type(a’) = type(a)}—all attributes of the same type
(default for key attributes);

3. St ={a’ € attr(p) : a € S,}—attributes of the same type previously used in a
pattern p;

These constraints corresponds to typical ones used in ILP.
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4. S ={d" ¢ attr(p) : a € S,}—new attributes of the same type (i.e. not used in
a pattern p);

Example 7.7 1. Consider relation customer from Example 2.1 and constraints:
const(id, {id}), const(age, {v > 30 : v € Vig.}), const (income, {3000}°).
All the allowed conditions are: (id,id), (age, 30), (age, 33), (age, 36),
(income, v), where v € V;,come \ {3000}.

2. Consider relations Ry = customer and R, = purchase and constraints:

const(Ry.id, S;I_l-d), const(Ry.cust_id, S;zlcm_id).
Before constructing a pattern we have S ;, = {Ri.id, Ry.cust_id}, S;zlcm_id
=0.
For the pattern (R;.id, Ry.cust_id) we obtain SEIJ.d = {R,.id}, S;z_CLde =
{R:.id, Ry.cust_id}.

7.4 The Methodology’s Complexity

Firstly, the way of the construction of the search space is evaluated. The cost of
the formation of all possible conditions based on which patterns are constructed is
computed.

Given an information system /.S = (U, A), where A = AjpU A,y Letn = |A|. Let
also typers(a) = {a’ € Apey : type(a) = type(a’)} be the set of all key attributes
from 7§ with the same type as an attribute a.

1. We assume that the cost of the formation of the condition (a, v), where attribute
a and value v are given is 1. The cost of the construction of all conditions for
descriptive attributes is

Tim) = D > 1< [AulC <nC=0Mm),

A€Ases VEV,

where C = max{|V,| : a € Ages} is small and do not depend on the data size
since we assume that the data is discretized.

2. We assume that the cost of the formation of the condition (a, a’), where attributes
a and a’ are given is 1. The cost of the construction of all conditions for key
attributes is

Lmy= > D 12 |Aiyl(Aky] = 1) <nin—1) = 0.

a€Ayey a'etypers(a)

In a pessimistic case, we have type;s(a) = Agey \ {a}.

Given an information system IS((?.J.) =><9(IS;, IS;),where IS; = (U, A;), IS; =
(Uj, Aj). Letn; = |A;] and n; = |A;|. Let also ®, € © be the set of conditions

constructed based on an attribute a € (A;)i.y. The cost of the construction of all
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relationship conditions for key attributes from 7.5 is

Tsnionp)= D D 1< |(Adkeylmax{|@4| : a € (Ai)iey} < minj = O(miny).

a€(Aj)key 0€6,

Given information system IS(("I) 20m) Letn; = |A;|fori =1,2,...,m.
Let I be a set of pairs of indexes of information systems to be joined by relationship
conditions.
The cost of the construction of all relationship conditions for key attributes from
@ .

IS, s
m(m — 1)

2 n;’ﬂaX(n.};’ldX _ 1)

Ty(ni,na, ..., ny) = Z T3(ni,n;) <
@, j)el

Cn;?’laX(n.};’l(lx _ 1) — O(nlmaxn;{m,r)’

pairs of systems to be joined. This value can be big; however it does not depend on
the attribute set size and on the algorithm for search space construction since it is
determined by the database structure. Therefore, we do not consider the number of
information systems as the input data to the algorithm for search space construction.
The cost of the construction of all conditions for attributes from / S(Gf,z,“.,m) is

where Vacinny,.on,yt < 0", 0" and C = "= is the maximal number of

Ts(ni,na, . oonn) = D (Ti(n) + Ta(n)) + Talny, na, . ny) < m(Ty () +
i=1

max m(m B 1) max__max max maxy\2 max _,max
I (n™) + TTS("’,’ n; ) = 0@m"") + O((n]"")") + O(n] n; ) =

O((n"™)?),

where Vyepn, ny,...on, 40 < 0, 0 and nf" = 0l
Consider a typical relational database: (almost) all tables include descriptive
attributes; the number of joins between any two tables is small (usually one join).
m
For any attribute a € A,y = ‘U1 A; from IS(("f’2 _____ my = ><e(IS1,18,...,1S,),
1=
where IS; = (U;, A;), we define its domain, denoted Dom (a), as the set of values

or/and attributes which a can take. We assume that 3 VvV |Dom(a)| < C.
CLnacAu

The cost of the construction of all conditions for attributes from 7§ is

T{(n)zz Z 1 < |A|C <nC = O(n).

acA deDom(a)
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The cost of the construction of all conditions for attributes from / S(("f Do) is

m
T{(n1.np. ... ny) = D T{(;) <mT{ (') = O n}'™),

i=1

where n"™ = max{n, ny, ..., ny}.

Now the way of the construction of patterns will be evaluated.
Let |U| = n, where IS = (U, A) is an information system.

1. We assume that the cost of checking the condition (a, v) for o, where attribute a,
value v and object o are given, is 1. The cost of checking a condition constructed
based on a descriptive attribute is

To(n) = Zl = 0(n).

oclU

2. The cost of checking a negated condition constructed based on a descriptive
attribute (i.e. —(a, v)) is'”

T/ (n) < Ts(n) +2n = O(n).

3. We assume that the cost of checking the condition (a, a’) for o, where attributes
a and a’ and object o are given, is 1. The cost of checking a condition constructed
based on an inner key attribute is

Tr(n) =D 1= 0(n).

oeU

4. The cost of checking a negated condition constructed based on an inner key
attribute (i.e. —(a, a’)) is

T;(n) < T7(n) +2n = O(n).

Given an information system Ing) =>9(IS;, IS;),where IS; = (U;, A;), IS; =
(Uj, Aj)and |@| =1.Letn; = |A;| and ny = |A;].
We assume that the cost of checking the condition (a, a’) for o, o', where attributes

ae€A,;,, anda € Aj, andobjects o € U;, o' € U; are given, is 1.

ikey Jkey

10The cost of the subtraction of the set of objects that satisfy the non-negated condition from the
universe equals to or is less than 2n since both the sets are assumed to be ordered.
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The cost of checking a condition constructed based on an outer key attribute from
IS 1 is

Ts(ni.m)= > 1 <Imax{|SEM;s,,(0)| :0 € O} <
(0,0 €U =<9 Uy
Imax{ny, na} = O "),

where n"** = max{n|, n,} corresponds the maximal number of pairs of objects

i
produced by a left outer join between U, and U,. In a pessimistic case, we have to
scan all / joins.
The cost of checking a condition constructed based on any attribute from
(.9 .
ISqo s
To(ny, no, ..., ny) < O,
where n"™ = max{n, ny, ..., ny}.
Let o be k-ary pattern. The cost of checking all conditions of « is

Tio(n1, na, ..., ny) < kOMMY) = O (™).

7.5 Conclusions

This chapter has developed a general methodology for relational upgrading a data
mining framework defined in a granular computing environment. This environment
makes it possible to analyze a given problem at different levels of granularity of
relational data.

Unlike its predecessors, the introduced methodology uses not a relational but
an (extended) attribute-value language to express data and patterns. Thanks to this,
notions such as pattern generality and pattern refinement are unchanged, whereas the
following notions are slightly changed: condition construction (except for descriptive
conditions, relationship ones are allowed), pattern satisfiability (instead of an object
from a single table, a tuple of objects from multiple tables is substituted into a pattern).

The crucial problem of relational data mining is a large search space for discover-
ing patterns. In the approach, this is limited in two steps: by data model constraints
(it guarantees that only valid relationships can be used to construct conditions), by
an expert constraints (it guarantees that only conditions specific to a given problem
can be used).



Chapter 8
Relation-Based Granules

8.1 Introduction

The compound information system (Chap. 6) can be directly mined or can be before-
hand transformed into a granular form. The former facilitates the construction of
patterns over many tables since the connection among tables are included in the
system; however elementary granules that show objects sharing the same features
are not contained. The latter, in turn, includes elementary granules (each associated
with one table or with two tables to show the connection between them) but the
construction of relational patterns over the description language requires granules to
be defined so that each of them is associated with all tables under consideration.

To construct a relational data representation that is more coherent and useful for
pattern discovery, relation-based granules are introduced in this study [42]. They are
formed using relations that join relational information granules with their features.
They are used to represent both data and patterns. Relation-based granules are more
informative than the granules based on which they are constructed. They include
information about how a given granule can alternatively be joined with another from
a different information system. The relations used to represent data are fundamen-
tal components of patterns. Since the relations express basic features of objects,
the process of the generation of patterns can be sped up. Furthermore, the struc-
ture of relation-based granules facilities the formation of more advanced conditions.
They correspond to those that can be formed by using aggregation functions in rela-
tional databases. Therefore, patterns constructed based on such relations show richer
knowledge than standard relational patterns.

The remaining of the chapter is organized as follows. Section8.2 expands the
description languages by defining relation-based granules. Section 8.3 shows how
relation-based granules can be used for representing both the relational data and
patterns. Section 8.4 evaluates the approach’s complexity. Section 8.5 provides con-
cluding remarks.
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8.2 Construction of Relation-Based Granules

This section introduces an expansion of the description languages by defining
relation-based granules. To distinguish them from those defined in the previous
section, we will call the latter formula-based granules.

A relation is constructed based on a formula to show not only the objects that
satisfy the formula but also the values of attributes that characterize the objects. More
precisely, attribute values and an object are in the relation if and only if the object
satisfies the formula constructed based on the attribute values. Granules constructed
based on the relations include also their characteristics. This information makes it
easy to join granules from different universes.

Let artr(o) denote the set of all attributes used in a formula «.

Definition 8.1 (e-relation) Let IS, be acompound information system. A formula-
based relation, called e-relation, is a relation defined by a formula o € Lis,,,»
denoted by &,, with the schema &,(ay, ..., a;), where attr(a) C {ay, ..., a;} and
{ai, ..., ap}\attr(a) consists of key attributes.

Only formulas that express non-negative conditions will be considered in this study.

8.2.1 Information System

Formula-based relations for an information system IS are defined as follows. Let L},
denote an expanded language Lys.

Definition 8.2 (Syntax and semantics of L};) The syntax and semantics of a language
Lj are those of L;s expanded recursively by

1. (a,v) € Lis = Eay) € L;S and SEMls(S(a,V)) = {v} x SEMjs(a, v);

2. (Cl, V), (a/,v’) € Lls,a ;ﬁ ad = EanA.,y) € L;S and SEMIS(E(a,v)A(a’,v’)) =
(v} x (V'} x SEMis((a, v) A (@, V)"

3. V@v) € Lig = (a,-) = \ (a,v) € Lj and SEMi5(a,") = |

vevV, vevV, veV,
SEMis(a, v);
4. (a, ) € L;S = €@, € L;S and SEMls(E(a!.)) = U SEMls(E(a,V));
veV,
5. (a, '),((1/, V/) S L;S = E@ @ ,y) € L;S and SEMIS(S(a,-)A(a/,v’)) = U
vev,
SEMs(&@vyn@ v))s
6. (a, v),(a/, ) S L;S = EawAl@,) € L;S and SEMIS(g(aﬁv)/\(a’,-)) = U
veVy
SEMs(&@vyn@ v))s
7. (a, -),(a’, ) € L;S = @ )nd,) € L;S and SEMjs(S(Q,.)/\(a/,4)) = U
veV,
SEMis(e@ayn@.)) = U SEMis(e@, @)
VeV,

I'A relation based on disjunction is defined analogously.
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Compared with the semantics of formulas, that of the relations provides also infor-
mation about features the objects share. Furthermore, the relations make it possible
to show features of all objects at once (i.e. relations with descriptors of the form
(a,-)).

The pair (¢,, SEM(¢,)) is viewed as a granule constructed based on the granule
(a, SEM (@)).

Example 8.1 Given the information system IS = (U, A) constructed based on rela-
tion R = customer from Example 2.1.

Consider formulas «; = (age, 30), o, = (income, 1800), a3z = (age,-), 04 =
(income, -) € Ljg and the relations with the schemas &, (age, id), &q, (income, id),
£q;(age, id), g4, (income, id). The semantics are SEMis(s,,) = {30} x {3,4},
SEMs(eq,) = {1800} x {3, 4,7},

SEMis(eq,) = U{{30} x {3, 4}, {33} x {2, 7}, {26} x {5}, {29} x {6}},

SEMs(gq,) = UJ{{1500} x {1}, {1800} x {3, 4, 7}, {2500} x {2, 5}, {3000} x {6}}.
We join the formulas and thereby obtain the following relations with the schemas
Eaynay(age, income, id), €qna, (g€, income, id), 4,0, (age, income, id),
Easnay(age, income, id). The semantics are SEM s (€q,0a,) = {30} x {1800} x

(3, 4).2 SEMys(6uyna) = UH{30) x {1800} x {3, 4}}, SEMis(eay na) = U{(30) x
{1800} x {3, 4}}, SEMis(e4sna,) = |U{{36} x {1500} x {1}, {30} x {1800} x {3, 4},
{33} x {2500} x {2}, {26} x {2500} x {5}, {29} x {3000} x {6}, {33} x {1800} x {7}}.
Each granule constructed based on the above relations shows not only some cus-
tomers but also features they share, e.g. the granule (e4,1q,, SEM|s(Exsnq,)) ShOWsS
for each group of customers their ages and incomes.

8.2.2 Compound Information System

Since objects are referenced by their identifiers, the following simplification will

be used. Let IS = (U, A) be an information system constructed based on relation

R(d, a;, ...,a;). We assume thatv € U =v € Vi;y A 3 id(x) = v. An analogous
xeU

assumption is made for a compound information system.
Formula-based relations for a compound information system IS , are defined as
follows.

Definition 8.3 (Syntax and semantics of Lj, 750, ) The syntax and semantics of a lan-
guage Ljg 15, A€ those of Lys,,, expanded recurswely by those of Ljg and Lj; , and by

2If the | operation is used for one set only, it means that it is possible to obtain more than one set
for the given relation.
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L. (a,v) € Ljg,(@,V) € L,V € SEMi,(a,v) = €awaw,) € Ljg  and
i J , , , @@.j)
SEMIS(,-J) (E(a,v)/\(a’,v’)) = {V} X {V} X SEMIS, (CZ s V );
/ *

2. (a,v) € L;‘Si,(a’,v) € L,Sj,v € SEMs,(a',V') = wwnr@.y) € L;s(,,,) and
SEMis,., (@wn@.v)) = (v} x SEMjs,(a,v) x {v'};

3. (a,v) € L;Si,(a’,v/) € L;Sj,v =V = fawrw@.y) € L;S(,-‘,-, and SEMs,
(E@wn@,vy) = {v} x SEMis,(a,v) x SEMis,(a’,Vv') = {Vv'} x SEMjs,(a,v) x
SEMs,(d', V'),

4. (a,") € Ly, a,Vv) € L,*SJ_ =  E@)r@y) € L;S(,-L,-) and SEMjs,
(@n@) = U SEMis,, (@mnw.v))s

veV,
5. (Cl, V) S LIS[, (a’, ) c L;S, = E@v)nd,) S L;S(,-,_,-) and SEM]S(L/.) (S(Q’V)/\(af..)) =
U SEMs,, (@amnw.v))s
vVeVy
6. (a,) € L;S;’ (a’, ) € L;S,- = @, )nd,) € L;S(,./-) and SEM]S“.J.)(8(0,.)A(ag.)) =
U SEMjy(eamn@.)) = U SEMj(e@yn@ )

vev, veVy

7. ae€ L,*SI = &4 € L;s(,- ) and SEMis,, (84) = SEMs,(€q), where [ = i, j.
The semantics of the relations defined above show pairs of objects from different

universes along with their features. Relations that include a descriptor of the form
(a, -) makes it easy to join objects from different universes.

Example 8.2 Given the information system IS(; ») = x(IS1, IS2), where IS} and IS,
are constructed respectively based on relations R; = customer and R, = purchase
from Example2.1.

Let oy = (age, 30),ay = (cust_id, -), a3 = (date,-) € L,*S(m). We consider the
following relations with the schemas ey, o, (age, cust_id, R,.id),

Eaynas (Cust_id, date, Ry.id), €, naynas(age, cust_id, date, R,.id). The semantics are
SEMis, (e na) = (30} x {3} x {8}, {30} x {4} x {5, 6}},

SEMis, ,, (faynay) = U{{1} x {24/06} x (1,2}, {2} x {25/06} x {3}, {2}

{26/06} x {4}, {3} x {27/06} x {8}, {4} x {26/06} x {5, 6}, {6} x {27/06} x
(7)), SEMis, ) (6aynasna) = UH(30) x {3} x (27/06} x {8}, {30} x {4}

{26/06} x {5, 6}}.

Each granule constructed based on the above relations shows some customers
and their purchases, and also features of at least one of both, e.g. the granule
(o naanas s SEMs (€, nannai)) Shows customers, their ages, their purchases and the
purchase dates.

To illustrate case 3 of Definition 8.3 we consider also an information system 753
constructed based on relation R3 = married_to.

Letay = (cust_id, -) A ((cust_id,, -) V (cust_id,, -)) € L}*Sm). We have the following
relation with the schema &4, (cust_id, R;.id, Rj3.cust_id).* The semantics is
SEMs,,, (ea,) = U1} x {1, 2} x {1}, {4} x {5,6} x {2}, {6} x {7} x {3}, {3} x
{8} x {3}}.

3In this case it is assumed that ¢ and «’ are of the same type.
4The last attribute in eaq (cust_id, Ry.id, R3.cust_id) corresponds to cust_idy and cust_id,.
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Formula-based relations for a compound information system IS, = x(ISi,
1S,, ..., 1S,,), where m > 2, are defined analogously to Definition 8.3.

8.3 Relational Data and Patterns Represented
by Relation-Based Granules

This section shows how relation-based granules can be used for representing both
the relational data and patterns.

8.3.1 Relational Data Representation

Definition 8.4 (Relational data representation) An information system IS = (U, A)
is represented by a relation ;5 = (g4, : a € A).

A database defined by relations Ry, R;, ..., R, (each R; corresponds to IS; =
(U;, A))) is represented by the set {gys,, €rs,, . - - €15, }-

To make the data representation more compact, one can omit the relations con-
structed based on the identifiers since they are included in other relations.

Example 8.3 Let Ry = customer, R, = purchase, Ry = product, Ry = married_to
(Example2.1). The database is represented by the set ({egs,, €rs,, €rs;,
&rs,}, where

® &5 = {8(name,~), 8(age,<)’ 8(gender,-)’ E(income,-)» 8(cluss,-)}:

SEMs, (& name.) = UUAS} x {1}, {TJ} x {2}, {AT} x {3}, {SC} x {4}, {ES} x
{5}, {UC} x {6}, {MT} x {7}, SEMs, (eage.))= U{{30} x{1, 3,4, 7}, {33} x {2},
{26} x {5}, {29} x{6}}, SEM 5, (£ (gender.)= U{m} x {1, 6, 7}, {f} x{(2, 3, 4, 5},
SEMjs, (& (income.) = | J{{1500} x {1}, {1800} x {3, 4, 7}, {2500} x {2, 5}, {3000} x
{6}}, SEMis, ((ctass.y) = Ui{yes} x {1,2,4,5, 6}, {no} x {3, 7}}.

o g5, = {€usiid.)s Eprod_id,)s Eamount,ys Edate,))  + SEMis, (Ecust_id,)) =
Ut x {1,2},{2} x {3,4}, {4} x {5,6},{5} x {7}.{6} x ({(8}}, SEMs,
(Eproa_ia.y) = U1} x {1, 3}, {3} x {2, 4}, {6} x {5}, {2} x {6}, {5} x {7}, {4} x
{84}, SEMis, (eamounr.y) = U1} x {1,3,4,5,6}, {2} x {2,7},{3} x {6}},
SEMs, (saae.y) = U{{24/6} x {1,2},{25/06} x {3},{26/06} x {4,5,6},
{27/06} x {7, 8}}.

® &l = {g(name;)’ 8(price,-)}:

SEMis, (Smame.)) = U{{bread} x {1}, {butter} x {2}, {milk} x {3}, {(tea} x
{4}, {coffee} x{5}, {cigarettes} x{6}}, SEM s, (€ price,.)) = U{{2.00}x{1}, {3.50} x
{2}, {2.50} x {3}, {5.00} x {4}, {6.00} x {5}, {6.5} x {6}}.

o &1, = {E(cust_id,,)» Ecust_idy, )}

SEMis, (8 (cusi_ia;.) = U5} x {1}, {6} x {2}, {3} x {3}}, SEMs, (e(cust_ia,.) =
UL x {1}, {4} x {2}, {7} x {3}}.
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The connections among particular information systems are nor explicitly shown,
however the granular representation includes information about how given systems
can alternatively be joined. More formally.

Definition 8.5 (Joinability of relations) Let IS; and IS; be information systems. Rela-
tions £, € L and &, € Ljg are joinable if and only if £ ). € L, -

8.3.2 Relational Patterns Representation

To distinguish patterns constructed based on relations from those constructed based
on formulas, we will call the former e-relation based patterns (e-patterns, in short).
Let D(¢,) and D,(g,) denote, respectively, the domain of an e-relation &, and the
domain related to an attribute a € attr(e,).

Let ISomy = xSy, 182, . . ., IS,,) be a compound information system where each
1S; = (U;, A;) is constructed based on a relation R;.

8.3.2.1 Frequent Patterns

Frequent patterns are defined using e-relation as follows.
Definition 8.6 (s-frequent pattern)

1. An e-pattern in ISy, is a relation &, € Ljs ~suchthata € Ljs “isa pattern.®

. |SEMs, - (€4)]

2. The frequency of « is freq,s(m) (eq) = —e— Iz(:))le
T'he ; . . = ISEMIS(, | (€0
3. frequency of ¢, withrespectto adomain D, (&) is freq 15“( " (6q) = DT (E" T

The above definition is a generalization of Definition7.1. More formally.
Proposition 8.1 Let ¢, € L,*S(m) be an e-pattern. If there exist 1 < i < m and
a € attr(&y) such that U; = D, (&), thenfreq”" (oc) f”e‘hs( )(801)~7

Definition 8.7 (Frequency of e-pattern under threshold) Let ¢4 € Ljs be an ¢-
pattern. The frequency of &, with respect to a domain D,(g,) under a threshold
t € [0, 1] imposed on a domain D, (g,) (a # ') is defined as

Oa=y,7

} a1y €Da(ea) : fregs, ™ (ea)#t}]
freq[;(m) (80{7 t ’ ) = ’
12ACH]
h # > d Oa= YT ‘SE "(ml “ (F(X)l
where # € {=, #, <, <, >, >} an f”eqls( » (6a) = D (ea)l

Sattr(g4) denotes the set of all attributes used in an e-relation &.
6 A pattern of the expanded language may include a descriptor of the form (g, -).
7Proofs of the propositions formulated in this section are simple and left to the reader.

86, (e) is a selection under a condition c.
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The above definition is a generalization of the pattern’s frequency from Defini-
tion 8.6. More formally.

Proposition 8.2 Let ¢, € L;S(,,,) be any e-pattern. The following holds
Vo freqis (ea) = freqys, (6q,1"°7), where t = 1/|Dy(e4)l.

a,a’ eattr(g,),a#a’
Based on one e-pattern, we can acquire knowledge regarding more than one
standard pattern.

Example 8.4 1. Let IS be the information system constructed based on relation
customer from Example 2.1. Consider formula o; = (age, 30) A (gender) € Ljg
and the relation &,, with the schema ¢4, (age, gender, id).
The semantics of &, is SEMs(gq,) = (J{{33} x {female} x {2}, {30} x {female} x
{3, 4}, {26} x {female} x {5}, {29} x {female} x {6}.
We can acquire the following knowledge from &, .

a. How often are customers females?
freqrs, (eq,) = el — 47,
b. How often ages are associated with females?
Tage ISEM g% (eay )|
Jreqys” (€0,) = ] = 3/4.

2. LetIS3) = x (IS4, IS», 1S3) be the compound information system, where IS, 1S5,
and IS; are constructed based on relations R; = customer,
R, = purchase, and R; = product, respectively. Consider formula o, =
(cust_id, ) N(prod_id, -) € L;s(3) and the relation g4, with the schema &, (R; .id,
Rs.id, R;.id).

The semantics of &y, is SEMs, (go) = U{{1} x {1} x {1}, {1} x {3} x {2}, {2} x
{1} x {3}, {2} x {3} x {4}, {4} x {6} x {5}, {4} x {2} x {6}, {5} x {5} x {7}, {6} x
{4} x {8}}.
We can acquire the following knowledge from &, .

a. How often do customers purchase products?

Tid)

: ISEMy5") (60,
e ) = R sl = 50
b. How often are products purchased by customers?
ity ISEMsiy )l 11....6)
fredys, (Eay) = —p—— = 50 = 1.
c. How often do customers purchase at least two products (t; = 1/3)?
i) =x-Tid3
Tid idy, >\ \{XEU]IfI’EZI,SO) (eay) =01}l {124}
redis ) Eos 1777) = IO = qoan =37
id) =xTidy
Tid, idy, >\ __ ‘{XEU]foEqISGI) ‘(Eaz)ztl}‘ {124y
Jreqs (€ay, 1,7°7) = A = o = 3/7.

To compute the numerator we perform for each object from U, the following
operations (shown for the first object): SEMIUS‘Z‘):' (eq,) = U{1} x {1} x

91. For simplicity’s sake we will write id; for R;.id. 2. The result means that 5 out of 7 customers
purchase products.
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{1}, {1} x {3} x {2}}, SEM}}”;{;)Z"”"“ (€4,) = {1, 3}—the products purchased

by customer 1, hencefrquf:):"”fdg () = \{‘1{1.132}\ =1/3.
d. How often are products purchased by at least two customers (r, = 2/7)?
o Zidy=x"Tid|
Tidy idy, >\ __ HXGUS:)‘V‘-’Q/S(S) (6ay ) =02} _OHL3Y
frediss, (6, 1577) = 03] = TMen = /3

8.3.2.2 Association Rules

Association rules are defined using e-relation as follows.
Definition 8.8 (s-association rule)

1. An g-association rule in /S, is an expression of the form £, 5 € Ljg =~ such that
a— Belj " is an association rule in IS, and g, € L,*S(m) is an e-pattern.
2. The frequency of &,_, g with respect to a domain of D,(g4xg) is
Fredt, (amnp) = freqe. (eunp):
3. The confidence of &,_, g with respect to a domain of D, (g, ) is
freqis,, arg) 1o

T, _
confys, (ea—p) = freqg, )

Definition 8.9 (Confidence of e-association rule under threshold) Lete,_. g € L;S(m)
be an g-association rule. The confidence of g,_,g with respect to a domain D, (g,)
under a threshold ¢ € [0, 1] imposed on a domain D, (g,) (a # ') is defined as

Oa=v,7

(v € Da(ea) : freqy, ™ (eanp)#1)]

ISEM[g, (e0)]

T N
confis' (q—p, 19" =

Definition 8.10 (Confidence of e-association rule under double threshold) Let
Easp € L;S(,,,) be an g-association rule. The confidence of g,_, g with respect to the
a domain D,(g,) under a threshold ¢ € [0, 1] imposed doubly on a domain D, (g,)
(a # d') is defined as

Ta ' #
- 5 _freqls(m) (anp, 19°7) _
confige (€a—p, 2% 177) = = — =
frquS(m)(Sa’t *)

Oa=v.r,
v € Da(eq) : freqys,,  (eanp)¥t}|

(v € Duea) : freqps ™ (ea)#1}]

Sm)

Analogously to frequent patterns, Definition8.8 is a generalization of Defini-
tion 7.2, whereas Definitions 8.9 and 8.10 generalize the rule’s confidence from Def-
inition 8.8.

10Unlike for patterns, the frequency and confidence of an association rule &, g With respect to the
domain D(gq4— ) are not defined, since D(gy) differs from D(gg).
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Example 8.5 Let 1S3y be the compound information system defined as in Exam-
ple8.4. Consider formulas @« = (cust_id,-) A (prod_id,-), B = (cust_id, ) N
(prod_id,-) AN (amount,1) € LIS " and the relations with the schemas
eq(R1.id, R3.id, R>.id), eg(R.id, R3.id, amount, R, .id).

The semantics of ¢, and e are SEMs, (e) = {1} x {1} x {1}, {1} x {3} x {2}, {2} x
{1} x {3}, {2} x {3} x {4}, {4} x {6} x{5}, {4} x {2} x {6}, {5} x {5} x {7}, {6} x {4} x {8}}
and SEM;s (ep) = U1} >x {1} x {1} x {1}, {2} x {1} x {1} x {3}, {2} x {3} x {1} x
{4}, {4} x {6} x {1} x {5}, {6} x {4} x {1} x {8}}.

We can acquire the following knowledge from &,_, g.

1. How are customers who purchase products likely to purchase the products in
quantities of one piece"
‘SEM'5<3> €l j1.2.4.6) 11
ISEf"Ls'dl () ~ r2ase = =4/
2. How are products bemg purchased likely to be purchased in quantities of one
piece by customers?
ISEM;

C()}Ilf[_g‘(z (Eot—>ﬂ) =

NG _ I %46
ISEM g2 ) ML =2/3
3. How are customers Who purchase products likely to purchase at least two of the
products (1; = 1/3) in quantities of one piece?
e fregu " @zl _ oy /4
ISEM " (20| T lL2dser T T
4. How are products being purchased likely to be purchased by at least two customers

(t, = 2/7) in quantities of one piece?

Tid
config (Eamp) =

id
conf,sx) (ap, 1) 157y =

Oidy=xTid}

Tidy ld] XEszrequm (Eanp)=t2}|

con, Ea—ps = = =1/6.

f[s ( a—p o) = \SEMKI:;M(%H ‘{1 _____ /

5. How are customers who purchase at least two products (t3 = 1/3) likely to
purchase all these products in quantities of one piece?
. idy=x
id [{xeU\freqg (anp) =3}l 12}

con e ,Z*t" = ) = =1/3.

fiss €t = lreUifreqs ezn)l 1124 /

6. How are products being purchased by at least two customers (#4 = 2/7) likely to
be purchased by all these customers in quantities of one piece?
XEUgfreq,“]; rwllllld(sa/\ﬂ)zht}l _ ‘ilél —1,2.
lxeUsifreqs® ™ " (ea) 14 1.3}

Tid id
conf,s'(; (Eqmsp, 2% 14" %) =

8.3.2.3 Classification Rules

Classification rules are defined using e-relation as follows.
Definition 8.11 (e-classification rule)

1. An e-classification rule in ISy is an e-association rule &4 € Ljg ~such that
B is the decision descriptor.

1I'The result means that 4 out of 5 customers who purchase products purchase them in quantities of
one piece.
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2. The accuracy of &,_, g with respect to a domain of D,(g,) is accfs“(m) (tamp) =
conflgfm) (Ea—p)-

3. The coverage of &,_, g with respect to a domain of D, (&) such that D, (e4) exists

fredqis,,, Eanp)

freqrs; (ep) *

: Ta
1S cov & =
BSan ( a_)ﬁ) S(m)

Since a classification rule is a special case of an association one, then its accuracy
under a threshold is defied as the association rule’s confidence (see Definitions 8.9
and 8.10).

Example 8.6 Let 1S3y be the compound information system defined as in Exam-
ple 8.4. Consider formulas « = (cust_id, -) A (prod_id, -), B = (class, yes) € Lys,
and the relations &,,6p with the schemas ¢&,(R;.id, R3.id, R,.id),
ep(class, R;.id).

The semantics of &, and e are SEMs,, (e) = (J{{1}x {1} x {1}, {1} x {3} x{2}, {2} x
{1} x {3}, {2} x {3} x {4}, {4} x {6} x {5}, {4} x {2} x {6}, {5} x {5} x {7}, {6} x {4} x {8}}
and SEM;s, (ep) = U{{yes} x {1,2,4,5, 6}}.

We can acquire the following knowledge from &,_, 4.

1. How are customers who purchase products likely to be considered as good cus-
tomers?

ISEM; Carp) ((1.0.4.5)]

‘SEM;/:;(S“)' = 11,2,4,5,6)]

2. How are customers who purchase at least two products (t = 1/3) likely to be

considered as good customers?

—4/5.2

Tid, _
accyg,, (Ea—p) =

Tidy =x-Tidy
sy Co)ZBL o4y

Tid -
ISEMyg..) (20| It1,2,4,5,6

l{xeUfreq,

TTi .
acc,si‘)(saﬁﬂ, 1242y = = 3/5.

8.4 The Approach’s Complexity

This section evaluates the cost of the construction of representations of relational data
and patterns using introduced relations. It also compares the approach introduced in
this chapter with a standard one in terms of complexity. The latter is understood as
an approach where database tables are mined directly, i.e. the data is not transformed
into an alternative representation (except for using typical data mining transformation
techniques such as e.g. discretization).

Table 8.1 includes the cost of database transformation and the cost of checking
the satisfiability of formulas (patterns) during their construction. As it can be seen, a
high cost of the database transformation is offset by a lower cost of pattern genera-

12The result means that 4 out of 5 customers who purchase products are considered as good cus-
tomers.
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Table 8.1 Complexity of operations for the granular (GA) and standard (SA) approaches. Oper-
ations being compared are (the labels with primes denote equivalent operations for the standard
approach): opj—forming the set {g5; : 1 < i < m} that represents IS(;,; op»—checking a formula
(a,v) € Ljs; op3—checking a formula (a, v) A (a’, V') € Ljs; ops—checking a formula (a, -) € Lys;
ops—checking a formula (a, -) A (d’, +) € Ljs; ope—checking a formula (a, -) A (a’,V') € Lisg s
where (a,-) € Lys; and (¢',V') € Lys;; op7—checking a formula (a, ) A (@', ) € Lys;;, where
(a, ) € L]S,. and (a/, ) S L[Sf

GA SA

opi O((n"*)?) opyr o)

opa o(1) opy O(n)

op3 O(n) opy O(n)

ops o(1) opy O(n)

ops O(n) ops O(n)

ops o(n™™) ope O((n"™™)?)
op7 O((n"*)?) opy O((n"*)?)

tion. Namely, the database is transformed only once regardless of the task (frequent
patterns/association discovery or classification), but patterns can be generated repeat-
edly. Therefore, granular database representation make it possible to speed up the
generation of patterns.

8.4.1 The Granular Approach’s Complexity

The further part of this section shows the details of the computational costs of all oper-
ations. Firstly, the way of the construction of a granular representation of relational
data is evaluated.

Consider IS = (U, A) including only descriptive attributes except for the identi-
fier, i.e. Ages = A\{id}. Let n = |U|.
It is assumed that the cost of forming the condition (a, v) where attribute a € A and
value v € V, are given is 1.

o The cost of forming a relation g(, ) € Lj;, where a € Ages, 2 18
T4 (n) < Cn = O(n),

where C = |V,| — 1. For each 0 € U we scan the list of values used so far to check
if v = a(o) is a new value (the list cardinality is less than or equal to |V,]|). It is
assumed that |V, is relatively small by nature or thanks to a discretization.

e The cost of forming the tuple ;5 that represents IS is

3The cost of forming &(;4,.) is n because SEMjs(g(iq,.)) = {(id(x), id(x)) : x € U}.
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T4 (n) = |A|Ty(n) = O(n).

Given a compound information system IS,y = X (IS1, IS2, . .., ISy). Each IS; =
(Ui, A) (1 < i < m) is constructed based on a database relation R;. Let n; =
|U;|. Consider now an information system IS; including also key attributes other the
identifier, i.e. there exists a € Ay \{id} such that a = R;.id and j # i. We obtain that
V. C U,

e The cost of forming a relation ¢,y € L,*Sl_, where a € Ay \{id}, is

T\ (. na, ) < Valng < mng < 0™ n; = 0" ny),

where n"* = max{n; : 1 <i < m}.
e The cost of forming the tuple g5, that represents IS; is

s (1. na. ... ny) = CITE () + G T (1, mas .., ny) = O™ ny),

where C| = |Ag| + 1 and C; = |Ag \{id}].
e (op1) The cost of forming the set {g5, : 1 < i < m} that represents ISy, is

imy Jm

. k )

Ts(ni,nay ... ony) = > T85my) + > T, (i, na, .o ny) = mOm™™) +
i=i J=i

myO((n™)?) = O((n™*)?),

where iy, i3, ..., i, are labels of information systems including only descriptive

attributes except for the identifier, ji, j2, . . ., jm, , are labels of the remaining infor-

mation systems, and m; + my = m.

The way of checking the satisfiability of formulas during their construction is
evaluated as follows.
It is assumed that the cost of checking the condition (a, v) for an object 0 € U where
attribute a € A and value v € V, are given is 1.
Given an information system IS = (U, A).

e (opy) The cost of checking a formula (a, v) € L;SM is
Ty(n) < [Va| = O(1).
We only need to scan the semantics of €.y to find the set corresponding to value
vevV,.

e (op3) The cost of checking a formula (a, v) A (a, V') € Ljg is

Ts(n) < |Val + |Va| +2n = O(n).

14Formulas are constructed over descriptive attributes only. Key attributes are used in a compound
information system to join particular information systems.
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We scan the semantics of g, .) (at most | V,| operations) and &, ., (at most | V|
operations) to find the sets corresponding to v and v and then compute the inter-
section of them (at most 27 operations'?).

o (op4) The cost of checking a formula (a, -) € Ljg is

Te(n) = [Val = O(1).

We only need to scan the semantics of ¢, .) to get the set corresponding to each
value v € V,.
e The cost of checking a formula (a, -) A (¢', V) € Ljg is

T7(n) < |Val + 20|V, = O(n).

We scan the semantics of &(,,.) (at most |V, | operations) to find the set correspond-
ing to v and then compute the intersection of each pair of sets corresponding to v/
and v € V, (at most 2n|V,|).

e (ops) The cost of checking a formula (a, -) A (d', ) € Lj, is

Tg(n) = 2n|V,||Va| = O(n).

For each pair (v,Vv') € V, x V, we compute the intersection of the sets corre-
sponding to v and v'.

Given an information system IS; ;) = x(IS;, 1S;).

e The cost of checking a formula (a, v) A (d',V') € Ls,,, where (a,v) € Ljs and
(a',V') € Ly, is

To(n;, nj) = max{n;, nj} = O(n""),

where n”* = max{n;, n;}. It v'. € SEMjs,(a, v), we have To(n;, n;) = n;. The sets
corresponding to all v € V, form a partition of U;. We need to scan the semantics
of &4, to find v € V, such that v’ belongs to the set corresponding to v. Therefore,
this is equivalent to scanning U;. If v € SEMjs, (d’,v") we analogously obtain
Ty(ni, ny) = n;.

e (0pg) The cost of checking a formula (a, -) A (d,V) € LI*SM, where (a, 1) € L
and (a',V) € Ljg is

To(ni, nj) = max{n;, 2n;} = O(n"*).

If v/ € SEMjs,(a, v), we obtain T1o(n;, n;) = n; analogously to the previous point.
If v e SEMjs, (@', v') we have Tyo(n;, nj) = 2n;. We scan V, (at most n; operations
since V, € U;) and at the same time the set corresponding to v’ to check if a given

I5The sets are assumed to be ordered. This operation does not increase the asymptotic complexity
of the database transformation.
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v from V, belongs to the set (at most n; operations'©).
We obtain an analogous result for (a, v) A (d/, ) € LI*S(,;,-)-

e (op7) The cost of checking a formula (a, ) A (¢, -) € Lj,,» Where (a, ) € L
and (d/,-) € LI*Sj is

Ty (ni, nj) < max{|V,|mnj, |V lninj} = O((n™)?).

If v\ € SEMs,(a, v), we have Tio(n;, n;) = |V4||Vyln; < |Valnin;. For each pair
v, V') € V, x Vy (|V,]| V| operations) we scan the set corresponding to v to check
if v/ belongs to this set (at most n; operations). Since V,, C U, then we obtain
[VallValni < |Valn;. If v € SEMjs;(a’,v') we analogously obtain T'o(n;, n;) <

| Va/ |}’lil’lj.

8.4.2 The Standard Approach’s Complexity

The following compares the introduced approach with a standard one in terms of
complexity. In a standard approach relational data is mined as is, i.e. no alternative
representation is generated. Therefore, the cost of the database transformation is
o) (opy).

Consider a relation R based on which IS = (U, A) is formed. We have that the
cardinality of R is n.

e (opy) The cost of checking a formula (a, v) is
Ty(n) =n = 0(n).

We need to scan all objects from R.
e (op3) The cost of checking a formula (a, v) A (d/, V') is

Ts5(n) <2n=0(n).

For all objects that satisfy (a, v) (at most n objects) we need to scan R to check if
they satisfy (a’, V') (n operations).

e (opy) The cost of checking a formula \/ (a, v) (an equivalent of (a, -) € Lys) is
veV,

Ty (n) = |Valn = O(n).

When searching for the best descriptor constructed based on an attribute a, in fact,
we examine each formula (a, v), where v € V, (a classification rules generation
case).

16We assume that the sets are ordered.
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e (ops) The cost of checking a formula \/ \/ (a,v) A (¢/,V) (an equivalent of
veV,veV,
(a3 ) N (a/’ ) € LIS) is

Ty (n) = |VallVa|Ts (n) = O(n).

The formula \/ \/ (a,v) A (&, v)’ corresponds to the set of all formulas con-
veV, veV,

structed over both the attributes a and @’ (a frequent patterns generation case).

Consider relations R; and R; based on which IS; = (U;, A;) and IS; = (U}, A;) are
formed. We have that cardinalities of R; and R; are n; and n;, respectively.

e (ops) The cost of checking a formula (a, v) A (R;.a’ = R;.id) (an equivalent of
(a,v) A(d,-) € Lisij) is

Tho (ni, mj) < ni + minj = O((n"™™)?).

For each object that satisfies (a, v) (at most n; objects) we scan R; to check if the
object also satisfies (R;.a’ = R;.id) (n; operations).!”

e (op7) The cost of checking a formula \/ (a,v) A (Rj.a’ = R;.id) (an equivalent
veV,
of (a,) A (d, ) € Lisij) is

Ty (i, ) < Vol Tio (ni, j) = O((n™)?).

8.5 Conclusions

This chapter has expended description languages defined for relational information
granules. The expansion includes formula-based relations designed for represent-
ing relational databases and patterns to be discovered. The main advantages of the
approach can be summarized as follows.

1. The cost of generation of relational patterns can be decreased compared with
that when the patterns are generated directly from the database. In fact, relations
that represent the database consist of atomic formulas to be used for pattern
construction.

2. Richer knowledge can be discovered from relational data when generating pat-
terns using relations. The patterns exploit information which can be acquired
from a standard relational database by applying additional computations such as
aggregation.

17Relational data in the form it is provided is not, in general, ordered.



Chapter 9
Compound Approximation Spaces

9.1 Introduction

Constructing a rough set model for processing data stored in a relational structure
is not a trivial task. A relational database considered in the context of data mining
tasks (e.g. classification) has a specified table (target table) that includes objects to
be analyzed and it can be treated as the counterpart of the single table database. The
remaining relational database tables (background tables) include additional data that
is directly or indirectly associated with the target table. For that reason, a lot of, or
even most, essential information about target objects can be hidden in the background
tables.

The crucial problem when applying rough sets to relational data is, therefore, to
construct an approximation space. Such a space should include essential information
about target objects, background objects, as well as relationships among them.

The goal of this chapter is to introduce a framework for processing relational data
using rough set tools [43]. The underlying idea is to use the benefit of rough set
theory to deal with uncertainty in relational data. Such an uncertainty may concern
not only objects of a given database table but also the relationship of objects from
different tables.

The chapter develops compound approximation spaces and their constrained ver-
sions that are constructed over relational data. The universe in a compound approx-
imation space is the Cartesian product of the universes of particular approximation
spaces (each corresponding to one database table). The universe in a constrained
compound approximation space is limited according to possible connections between
database tables. The lower and upper approximations are defined for (constrained)
compound concepts that are subsets of the (constrained) compound universe.

The remaining of the chapter is organized as follows. Section9.2 introduces
compound approximation spaces. Section 9.3 studies acquisition of knowledge from
approximations of compound. Section 9.4 evaluates the complexity of the approach.
Section 9.5 provides concluding remarks.

© Springer International Publishing AG 2017 99
P. Honko, Granular-Relational Data Mining, Studies in Computational
Intelligence 702, DOI 10.1007/978-3-319-52751-2_9
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9.2 Compound Approximation Spaces
and Their Constrained Versions

This section introduces compound approximation spaces that are defined for com-
pound information systems introduced in the previous section.
Firstly, the notion of approximation space is slightly redefined.

Definition 9.1 (Approximation space AS,) An approximation space AS, for an
information system /.S = (U, A) is defined by

where w = (#, %), I, = I, v, = vs.

9.2.1 Compound Approximation Spaces

A compound approximation space corresponding to two database tables is defined
as follows.

Definition 9.2 (Compound approximation space AS,,; ) Let AS,, = (U;, Ly, V)
and AS,, = (U}, 1u,;, vo;) (i # j)be approximation spaces for information systems
IS; = (U;, A))and IS; = (Uj, A;), respectively. A compound approximation space
(CAS for short) AS,,, , for a compound information system IS j, = x(IS;, IS;)

. J)

is defined by
ASuiy = X(ASws ASw,) = (Va5 L ) Veri ) 9.2)
where
b Uwu:j) =U; x Uj,
J v Ly, ;, (X1, %2)) = Loy, (x1) X 1y, (x2),
(x1,x:2)€l0; ;)
. v Vo (X1 X X2, Y1 X ¥2) = vy, (X1, Y1) - vy, (X2, Y2).

X1,Y1€U;, X2, Y2€U;

For each of the universes U; and U; a different uncertainty function and rough
inclusion function can be used. If we apply the standard rough inclusion to both the
universes we obtain the following relationship.

Proposition 9.1 ! Let ASy,, be a CAS and vi = vj = vggr;. The following holds

v Vo, (X1 X X2, Y1 X Y2) = vgpi (X1 X X2, Y1 X Y2).
X1,Y1CU; , X2, Y2 CU;
Approximations of a set in a compound approximation space are defined as
follows.

IProofs of the propositions formulated in this chapter can be found in [43].
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Definition 9.3 (Approximations of a set in AS, ) Let AS,, = (Uu, s Lo
Vw“-,,-)) be a CAS and X C U;, X, C U,. The lower and upper approximations of
the set X| x X, in AS,,, ., are defined, respectively, by

. J)

LOW(ASy, ), X1xX2) = {(x1,x2) € Us ), : Vo, ;, Lo, (X1, X2)), X1 x X3) = 1},

)

UPP(ASU) Xl XX2) = {()C],)Cz) € Uw(,’./‘) : va)(,-,j) (Ia)(,'vj)((xlvxé))a X] XXZ) > 0}'

i)
The lower and upper approximations possess the following properties.

Proposition 9.2 Let AS,, X(ASy,, ASw;) be a CAS. The following hold

G.J)

XCU;, X,CU;

1. LOW(AS,,, X)) x U; = LOW(AS,, ,, X; x U)),

2. UPP(AS,,, X)) x U; = UPP(AS,,,, X| x Uj),

3. LOW(AS,,, X2) # 0 = m(LOW(AS,, ,, Xi x X)) = LOW(AS,,, X)).
4. UPP(AS,,, X5) # 0 = m;(UPP(AS,,,, X| x X2)) = UPP(AS,,, X)).
5. LOW(AS,,, X;) x LOW(AS,,,, X2) = LOW(AS,,, ,, X| x X2),

6. UPP(AS,,, X) x UPP(AS,,, X2) = UPP(AS,,,, Xi x X2).

For AS,,; one can formulate equalities analogous to 1-4.

Example 9.1 Consider approximation spaces AS,,, = X(AS,,,AS,,), where
AS,, and AS,, are constructed respectively based on relations customer and
purchase from Example 2.1. Let 1,, = Iiage,income},ers los = Liamount. date},er> €1 =
(Eagev Eincome) = (2’ 300)7 & = (Samount» 8date) = (l’ 1)7 Vo, = VSRI and Vw, = Vu,l
where u = 0.25and [ = 0.75.2 Let X; = {1,2,4,7} C Uy, X, = {2,6,7} C Ua,
and X; x X, be the sets to be approximated.

The table below shows the similarity classes and their rough inclusion degrees in the
respective sets.

x1 € Uy [y (x1) |V, Ty (x1), X1) [x2 € U | Ly (x2) Vi, (e (x2), X2)
1 I 1 1 (1,2,3} [0.33

2 2r N 2 1,2,3) |033

3 (3,4) |05 3 (1,...,51]02

4 (3,47 |05 4 (3.4,5, 8]0

5 5y 1 5 3,45, 8]0

6 (6} 1 6 (6,7} [

7 7 |0 7 6,7) I

Z _ _ 3 4,5,8 |0

We obtain the following approximations LOW(AS,,, X)) = {1,2,5,6},

UPP(AS,,,X1) = {1,...,6}, LOW(AS,,, X») = {6,7},UPP(AS,,, X2) =

2The uncertainty and rough inclusion functions are defined as in Chap. 5. The distance measure is
defined as follows d(x, y) = |a(x) — a(y)|.
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{1,2,6,7), LOW(AS,,,, X1 x X2) = {1,2,5,6} x (6,7}, UPP(AS,,,, X1) =
{1,...,6} x {1,2,6,7). We also have 7, (LOW(AS,, ,, X x X2)) = {1,2,5,6},
TUUPP(ASy, . X1 X X2) = {1, ..., 6}, a(LOW(AS,, ,, X1 x X2)) = {6, 7},
1(UPP(AS,, ., X1 x X»)) = {1,2,6,7).

(1,2) ?

(1,2)?

The compound approximation space corresponding to m database tables is defined
as follows.

Definition 9.4 (Compound approximation space AS,,,, ) Let AS,, = (Ui, 1y, Vo)
where 1 < i < m and m > 1, be approximation spaces for information systems
1S; = (U;, A;). A compound approximation space AS,, = for a compound informa-
tion system IS¢,y = x(IS;, ..., 1S,) is defined by

(m)

ASuy = X(ASuys oy ASy) = W s Loyys Vo) ©3)
where
° — X\:)G » Lo, (X150 X)) = ifjl L, (xi),

° Vo Ve, (T X [TY) = [1 v, (Xi, Y)).

X;,YieU;, 1<i<m i=1 i=1 i=1
Proposition 9.3 Let AS,,
holds

m m
\4 Voo (I Xiu TT Y) = vser ([T Xi, TT Y0).
=l =l i i

X;.YieU;,1<ism " =1 =1

o bea CAS suchthatvy = ... = v, = vgg;. Thefollowing

This can be proven analogously to Proposition9.1.
Any subspace of AS,, = canbe treated as a compound approximation space. More
formally.

(m)

Proposition 9.4 If AS,,,
{1,...,m}

is a CAS, then so is ASQ,UIH where {iy,...,i;} C

mn) i)
This can be proven straightforwardly from Definition 9.4.

Approximations of a set in a compound approximation space are defined as fol-
lows.

Definition 9.5 (Approximations of a set in AS,,,,) Let ASy,, = (U s Lo s Vo)
be a CAS and X; C U;, where 1 <i < m. The lower and upper approximations of

m
the set [] X; in AS,,, are defined, respectively, by

i=1

m

m
LOW(ASy,, [1X0) = {1, .. Xm) € Unsyy < Vi Uy (et - ), [ | Xi) = 11,

i=1 i=1
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m

UPP(ASu,,. [ [ X0) = {G1. - xm) € Uy 2 Vg gy (1)), [ X0) > 00
i=1 i=1

The below proposition is a generalization of Proposition 9.2 and can be proven in an
analogous way.

Proposition 9.5 Let AS,,, be a CAS. The following hold v

XiCU;, 1<i<m

i—1

1. vV [l U,xLOW(AS,,. H X1,) % H U, = LOW(AS,,,, H U,

)

1<t<1<m1| 1 L=j+1
m
X H X[2 X H Ul3),
=i L=j+1

i—1 m i—1

2. v [l U,xUPP(AS,, o H X,)x [] U,=UPP(AS,,,. H U, x

1<z<j<m11 1 bL=i L=j+1
H X, X H Us),
L=i Ly=j+1
3 v LOW(AS,, . [1Xi) # 0 = 7, (LOW(AS,,,, [] X))

k/
= LOW(AS,, . [1 Xi), where (i, ... jied = {1, ...om}\ {ir, ... ).
=1

k
4. o \7’[1 }UPP(ASw(”._“Jk), H Xi) #0= T,
m =1
.
= UPP(ASw(jl___A_].,), H Xi), where {ji, ..., juy=1{1,...,m}\ {i1, ..., i}.

i (UPP(AS,,,, 1‘[l X))
=

5. HLOW(ASw, X)_LOW(ASw(m),HX)
i= 1

6. [[UPP(AS,,, X)) = UPP(AS,,, 11 x0).
i=1 i=1

The following example illustrates the above definitions and propositions.

Example 9.2 Consider approximation spaces AS,; = X (ASy,, AS,,, AS,,), where
AS,, and AS,,, are defined as in Example 9.1, and AS,,, is constructed based on rela-
tion product from Example 2.1. Let 1,, = I{price)e5> €3 = (Eprice) = (1.00) and
Vo, = vspr-Let X1 ={1,2,4,7} C Uy, X, ={2,6,7} C Uy, X3 ={2,3,4} C Us,
and X; X Xp X X3 C Uy, be the sets to be approximated.

The table from Example9.1 is extended by the following columns. We obtain
the following approximations LOW (AS,,,, X1) = {1,2,5,6}, UPP(AS,,, X1) =
{1,...,6}, LOW(AS,,, X») = {6,7},UPP(AS,,,X>) = {1,2,6,7}, LOW
(AS,,, X3) = {2}, UPP(AS,,, X3) ={1,2,3,4,5}.

The following illustrates the propositions formulated above.

1. We have vy, ;, (1, (x1) X Lo, (X2) X Lo (x3), X1 X X2 X X3) = vgrr (Lo, (x1), X1) -
V1 (1o, (X2), X2) - Vg1 (Lo, (X3), X3) = vsgi(Lo, (x1) X Iy (x3), X1 x X3) -
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X3 € Uz | o; (x3) |V (L3 (x3), X3)
1 {1,3] |05

2 2,31 |1

3 {1,2,3]]0.66

Z @5 |05

5 (4,5, 6}]0.33

6 5.6] |0

Vi 1 (L, (x2), X7). Forexample, vsp; (1y, (3), X1)-vsri (1w, (5), X3) = 0.5:0.33 =
0.17 and vsri Ly, (3) X 1,,(5), X; X X3) =
card (3. 42&‘;&22?“;%2; LRI = 0.17 (see Propositions 9.1 and 9.3).

2. The following subspaces of AS,,, are compound approximation spaces: AS,,
(i#jandi, j=1,2,3), AS, (i =1,2,3). The last three ones can be called
trivial compound approximation spaces (see Proposition 9.4).

3. The lower approximation of X; x X5 X X3is LOW(AS,;, X1 x X3 X X3) =
{(x1,x2,x3) € Up x Uy X Uz 1 vy (Lo ((x1, X2, X3)), X1 X X3 X X3) =
1} = {(x1,x2,x3) € Up x Uy x Uz 1 vy, (1o, (x1), X1) - Vo, (L0, (x2), X2) -
Vs Ly (x3), X3) = 1} = {1,2,5,6} x {6,7} x {2} = LOW(AS,,, X1) X
LOW(AS,,, X2) x LOW (AS,,, X3) (see Definition 9.5 and Proposition 9.5(5)).

4. Wehave U x LOW (AS,,, X2) xUsz = U; x{6,7} xUs = LOW(AS,,,, Ui x
X, x Us) (see Proposition 9.5(1)).

5. We have o (LOW(AS,,, X1 x X3 x X3)) ={1,2,5,6} x {6,7} = LOW
(AS,, X1 x X,) (see Proposition9.5(3)).

(3)°

(1,2) 7

9.2.2 Constrained Compound Approximation Spaces

Analogously to compound approximation spaces, their constrained versions are
defined for constrained compound information systems.

Firstly, the generalized theta-join operation on any subsets of the particular uni-
verses of a constrained compound information system is defined.

Definition 9.6 (Operation <o on subsets of universes) Let I S” G = = (U; g
U;, A; U Aj) be a constrained compound information system. The operation b<g
on subsets A C U; and B C Uj is defined by

Al><1(.)B={(X1,X2)€UiI><1(.) Uji(X],XQ)GAXB}. (94)

The 0<g operation inherits properties of the Cartesian product.

Proposition 9.6 Let 1 58 H= (Ui e Uj, Aj U Aj) be a constrained compound

information system. The following hold A
A,BCU;;C,DCU;



9.2 Compound Approximation Spaces and Their Constrained Versions 105

AM@@ZQM@AZQ,

AM@)BEAXB,

A< (BoC) = (Ao B) o (C g D), where o € {U, N, \},
(Ao B)><ig C = (Apgg C) ¢ (Br<g C), where o € {U,N,\},
(AN B) < (C N D) = (A s<p C) N (B s<p D),
ACB= Arip C C Brp C,

CCD=Aprqp CCA<p D,

O N QR W~

Properties 2, 6-8 are restricted to the implications compared with the correspond-
ing Cartesian product properties. Property 2 corresponds to A x B = A x B.

The constrained compound approximation space corresponding two database
tables is defined as follows.

Definition 9.7 (Constrained compound approximation space ASC(;)«,,») Let AS,, =
(Ui, 1y;» vo,) and AS,,, = (U}, 1, vo,;) be approximation spaces for information
systems 1S; = (U;, A;) and IS; = (Uj, Aj), respectively, where vy = v, =
Vo, Let also ® = {6,,6,,...6,} € Lys,, be a set of joins of AS., and ASu,- A
constrained compound approximation space (CCAS for short) AS((?’ j foracompound
information system Ing) =< (IS;, 1S;) is defined by

AS,  =p<9 (AS,,, AS,) = Uy 1 v ) (9.5)
where
° Uf(i‘j) =U,; ><p Uj,
o v Iy (1, %2)) = Lo, (x1) <0 Ly, (x2),
(x1,x2)€Uipp U :
° A V2 (X1 <9 X2, Y1 p<p Y2) = vs(X| <ig X2, Y1 > Y2).

oy
X\, Y\€U;, Xy, YaeU; 0P

The above definition is analogous to that of compound approximation space except
that the rough inclusion function is simplified. Namely, one cannot use a different
function for each universe, since the computation of inclusion degrees cannot be done
separately. The reason is that the information about the connection of the universes
is needed during computing the inclusion degrees.

The below proposition shows relationships between a CAS and its constrained
version.

Proposition 9.7 Let AS,,. . and AS(?M be a CAS and CCAS, respectively. The

(%)

following holds

L. Vo Ig ((x1,20) = Lo, (1, x2)) MUY,
@ra)els, ’

2. Y Xll><1@Xz:X]XXz/\Y]l><1(.9Y2=Y1XY2=>Ug)__(Xll><l@
X,,Y1€U;, X2, Y2€U; @

X2, Y1 > Y2) = vy, (X1 X X2, Y1 X Y2).
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Approximations of a set in a constrained compound approximation space are
defined as follows.

Definition 9.8 (Approximations of a set in AS&/)) Let ASS)U S = (US)U‘/_), Ig“_‘j_),

vg)“./_)) be a CCAS and X| C U;, X, C U;. The lower and upper approximations of
the set X| b<p X, C UP in AS® are defined, respectively, by

@i j) @i, j)

LOW(AS® | X X2) = {(x1,x2) € U®

.e e)
i) wiy Vo Uwg ) (X1, X2)), X1 0<e X2) = 1},

@i, j)

UPP(AS® | X|<p X2) ={(x1,x2) e UZ o (1°

@G, j)’ @i, j) @i, j) D j)

((x1,x2)), X1 <9 X2) > 0.

The following two propositions show properties of the lower and upper approxima-
tions and they correspond to those from Proposition9.5.

Proposition 9.8 Let AS,, , be a CAS and ASS)( ., lts constrained version such that
Vo, » Voo, and VS)(,,,) are RIFs. The following hold R CUVX o
1=V1,A42=U2

1. v 19 ((x1,X2)) = Ly, ) ((x1, X2)) =

@, j)
x1,X)€UC
(x1,x2) o))

a. LOW(ASS, . X\ <e X3) C LOW(AS,
b. 1 (LOW(AS®

@, j)
2. LOW(AS,,. X)) <o U; C LOW(ASS . X s<ip U)),
3. LOW(AS,,, X1) a0 LOW(AS,,, X2) € LOW(ASE | X0 X»).

@, j)

i X1 X X2)),
, X1 <9 X2)) € LOW(AS,,, Xi), where k =1, 2.

For AS,,; one can formulate an equality analogous to 2.

Proposition 9.9 Let AS,,

Vs Voo, and ve  satisfy property ps. The following hold v
' ! “n X1CU,X2CU,

be a CAS and ASZ)( - its constrained version such that

UPP(AS], X129 X2) CUPP(AS,, ,, X1 X X2)),
m(UPP(AS], |, X10<0 X2)) € UPP(AS,,, Xy), wherek = 1,2,

UPP(AS,. X)) > Uj = UPP(AS] . X1 <0 U)).
UPP(ASw’,Xl) > UPP(ASw], Xz) = UPP(AS(-) s X] > Xz)

@i, j)

KN Wb~

For AS,,; one can formulate an equality analogous to 3.

It is worth stressing that the equalities from Proposition 9.2 do not hold in general
for a constrained compound approximation space. It means that rough sets derived
from the approximations from Propositions9.8 and 9.9 have a different meaning
than those of a compound approximation space. Therefore, applying a constrained
version of the compound approximation space one can derive new knowledge. This
issue will be studied in the next section.
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Example 9.3 Consider a CCAS ASS)“.Z) =g (ASy,, AS,,) where AS,, , AS,, are
defined as in Example 9.1, ® = {0}, 0 = (customer.id, purchase.cust_id), and
Ug =11, 1),(1,2),(2,3),(2,4), (3,8), (4,5), (4,6), (6, 7)}.

Let X, ={1,2,4,7} C Uy and X, = {2, 6,7} C U,. We will approximate the set
X1 <9 X2 ={(1,2), (4, 6)}.

The table below shows the similarity classes and their rough inclusion degrees in the
respective sets.

(x1,22) € Ur g Ua| 1y, (01, %2)) Vo, (Lgy, ) (1, 12)), X1 0 X2)
(1, D {1, 1), 1,2)} 0.5

(1,2) {1, 1, 1,2} 0.5

2,3) {2,3), 2,49} [0

() {2,3), 2,4} [0

3.8 {4.5).(3.,8)} |0

4.5 {4.5),3.8)} |0

4.6 {4,0)} 1

6,7 {6, D} 0

We obtain the following approximations LOW (AS® | X, 0« X») = {(4, 6)} and

®a1,2)”

UPP(AS] |, X1 X2) = {(1,1),(1,2), 2,4)}.
We also have m(LOW(ASf(LZ),Xl <o X2)) = {4},711(UPP(ASS)M,X1 D<o
X2)) = {1,2}, m(LOW(AS] ,, X1 <0 X2)) = {6} and m(UPP(AS] |, X,

Do X2)) = {1,2,4}.

For this approximation space the assumption of Proposition 9.8 (1) is not satisfied.
Therefore, we have m(LOW(ASg)(LZ), X <9 X3)) = {4} 51 LOW(AS,,, X1) =
{1,2,5,6}.

The constrained compound approximation space corresponding to m database
tables is defined as follows.

Definition 9.9 (Constrained compound approximation space ASg)( m)) Let AS,, =
(Ui, 14, ve,) be approximation spaces for information systems /.S; = (U;, A;), and
vg =V, for 1 <i <m.Letalso ® = {6, 6, ...6,} be a set of joins of AS,,, such
that

vV 3 U; mag U;j # ¥ (each approximation space joins with some earlier con-
l<j<mi<j ’

sidered space).
A constrained compound approximation space ASS)(,”) for a constrained compound

information system / S((;)n) is defined by

AS®  =p<g (ASy, ..., AS, ) = U 12 1v° 9.6)

W(m) W(m)” " O(m)* " O(m)
where

° Ua(:)(,,,)zUl e ... XN¥p Um,
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L4 \4 Ia(;fm)((xl’ ceey xm)) = le (X]) g ... ><p Ia)m (xm)a
(X1, X)) EU<ig .9 Uy
° \4 Ug)(m)(Xl e ... D<gp Xm,Y] X ... <@ Ym) = U$(X1 >l

X;,YieU;,1<i<m
N . Xm,Y1 e ... XN¥p Ym).

Analogously to AS,,,, we can consider any subspace of ASS’(M).

Proposition 9.10 IfAS(“) is a CCAS, then so is ASf(;].__J_ , Where {iy,...,i;} C

W(m)

{I,....m}, @' CO®and Vv 3 U<e U;#0.

i<j<iki<j

k)

This can be proven straightforwardly from Definition9.9.

Approximations of a set in a constrained compound approximation space are
defined as follows.
Definition 9.10 (Approximations of a set in ASS)(M) Let ASS)W = (US)(,,,) , Ia()"fm) , vc(;)(m))
be a CCAS and X; € U;, where 1 < i < m. The lower and upper approximations
of the set X| < ... <9 X, In ASf(m) are defined, respectively, by

LOW(ASS, X1 <6 256 Xm) = (1, xm) € UG 208 (S ((x1,-, xm). X1 20
s X)) =1}
UPP(Asg’(m),xl b ... 099 Xm) = {(X1,...,xm) € U};)(m) :ugm)(1§;’(m)((x1,...,xm)),xl [y
.9 Xp) > O}

For any constrained compound approximation space AS g( ,, onecan formulate propo-
sitions analogous to Propositions 9.7, 9.8, and 9.9.

9.3 Knowledge Derived from Approximations
of Compound Concepts

This sections examines the construction of concepts and their restricted versions
in compound approximation spaces, i.e. compound concepts. This also shows what
knowledge can be derived from the database using approximations of the concepts.

9.3.1 Compound Concepts

Theoretically the concept to be approximated can be defined by any subset of the
universe. In practice, we consider a subset of objects that share the same feature (usu-
ally a decision class). We will limit our discussion to concepts that can be identified
by features occurring in the database.

Definition 9.11 (Compound concept) Let AS,,,, beaCASand V o, € LIS,/. Y

o l<j<k

a;; =0, where {iy, ..., ik} €{1,...,m}
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_—_— is a compound concept in
i1 it

k k
A subset [[ U = SEMs, ., (N @) € U,
j=1 j=1
AS,

@(m) *

A compound concept in ASS)W) can be defined analogously.

As mentioned in the previous section, compared with compound approximation
spaces their constrained version make it possible to constructs approximations with
a different meaning. Thanks to this, one can derive new knowledge from data. This
will be illustrated using the following example.

Example 9.4 Consider the CCAS ASS)“VZ) =<9 (AS,,, AS,,) from Example9.3.
We construct all possible sets using the lower approximation. This can be done anal-
ogously for the upper approximation and combinations of both (see Proposition 9.8).

1. Good customers.
The concept is defined by U{’“ ={1,2,4,5, 6} where oy = (class, 1).
We obtain LOW(AS,,,, U*") = {1, 2, 5, 6} (certainly good customers).
2. Small purchases (one piece).3
The concept is defined by ng = {1, 3,4, 5, 8} where o, = (amount, 1).
We obtain LOW(AS,,,, U*?) = {4, 5, 8} (certainly small purchases).
3. Good customers and their purchases.
The concept is defined by Uf“ <o Uy = {(1,1),(1,2),(2,3),(2,4), 4,5),
(4,6), (6, N}

a. We obtain Sy = LOW(AS,,, U") e U, = {(1, 1), (1,2), (2,3), (2,4),
(6, 7)}, where ;(S;) = {1, 2, 6} (certainly good customers who make pur-
chases) and m,(S)) = {1, 2, 3,4, 7} (purchases made by certainly good
customers).

b. We obtain S, = LOW(ASZ)M), U e Up) = {(1,1),(1,2),(2,3),
(2,4),(4,6), (6,7)}, where m(S2) = {1,2,4,6} (good customers who
make purchases that are certainly made by good customers) and 72 (S;) =
{1, 2, 3,4, 6,7} (purchases that are certainly made by good customers).
Customer 4 is included in 7{(S;) due to the pair (4, 6) but she cannot be
added to the set due to the pair (4, 5). Namely, purchase 5 is not certainly
made by a good customer, since (4, 5) is similar to (3, 8) and 3 is not a good
customer.

4. Customers and their small purchases.
The concept is defined by U; »<ip U;‘z ={(1,1),2,3),2,4),(3,8), 4,5}

a. Weobtain S5 = U; g LOW(AS,,, U5?) ={(2,4), (3,8), (4,5)}, where
m1(S3) = {2, 3,4} (customers who make certainly small purchases) and
m,(S3) = {4, 5, 8} (certainly small purchases made by customers).

b. We obtain S = LOW(AS(?“VZ), Uy =p Us?) = {(2,3),(2,4),(3,8),
(4,5)}, where m(S4) = {2, 3,4} (customers who certainly make small

3Here, a purchase is identified by one row in the purchase table.
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purchases) and m,(S4) = {3, 4,5, 8} (purchases made by customers who
certainly make small purchases).

5. Good customers and their small purchases.
The concept is defined by U <9 U, = {(1, 1), (2,3), (2, 4), (4,5)}.

a. We obtain Ss = LOW(AS,,,U;") = Uy” = {(1,1), (2,3), (2,4)},
where m(S5) = {1, 2} (certainly good customers who make small pur-
chases) and m,(S5) = {1, 3,4} (small purchases made by certainly good
customers).

b. We obtain S = U <9 LOW(AS,,, Uy?) = {(4,5)}, where 71(Ss) =
{4} (good customers who make certainly small purchases) and m,(S¢) = {5}
(certainly small purchases made by good customers).

c. We obtain §; = LOW(AS,,.U}") <¢ LOW(AS,,,Uy,*) = {(2,4)},
where 7;(S7) = {2} (certainly good customers who make certainly small
purchases) and ,(S7) = {4} (certainly small purchases made by certainly
good customers).

d. We obtain Sg = LOW(ASZLZ), Ul <o Uy?) = {(2,3),(2,4)}, where
m1(Sg) = {2} (good customers who certainly make small purchases) and
2 (Sg) = {3, 4} (small purchases certainly made by good customers).
Customer 1 is not included in 77;(Sg) because one of his purchases, i.e. 2,
is not small. In turn, purchase 5 is not included in ,(S3) because the pair
(4, 5) is similar to (3, 8) and customer 3 is not good.

In points 3a, 4a, and Sa—5c¢ we obtain new knowledge compared with 3b, 4b, and 5d,
respectively.

9.3.2 Restricted Compound Concepts

Based on a compound concept one can construct its restricted version by considering
selected universes of a given CCAS.

Definition 9.12 (Restricted concept) Let ASf(m) be a CCAS. A concept restricted

by {i1,...,ix} € {1,...,m} with respect to a concept X| 0<g ... <9 X, € Uaffm)
is defined by
iy, (X1 g . g X)) 9.7

The below proposition shows that a restricted concept of a CCAS may differ from
its corresponding concept defined in the subspace of the CCAS.

Proposition 9.11 Let AS. be a CCAS, § # X| 0<p ... <0 X, € U  and

(m) D(m
(i1, ..., ix) C {1, ..., m). The following hold 7 ’
B #mi i (X1 ...0<9 Xp) € X, <g ... <9 Xy, ifASa‘:)U1 _____ ik)isaCCAS;
Xi<dg ...<x9 Xy = 0, otherwise.

Approximations of restricted concepts are defined in the following way.
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Definition 9.13 (Approximations of restricted concepts in AS,, O ) Let AS © bea

@i, j)

CCASand X, € U;, X, € U;. The lower and upper approximatlons of the restricted
concept 7y (X <9 X5) (k =1,2)1in AS{J(:)( ,, are defined, respectively, by

LOW(AS, | m(X1 >0 X)) = m(LOW(AS; . X1 >0 X2)),
UPP(AS, (X100 X2)) = m(UPP(AS], . X1 < X2)).

The approximations of a restricted concept may change if we replace a CCAS
with its subspace corresponding to the restricted concept. This difference is shown
in the below proposition.

Proposition 9.12 Let AS® =p<g (ASy;, AS,,) be a CCAS such that v, , v, and

@i, j)
Vo, are RIFs (and satisfy property ps’(see Chap 5)). The following hold XI‘ZU
LOW(AS,,, mi(X| =g Uj)) C n,(LOW(AS@ , X1 <9 Uj)),
LOW(AS,,, mi (X <o U ) C n,(LOW(AS,,, , Xl) <19 Uj )
UPP(AS,,, 7i(X1 o U, )) = nl(UPP(ASO , X1 e U ),
UPP(ASw ,7T,(X1 D<@ U )) —ﬂl(UPP(ASw‘ X]) D<@ U)

R~

For AS,,; one can formulate analogous equalities.
The following example illustrates the above proposition.

Example 9.5 Consider a CCAS AS(f))(m) =<9 (ASy,, ASw,, ASy,) Where (AS,,
and AS,, are defined as in Example9.3, and AS,, is constructed based on the
product table, 1,, = @ (all objects are similar to one another). Consider a con-
cept “Good customers, their small purchases and products bought” that is defined
by X = U{" i Uy? =9 Us = {(1,1,1),(2,3,1),(2,4,3), (4,5,6)} where
a1 = (class, 1) and oy = (amount, 1). We construct restricted concepts.

1. Good customers in X'.
The concept is defined by 7, (X) = {1,2,4} C U} ={1,2,4,5,6}.

a. We obtain LOW(AS,,,, m1(X)) = {2} (good customers who certainly
make small purchases).

b. We have LOW(AS,,, m1(X)) = {1, 2} (certainly good customers of those
who make small purchases). Customer number 1 is certainly good one but
he does not certainly make small purchases due to his purchase number 2
that includes two pieces of product number 3.

c. Weobtain LOW(AS,,, Uf“) <19 U, = {1, 2, 6} (certainly good customers
of those who make small purchases).

2. Good customers and their product in X.
The concept is defined by 71 3(X) = {(1, 1), (2, 1), (2,3), (4,6)} D UJ" <
= {1,2,4,5,6} b<p Us; = @. We can only compute LOW(AS,,,, 713

(3)°

4The condition is required for the last two equalities.
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(X)) = {(2,1),(2,3)} (good customers and their products that are certainly
purchased by them in a small amount).

Proposition9.12 and Example 9.5 show that it is possible to obtain new knowledge
from approximations when restricted concepts are considered.

9.4 Evaluation of the Approach

This section provides a complexity analysis of the approach.

We will start with evaluating the cost of computing approximations in non-
compound approximation spaces. Let n = card(U), where U is the universe in
an approximation space AS,, = (U, I, v,).

e The cost of computing 1,(x) forx € U is Ti(n) = n = O (n).

e The cost of computing v, (X, Y) for X,Y C U is Tr(n) = card(X)card(Y) <
n? = 0m?).

e The cost of computing AP P(AS,,, X) for X € U,where APP € {LOW,UP P}
is T3(n) = n(Ty(n) + Tr(n)) = O(n?).

Consider acompound approximation space AS,, ;, = (Uy, ;> Lo, )+ Vo j)» Where
Uy, = Ui x Uj. Letn; = card(U;), nj = card(U;), and n"** = max{n;, n;}.

e The cost of computing I, , ((x1, x2)) for (x1, x2) € Uy, is T1(n;, nj) < Ti(n;)+
Ti(nj) + ninj = O ((n™)?). The sets I, (x1) and I, (x2) can be computed
separately (see Definition 9.2). The cost of computing the Cartesian product of the
both sets is up to n;n ;.

e The cost of computing v, , (X1 x X, Y1 x ¥3) for X1, Y1 C U; and X5, ¥, C U;
is Try(nj,nj) = TLh(n) +To(nj) +1 = O ((n™*)?), where “1” is the cost of
multiplying v,, (X1, Y1) by v, (X2, Y2).

e The cost of computing APP(AS%.‘/), X; x Xp) for X; € U; and X, C Uj is
T3(ni,n;) < Tz(n;) + T3(nj) +ninj = O ((n™*)%), where n;n;j is the maximal
cost of computing the Cartesian productof AP P(AS,,, X1) and AP P(AS,,;, X2)
(see Proposition9.2).

We analogously analyze the complexity for a compound approximation space

m

ASui = Wapys Lopy s Vo) Where Uy, = [ U;. Let n; = card(U;) and n™** =
i=1
max{n; : 1 <i <m}.

e The cost of computing I, ((x1, ..., x,)) for (x1...,x,) € Uy, is T1(n1, ...,

(m)
m m
nw) < 2. Ti(ny) + [[ni = O((n™*)™). It is assumed that m is significantly
i=1 i=1
lower than n and thereby it does not influence the cost.
m m
e The cost of computing v, ([ X;, [[ ¥i) for X;,Y; C U; is Ta(ny, ..., ny) =
i=1 =l

i Ty(n;) +m — 1 = O((n"*)?).

i=1
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m
e The cost of computing AP P(AS,,,,, [ Xi) for X; € U; is T3(ny, ..., n,) <
i=1

ZTB(” ) + Hnl — 0((nmaX)3) + 0((nmax)m) — 0((nmaX)k)’ where k =
max{3 m}.

It is worth noting that for AS,,,, the cost of computing the value of the rough
inclusion function does not increase compared with AS,,; . For AS,,, this task can
be divided into subtasks, each involving one particular universe. Since the partial

results are numbers, the cost of joining them (i.e. multiplying them by one another)

is slight.
Consider now a constrained compound approximation space
6 6 e o — 77 ,
Sw(z n (Uw< 0’ Iw(: n’ w( )) where U = Ui >0 UJ'

e The cost of computing IO ((xl,xg))for(xl,xg) € U(fj )
Ti(n;) +nin; = 0(('1’”‘”‘) )

e The cost of computing v (Xl <o X2, Y] <9 Yp) for X,Y; € U; and
X0, Y, CUjisTy(n;, nj) = card(Xl <19 Xo)card (Y| <ig Y2) < (n"%)?)? =
0((nmax)4).

e The cost of computing APP(ASY , X g X,) for X; € U; and X, C U; is

@G, j)’
Ty(ni,nj) = card(US, ))<T1<?>(nz,n,,) + 17 (ni,n)) < O((™)°).

isTy(nj,n;) < Ti(n;)+

Flnally, we analyze the complexity for a constrained compound approximation

space AS, w( ) (Uf(m), Igm), o )> Where UO =U; g ...<9 Up,.
e The cost of computing IO ((x1,...,xp) for (x;...,x,) € U? is

@(m)

Tv(ny,...,ny) < Z Ti(n;) + H n; = O((n"*)m).
i=l1 i=1

@(m)

e The cost of computing v, H X, H Y, for X;,Y; C U;is To(ny,...,n,) =
i=1
card(X1 D<o ... p<p m)card(Y1 g ... Do Yy) < ((n"M)yM)?2 =
0((nma)t‘)2m)_
e The cost of computing AP P(AS,,,, , ]_[ X;) for X; C U; is Ty (ny, ...,n,) =
cardg,) (T FO o)+ T . o)) = Oy,

The pessimistic complexity of operations for constrained compound approxi-
mation spaces is considerably higher. It applies to the case when the constrained
compound universe is (almost) as big as its non-constrained equivalent. In practice,
the former universe is significantly smaller thanks to the constraints defined by the
theta-join and imposed on the latter universe.
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9.5 Conclusions

This chapter has introduced compound approximation spaces and their constrained
versions. They are defined for previously introduced compound information systems.
Compound approximation spaces are viewed as extensions of tolerance approxima-
tion spaces to a relational case.

The main benefits of the approach are summarized as follows.

1. Tolerance rough set model used in the construction of a compound space enables
to properly adapt rough set tools to each separate universe.

2. Compound approximations spaces make it possible to simultaneously approxi-
mate more than one separate concept, each concerning a different universe.

3. Constrained compound approximations spaces additionally enable to compute
approximations of the relationship of two concepts.

4. A concept of a given universe can be more precisely specified and approximated
by using its restricted version that makes it possible to use conditions concerning
the whole compound approximation space.



Chapter 10
Conclusions

This monograph has outlined the state of the art of a newly emerging research area
called granular-relational data mining. Two general approaches for constructing gran-
ular computing frameworks intended to mine relational data have comprehensively
been described: generalized related set based approach and description language
based approach.

The choice of the framework can be dependent on the following factors.

1. Database structure.
The idea underlying the approach from Part I is that there exists background
knowledge (background objects) based on which it is possible to define descrip-
tions of the objects to be analyzed (target objects). Therefore, this framework is
dedicated to a typical multi-table database, where essential information on target
objects is mainly hidden in additional tables.
The approach described in Part II provides a relational extension of the stan-
dard granular computing framework. It means that the extended framework is
more universal in terms of the database structure and can be used for a database
consisting of one as well as many tables.

2. Pattern representation.
Patterns in the first approach can easily be transformed to a typical relational
form. Therefore, the framework is preferred to obtain patterns compatible with
the original database in terms of the language they are expressed.
Patterns in the second approach extend propositional ones. This solution makes
it easy to upgrade a standard data mining algorithm to a relational case so that
the language for expressing patterns is as much as possible close to the original
one, i.e. attribute-value language.

The contribution of settlement of relational data mining in the paradigm of gran-
ular computing can be summarized into the following main points.

© Springer International Publishing AG 2017 115
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116 10 Conclusions

1. Application of granular computing approach enables to unify the process of
knowledge discovery. Relational information granules are used to build an alter-
native representation of relational data. This representation also plays the role of
the platform for discovering patterns of different types.

2. Richer knowledge can be discovered from relational data transformed into a gran-
ular representation. Relation-based granules, which are more informative than
granules based on which they are constructed, enable to express knowledge that
requires to use additional computations such as aggregation when mining rela-
tional data directly.

3. Granular computing based framework can deal with uncertainty in data. The
adaptation of one of the main granular computing tools, i.e. rough set theory
makes it possible to construct approximate descriptions of concepts defined in
singular as well as multi-universes.

Furthermore, the introduced frameworks fill the gap between two research areas:
relational data mining and granular computing. They can be considered as the first
ones that comprehensively define relational data, information, and knowledge in the
paradigm of granular computing.
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